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PREFACE 


T eachers of mathematics everywhere arc concerned with ways 
of improving the mathematics program. The tremendous 
increase in enrollments above the eJementar>’ school ierel in 
recent years has raised problems which teachers often find 
exceedingly difficult to deal with effectively. The current pro- 
motion trend of "uninterrupted continuity" has complicated the 
situation greatly because many children leave the elementarj’ 
school who are seriously deficient in arithmetic skills. As a 
consequence many changes are being made in the organization 
of the mathematics curriculum in the upper grades and in 
methods and materials of instruction so as to adjust the work in 
mathematics to the wide range in ability of various students. 

Developing MATttEMATiCAL Understandings in the upper 
GRADES presents a non-technical discussion of problems related 
to curriculum and instruction in mathematics at the junior high 
school level. It stresses the instructional procedures that research 
has shown not only will make mathematics meaningful to the 
students but also will insure ability on their part to apply 
systematic procedures effectively in dealing with the quantitative 
aspects of social situations of daily life. Tlicse themes >vere 
developed for elemcntar>’ arithmetic in an earlier companion 
volume by two of the authors, AfaUn^ Ariikmeltc Aleantngfu!. 

Developing Matiiematig^l Understandincs in the upper 
GRADES is written for (1) college students who are preparing to 
teach mathematics at the junior high school level, (2) classroom 
teachers of mathematics and related areas, and (3) curriculum 
specialists. The major problems svith which this book deals are 
those which all mathematics teachers face at the junior high 
school level. They may be listed as foWovks: 

1. What are the goals of the mailicmatics program? Ho^v 
should they be formulated? 



2 How should the content of the mathematics curriculum be 
selected and organized? What kinds of instructional units should 
it include? 

3. How can instructional procedures and content be adjusted 
to the wide range of differences among the students in mental 
ability, needs, and levels of development? 

4. \Vhat kinds of experiences and instructional equipment arc 
most likely to develop in students of various levels of ability an 
understanding of the basic operations in arithmetic and algebra? 

5. What testing and diagnostic procedures can be used by 
teacher and students to determine learning difficulties and defi- 
ciencies in meanings, understandings, and skills as a basis of 
planning review W’ork at the beginning of the year or in connec- 
tion with new topics being presented? 

6. What is the role of problem solving? 

7. What special provisions can the mathematics program make 
for gifted and talented students? 

Mathematics teachers often must reteach some of the funda- 
mentals that already should have been mastered. To assist 
teachers to do this the authors discuss in some detail the essentials 
of a remedial teaching program in arithmetic. Every mathe- 
matics teacher faces the problem of providing a variety of 
challenging activities for students of all levels of ability. 

The authors point out repeatedly that a student learns best and 
is most likely to remember what he understands. Understanding 
is developed through a variety of experiences in which the 
student makes discoveries of relationships and generalizations. 
The authors have formulated a series of mathematical principles 
which teachers will find of real value in developing relationships 
underlying all number operations. The application of these 
abstract principles is stressed throughout this book. 

The authors have brought to bear on the above problems and 
topics the findings of modem research on curriculum, learning, 
and instruction. Instead of presenting detailed reviews of the 
nuinerous studies, the authors have followed the plan of pre- 
senting concise summaries of important findings and then listing 
principles derived from them. 
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Chapter 1 


Foundations of the Modern 
Mathematics Program 


I N the past few decades there have been many changes in the 
mathematics program In the upper grades. In this volume, 
primary emphasis is placed on emci^lng trends in the mathe- 
matics program at the junior high school level, especially in the 
area of general education. These changes can be identified in 
the accepted goals of instruction, in adaptations of the mathe- 
matics program to meet the emerging needs of the rapidly 
growing population of our secondary schools, and in modernized 
instructional procedures used in classrooms. In this chapter we 
shall deal with the folio%ving topics: 

a. The purposes of teaching mathematics in the upper grades 

b. Mathematics in relation to the special functions of the junior 
high school 

c. Factow affecting the mathematics program. 


a. The Purposes of Teaching Molhemofics in the Upper Grades 
The Goals of Mathematical JnslrucUon 

The goal of all instruction in the upper grades, in particular 
at the junior high school level, is to provide a learning program 
that is adapted to the needs, ability, and interests of youth 
emerging into adolescence. This program should be so organized 

I 



that it contributes effectively to the advancement of the general 
aim of the school, namely: the optimum growth and development 
of each student both as an individual and as an cficctivc partic- 
ipating member of our dynamic democratic society . 

The primary objectives of the modem mathematics program, 
insofar as general education is concerned, are (I) to develop in 
the learner the ability to utilize mathematical processes skillfully, 
imeUigently, and with insight into their value and efficiency and 
(2) to provide a rich variety of experiences which will assure the 
ability of the learners to apply quanlitalb'c procedures effectively 
in dealing triih problems and social situations in the affairs of 
daily life both in and out of school. 

The close relation between mathematical procedures and their 
social applications is reflected by the contents of most modem 
courses of study and teaching materials. Many excellent instme- 
tional units appear in courses of study and guides for teachers 
in which the strictly mathematical phase of the work in arith- 
metic, algebra, and geometry* is closely related to the social phase 
of these subjects. These units emphasize the actual application 
of quantitative procedures in social situations that arise in the 
affairs of daily life. Tne practice that frequently prevailed in the 
past in so many schools of limiting instruction in arithmetic and 
related courses to the relatively narrow mathematical phase of 
these subjects is gradually being discarded in fawr of a plan 
which assures a broad, well integrated treatment of the technical 
as well as the social aspects of mathematics. 


An Analj'sis of the Outcomes of Instruction in Arithmetic 

Many of the great de\'elopments for promoting and imple- 
menting social intercourse are mathematical in nature, including 
systems of number, efficient computational procedures, the uses 
of general numbers, and the geometry of design. Other develop- 
ments arc social in nature, such as measurement, money, insur- 
ance, taxation, banking, and many other forms of cooperative 
%roup aciiv-iiies set up by society to deal with human needs. 

1 he outline on the opposite page presents a detailed analysis 
of the desirable outcomes of instruction in arithmetic 
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1. Outcomes related to the mathematical phase: 

a. An understanding of the structure of the decimal number 
system and an appreciation of its simplicity and efficiency 

b. The ability to perform computations connected with social 
situations with reasonable speed and accuracy 

c. The ability to make dependable estimates and close approd- 
mations 

d. Resourcefulness and ingenuity in perceiving and dealing ivith 
quantitative aspects of situations 

e. Understanding of the technical vocabulary used to express 
quantitative ideas and relations 

f. Ability to use and to devise formulas, rules of procedure, and 
methods of bringing out relations 

g. Ability to represent designs and spatial relations by drawings 

h. The ability to arrange numerical data s^’stematically and to 
interpret information presented in graphic or tabular form. 

2. Outcomes related to the social phase: 

a. Understanding of the process of roeasurement and skill in the 
use of instruments of precision 

b. Kno^vledge about the development and social signiltcance of 
such institutions as money, taxation, banking, standard time, 
and measurement 

c. Knowledge of the kinds and sources of information essential 
for intclligcnc buying and selling and for genera! economic 
competence 

d. Understanding of the quantitative vocabulary encountered in 
reading, in business affairs, and in social relations 

e. Appreciation of the contributions number has made to the 
development of social cooperation and to science 

f. Ability and disposition to secure and utilize reliable informa- 
tion in dealing with emerging personal and community 
problems 

g. Ability to rationalize and analyze experience by utilization of 
quantitative procedures. 

The Special Goals cj Instruction in Algebra and Geometry 

Algebra is an e.xpansjon of the science of numbers, that is, a 
way of working with general numbers represented by letters. 
The purposes of instruction in algebra insofar as general educa- 
tion is concerned should be (1) to give every one a general idea 
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of its meaning, (2) to teach definite and useful applications which 
everi'one is likely to meet, (3) to introduce the students to a 
powerful and stimulating way of thinking about quantitative 
relationships, and (4) to explore mathematical aptitudes and to 
stimulate an interest in the continued study of mathematics. (See 
Chapter 12 for a more detailed discussion.) 

The introductory course in algebra has become largely a study 
of formulas, their derivation and evaluation, the rules they 
represent, and the ways in which they are used in science and 
other fields of study, and in the practical affairs of daily life. 
The study of equations and graphs is a means for carrying on the 
work with the formula. Intuitive geometry and indirect measure- 
ment at the levels of Grades 7 to 9 deal with the geometry of 
position, form and size, common areas and volumes, scale draw- 
ings, the methods of measuring of inaccessible distances, and 
numerical trigonometry. 

The chief purpose of this work in algebra and geometry is to 
extend the student’s knowledge of functional mathematics and to 
explore and expand his interests and aptitudes in this field of 
learning. 


The Cultural Value of Mathematics 

The Commission on Post-War Plans after a discussion of the 
personal uses of mathematics commented as follows on the 
cultural value of mathematics: 


It woiJdn’t lie fair to you if wc ended this discussion of mathe- 
matics for personal use svithout mentioning enjoyment and cultural 
values. There is much more in the study of mathematics than the 
vocational value. Tliroughout the centuries there have been many 
persons who have enjoyed mathematics for its own sake. There 
IS a precious cultural value that comes to those who learn to 
appreciate the contribution of mathematics to civilization— to the 
progress of man. You are entitled to knmv (1) that fesv students 
If any v.ho are competent in mathematics have ever regretted 
time sptui in learning the subject, (2) that mathematics is an 
easy subject if well taught and the structure is built carefully step 
(3) that there are few subjects which students like 
better than mathematics, provided it b well taught. So, if you 



enjoy malhematics, take no thought of the vocational uses in the 
tomorrow— sufficient for this ‘day is the goad thereof.* 


Con.irihutkm oj Mathematics to iht General Outcomes of All 
Education 

In addition to these special objectives of mathematics, instruc- 
tion in this field must take into consideration the broader 
objectives of education to which all curriculum areas contribute. 
These include on the one hand outcomes related to the develop- 
ment of desirable aspects of the learner’s personality, including 
his interests, attitudes, appreciations, mental health, emotional 
adjustment, and social traits, even his physical well being. Hence 
the necessity of a rich, vitalized, well integrated program adapted 
to the needs, interests, aptitude, and stage of maturity of the 
various students. 

There are also outcomes of a deep societal significance to which 
the program in mathematics should make valuable contribution. 
Not only should the students learn about mathematical aspects 
of the affairs of daily life, but they should also have experience 
in the cooperative study and solution of vital problems that arise 
in their own affairs so that they will become increasingly more 
able to participate effectively in the study and solution of prob- 
lems in life outside the school. This requires that they participate 
in cooperative group processes in problem solving and be given 
the opportunity to develop qualities of leadership in the group 
process. Thus the students should become sensitive to problems 
of the community and be able to participate in the creative 
thinking that is necessary to improve conditions of community 
life. 

These social outcomes affect the content of what is taught and 
the methods of instruction that are used. The specific abilities 
that are involved in the study and solution of significant social 
problems, for instance in consumer education, which arc par- 
ticularly important as far as mathematics is concerned, may be 
listed as on the following page. 

• "Second Report of the ComfflJflion on Pew-Ww Plain." Tfe SUiAmatut 
Titahtr. 33;195-221. 
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1 . The abiUly to sense problems and to formulate them clearly 

and specifically . 

2. The ability to formulate methods of arriving at the solutions 

of these problems 

3. The ability to sense and to identify by suitable means the 
kinds of quantitative information inherent in a situation which 
can then be extracted so as to make it more meaningful 

4. The ability to locate, gather, organize, and present essential 
pertinent information, both social and quantitative in nature 

5. The ability to perceive relations between quantitative ele- 
ments in situations and to present or express them by an appro- 
priate terminology' 

6. The ability to arrive at correct conclusions and also to 
demonstrate that they are reasonable by using approximations 

7. The ability and disposition to work cooperatively with 
others in group activities of various kinds. 

This broadened conception of educational objectives is an 
illustration of the impact on education of modem conceptions 
of the meaning of democracy, and of the great fund of new 
knowledge about human relations, personality, and mental 
health. 


b. Mathematics in Relation to the Special Functions of the Junior 
High School 

In modem educational literature* six major functions of the 
junior high school arc recognized: (1) integration, (2) explora- 
tion, (3) guidance, (4) differentiation, (5) socialization, and (6) 
articulation. Wc shall consider briefly the relation of mathe- 
matics instruction to each of these functions. 


Integralion 


The icraj “integration” has a number of diflerent connota- 
tions. With respect to the curriculum it means the acceptance of 


"“t Chapur 1. New 
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a common philosophy by the faculty of a school which permits 
teachers to build a program wthin which basic concepts and 
skills can be established and made functional, habits of thought 
and action can be grounded, and the development of basic 
learnings assured. 

Integration of learnings is another underlying point of view. 
Within Uie modern school, units of work which cut across subject 
matter lines often replace the compartmentalized program with 
its departmentalized program. Instruction in mathematics should 
be so organized that it makes its unique contributions to ali areas 
of the curriculum. Students should be given the opportunity to 
see how the various branches of mathematics function in the 
social, civic, and industrial life of the community. 

Integration of personality is a third aspect of this concept. 
A major concern of instruction in mathematics should be the 
factors in its program that contribute to mental and social health 
and personality adjustment. Interest, successful learning, and a 
feeling of belonging to the group are a few of the most significant 
factors here involved. 

Exploration 

The learner in the junior high school should have the oppor- 
tunity to become familiar with all essential areas of mathematics 
and to explore his aptitude for this line of study. On this basis 
his future work in mathematics can be planned. He should also 
have the opportunity to explore the uses of mathematics in the 
social environment, including the working world, job oppor- 
tunities, social institutions, and the practical arts. 

Guidance 

The placement of the individual in courses of mathematics 
should be based on information about his mental ability, his 
aptitude for the subject, his needs, his interests, and his plans 
for the future. Guidance in learning mathematics requires the 
study by all teachers, not only the homeroom teacher, of the 
personality of the learner. The mathematics teacher also should 



consider continuously ways of adapting curriculum, instruction, 
and materials to the student's needs, his learning ability, and the 
level of development of his concepts. The possibility of stimu- 
lating more interest in mathematics through participation in 
co-curricular activities, such as mathematics clubs, science 
clubs, and the like, should be carefully considered. 

Dijferentialion 

The steps to be taken to deal with the problem of providing 
for individual differences in ability, needs, interests, and level of 
development involve many possible adjustments of curriculum, 
methods, and materials. So-called plans of “homogeneous” 
grouping and “ability” grouping should not be regarded as a 
solution to these problems. Nor are double- and triple-track 
plans of curriculum organization that are being developed in 
some schools effective ways of adjusting instruction to individual 
differences. However, these procedures do provide differential 
programs for students of different levels of ability in mathematics. 


A gome device for drill may add interest. 


y»hn Hilti Schial, Elmuttd fgil, lUtiott 





Today differentiation is recognized as a function of the daw- 
room in which the teacher is at work. The teacher must sec to 
It that the experiences of the individual pupil are worthwhile to 
him and offer a challenge that he has the capacity to meet. Thus 
when a class whether bomogeneous-or heterogeneous in ability 
is dealing as a group with some problem or studying some topic 
of concern to them, each individual regardless of bis level of 
ability can be given the opportunity to contribute to the group 
purpose in terms of his interests, needs, talents, and background. 
At the same time instruction related to the learning of the various 
mathematical operations and skills as such can to a large extent 
be individualized, since the rate of learning them varies con- 
siderably among the students and their learning difficulties vary 
from individual to individual. 

Sociaii^alion 

Instruction in mathematics can be so organized that the 
learner has experience in the ways in which the dynamic pro- 
cesses of civilized society operate. Through the study and solution 
of significant problems he should leam about the group process 
and how it proceeds in order to acquire the understandings, 
skills, and appreciations that are needed for successful effective 
participation in the affairs of our democratic society. Socializa- 
tion is predominantly related to method of instruction, although 
the contents of the mathematics curriculum offer abundant 
opportunity for children to study the social institutions through 
widch a cooperative democratic way of life functions, such as 
credit unions, insurance, ta.\ation, banking, voting, and the like. 
The experience unit is admirably adapted for these activities. 

Arffculalmi 

The traditional concept of articulation inv'olv'es the steps taken 
to reduce the difficulty of transition from one level of the sch^l 
to another, for example, from the elementary school to the junior 
high school, or from the junior high school to dte senior high 
school, or from one school to another. When all of the schools 
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of a community have a common philosophy, the schools can 
make cfToris to plan a continuous mathematics program from 
the kindergarten through the secondary’ school. 

Tlie school should also take steps to help the learners to accept 
their lot, each other, their families, other adult.s, and the socio- 
economic conditions of the Hfe which they face. At the same time 
the students should consider methods of improving their waj's 
of learning and living in the community of which they are a part. 
Cooperative democratically conducted social action projects 
make a valuable contribution to the articulation of the individual, 
the group, and the community. 


c Fedors Affecting the Mathematics Program 


It'srease in ErjoUmenls in Sfcondary Schools 

In recent years there has been a tremendous increase in school 
enrollments, first in (he elementary* schools, then in junior high 
schools, and finally in senior high schools. Table 1 presents data 
shovsing changes in enrollments in secondary schools since 1890. 
TIjc recent rapid growth is due partly to the extraordinary 
increase in the birth rate since 1940. Changes in social and 
economic conditions have also greatly reduced the elimination 
of students from the schools to secure employment. 


Table I 

Enrollsjksts is Seco.voarv Schools— Grades 7-12 


Vfar Px 3ys 

1890 *85,943 

1^10 393,525 

1920 891,469 

1930 2,522,816 

1935 3,633,319 

1946 3.248,960 

1952 3,797,550 


Girls Total 


117,020 202,963 

516,536 915,061 

1,107,637 1,999,106 

2.689,363 5,212,179 

3,824,726 7,458,045 

3,612,070 6,861,030 

3,895,590 7,693,140 



The schools face the problem of mass education in the truest 
sense of the word. Educational programs must be devised for the 
powing mass of youth that vwll meet their needs. The great 
interest of our citizens in this problem is shown by their >vide- 
spread participation in the study of ways of improving the total 
educational program of the community. 


The Imreasing Length oj School Life 

Most young people below the ages of 17 or 18 are practically 
excluded from gainful employment and are required by law to 
attend schools. Consequently the student body at all levels 
includes a far wider range of academic ability and of types of 
talents, interests, needs, and life goals than ever before. 

In most urban communities adolescents must pass through a 
prolonged period of actual nonparticipation in the work of the 
world. The school should therefore give them every opportunity 
to learn about social, economic, civic, and vocational problems 
of the community and the conditions under n’hich they later on 
are likely to be confronted. Direct first-hand experience in 
dealing with their own problems will prepare youth to parlid* 
pate actively in the soludon of problems of the larger community. 
Teaching the effective application of quantitative procedures in 
the defining and solution of their problems is an Important con- 
tribution that the mathematics program can make to education 
for citizenship. 


Ejjecis oJ Current Promotion Poliaes 

The lengthening of school life and the consequent increased 
enrollment in mathematics classes in the upper grades arc also 
affected by existing promotion policies. In many, perhaps most, 
elementary schools whose primary functions may be regarded as 
general education, the per cent of pupils that arc required to 
repeat the work of a grade has been reduced to a minimum. 
As a result children in the lower grades move from grade to 
grade regardless of their Ic\’cls of achievement in such important 
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fields as ariAmeuc and reading. This poli^- of 
continuity-” has also been adopted in Grades 7 and 8 in > 
junior high schools. Large numbers reach the junior h'gh ^od 
iho are not prepared to do the svork required ,n «andard cou 
in junior high school mathematics. Special adjustments of the 
program are needed in such cases. As a consequence there « 
ver>' litUe elimination because of non-promotion before Oracles 
9 and 10 are reached, a factor that has contributed to the . 
rapid increase of enrollments in junior high schools. 

The problem of e\'aluaung learning as a basis of promotion 
becomes complicated when faced by teachers of academic cours^ 
in ninth grade mathematics, such as algebra. These courses he 
in the field of special education and are intended for those who 
plan to enter fields requiring special proficiency in aspects of 
mathematics that are be>'ond the requirements of the average 
citizen. Promotion in these academic courses depends on the 
aptitude and competency of the student in the particular course. 
NSTicn the achic\'ement of a student is low in an academic course, 


the problem of “passing” or “failing” arises. A “mark” based on 
actual achicv'cment suitably measured is an index of value for 
guidance purposes. Automatic promotion regardless of level of 
achievement is not regarded as an acceptable polic>’ in areas of 
special education, such as algebra. Howes er, there are other areas 
of general education, such as social studies, music, and the like 
in which the plan of continuous promotion is theoretically 
acceptable for typical student. 


Criticisms oj the Afaihematics Program 

Criticisms of the mathematics program by the armed forces, 
business men, colleges, and others have been common and fre- 
quent. The basis of these attacks has usually been the apparent 
lack of mastcTN* of mathematical skills by youth at the time they 
leave school. Competent research has shown that the computa- 
tional skills of lxn"s and girls who in many cases have had little 
if any mathematical training after completing the eighth grade 
deteriorate greatly due to disuse. HowcN'er, experimental studies 
12 
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Attempts to integrate instruction in mathematics with other 
curriculum areas have led to such movements as the cor - 
curriculum, the common-learnings program, and the hfe-adjust- 
ment program. These and related curriculum developments will 
be discussed in detail in Chapter 2. 


Changes in the Gradation oj Curriadum Content 


At the elementary’ school level there has been a considerable 
shift in the past twenty years in the grade placement of many 
arithmetic topics. For example, instead of teaching division by 
t\s’o- and three-place divisors in Grade 5 as was formerly the 
common practice, the work in this process now is usually spread 
out over three years, including Grades 5 to 7. The work with 
easier steps in division by two-place numbers, for instance, 
division by even tens (20')156) is begun early in Grade 5 while 
the most difficult steps in division by two-placc divisors 
(27’)17,014) in which the estimated quotient must be corrected 
arc taught in Grade 6, and division by three- and four-place 
divisors is delayed until Grade 7. Similarly the more difficult 
sequences of multiplication and division of decimals arc usually 
delayed until Grade 7. In most schools work with per cents is 
usually delayed until Grades 7 and 8 where the work has more 
meaning for the students because of their backgrounds. 

This shift of topics has added considerably to the content of 
what must be taught in junior high school classes. There is too 
much to be taught to the slower pupils in two years. Therefore 
many schools have adopted the plan of e.xtcnding the work in 
arithmetic for these students through three years including 
Grade 9. Carpenter* shewed that about 50 per cent of high 
school graduates in California had no training whatsoever in 
mathematics above Grade 8. In fact the maintenance of arith- 
metic skills has become an essential objective of all courses in 
mathemaUcs in secondary schools, including “refresher” arith- 
metic courses for students who drop out. Extending the mathe- 
matics program in this way would make it certain that all high 


Sccondary.Maihcinatics Cumculum to Meet 
tfte .Needs of All StudctiU.” The MatftemalKt Teaefurr. 42:45. 
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discoveries a sside varieti' of manipulative matenals, visual ai^, 
and learning guides such as modernized textbooks and specia 
kinds of workbooks arc provided. The value of a wide vanety 
of community resources as a means of vitalizing instruction in 
mathematics and making it realistic and meaningful is widely 
recognized. In this w-ay learning through direct contact wl* 
reality is closely integrated with vicarious learning through the 
Study of materials found in books and other printed sources. In 
Chapter 4 the use of many valuable learning materials is discussed . 

Methods of Adapting Instruction to Individual Differences 

The large range in ability, level of achiet'ement, interests, back- 
ground of experience, and social status of adolescents has affected 
the organization of the curriculum and methods of instruction 
in Tuany ways. It has been shown that the range in ability in 
arithmetic at the sc%'cnth grade level is bettveen six and seven 
years.* The range increases in higher grades. The attempts to 
differentiate the curriculum in large junior high schools, accord- 
ing to the abilities of the students, particularly in Grade 9, wll 
be discussed in Chapter 2. In small schools where the number of 
students is too small in a given grade to make it possible to 
organize several sections, differentiations of content, methods, 
and materials must be made by the individual teacher in the 
classroom in terms of the needs and aptitudes of the various 
students. The necessity of enriching instruction for the gifted and 
of facilitating learning by the slo^ver students present many 
problems to teachers. Possible methods arc discussed in Chapter 
14. 


The ItnpTOiement of Techniques of Evaluation and Diagnosis 

Changes in procedures for evaluating learning in mathematics 
have paralleled the broadened conception of educaUonal Dut- 
ches already discussed. Paper and penal testing pnx^dures 
were suitable for appraising specific mathematical knowl- 
edge and skills arc not appropriate for es-aluating less tangible 



b otd or o focfe w ’t*®' '* 



co.e.such.pro«=..scW»^«;;j^=SSp^ 

dcrstandings. Evalvafon has b „cjpa 

.ning program ™ ' pose of iden.ifym| « 

agnostic tests ^ P„i:ptly ar= r=sard d a « ^ 

.hat they I’' 13 we discuss acher 

...uctional <“h. j.-; „hich every mathem 

.rCl and be able to apply. 

fa l/.r »«/-•- »/ ,he 

The itrtph^hons ‘J^'aring on *e eduraho" “ 

.receding pages a comprehensive discusn ^ jhowed 

nathematics <«*“;-^cent mpor. by Grossntchle. 
em is containe °' 


,hat in n.any teachers 

wholly inadequate for prepan g p .^ , in their 

effectively with the widely varied situations I“"nrricu- 

schools. They will be required to ^ program 

lum making programs; they “Pf.^ f P’“ the needs, 

of instruction which will provide for differences 
abilities, and future destinies of the students; they ^ 

to utilize many new kinds of instructional ^nTto 

be skillful in the utilization of guidance ’’'^’P'"® . • and 

plan their future programs. They must also be P^^^olo 'ts an ^ 
sociologists. They must be aware of the nature of the p 
that are faced by adolescenu and the broader community . > 

must appreciate the role of mathematics in social proS’’^ , 
of these requirements and many others that could c ts 
certain to result in marked changes in the future education o 
teachers. 


Questions, Problems, and Topics for Discussion 


1. Hmvean a program in mathemaiics be adjusted to the needs, abilities, and 
intcresu of studenu? (This is for prcUminar>- discussion to explore vie\rt ol 


groups of teachers and college studenu.) . 

2. Give illustrations showing what b meant by each of the outcomes o 
Instruction ibted on page 3. Do you regard the diflercnlialion between the 
mathematical and social phases as desirable? 

3. ^S'hat arc the goals of instruction in algebra insofar as general education 
b concerned? What should the outcomes be for students who are planning to 
prepare themsehes for the study of more technical work in special fields of 
study or occupations? 

4. What b meant by problem solving? 

5. Discuss the meaning of the six major functions of the junior high school 
listed on page 6. \STiat b their significance as far as mathematics is concerned? 
Should mathematics be taught by special teachers without relation to the uses 
of mathematics in other curriculum areas? 

6. How well does the program of mathematics in some local school take 
into consideration these six functions? 

7. Howdo>ou account for the great increase in the enrollments in secondary 
schools? What b its significance for future developments in the mathematics 
program? \S’hat about the supply and demand for teachers of mathematics? 

8. Should mathematics students ever be required to repeal a basic course? 
How valid b the promotion policy of “uninterrupted continuity”? 
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chapter 2 


The Mathematics Curriculum 


IN this chapter the following topics arc discussed: ^ 

1 a. The development and status of the mathematics cumcu u 

b. Social and personal needs as a basis of selecting curriculum 
content 

c. The gradation of curriculum content 

d. The organization of the mathematics curriculum 
c. Evaluating and improving the curriculum. 

a. The Development and Status of the Mathematics Curriculum 

The Early History oj the Mathematics Program 

In the past three centuries many changes have taken place in 
the fundamental philosophy and practices of our Amencan 
schools. They arc reflected in the mathematics curriculum. 
Arithmetic found its place in the curriculum in the eighteenth 
century due to the demands of business and industry for com- 
petency of their workers in this field. Algebra, geometry, and 
trigonometry later were added to the curriculum of the academy 
because of their practical and cultural values. Later their value 
as mental disciplines was stressed. 

By 1860 the program of the public high school began to 
prevail over that of the traditional academy. In an effort to meet 
social demands numerous courses were set up, sometimes not 
well constructed or organized. The recognition of the limitations 
20 
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intuitive geometry, and graphical representation i« 
poncnts, Ld that in Grade 9 elementary algebra *oidd b 
Ljor area of study. However the Commission 
Grade 9 should not be regarded as the terminal year in mato 
matical training. The role of mathematics in vocational educa 

tion and other fields of study was pointed out 

In 1940 there appeared the report of the Joint Oomtm 
of the Mathematical Association of America and the Nation 
Council of Teachers of Mathematics, entitled The Piece oj 
Malhemetic! in Secendmy Education.' The report of the commisMn 
went beyond the recommendations of the 1923 report. e 
specific recommendations of this report may be summarized as 
follow's: 

(1) The program should provide for continuity of instruction 


in many major ideas of mathematics. 

(2) From the beginning mathematics should be presented as 
a mode of thinking about quantitative aspects of social situations 
and \va>*s of dealing with them. 

(3) Special emphasis should be placed on such important 
learning outcomes as atutudes, interests, and appreciations. 

(4) Ba^ic tnaihemadcal concepts should be introduced early 
and their development regarded as being gradual until under- 
standing is attained. 

(5) ProNision for the integration and correlation of the 
mathematical subjects w-iih each other and with other areas of 
the curriculum should be made. 

(6) Each year emphasis should be placed on one subject, but 
no subject should e\'cr be completely dropped, thus assuring the 
maintenance of skills and concepts previously presented and 
enriching mathematical experiences. 

The report contains a planned oudine of a course incorporating 
ihe«c recommendations. It also contains a grade placement chart 
for the contents of mathematics courses for Grades 7 to 12, with 
the details for each grade grouped under the following headings: 


1. Arithmetic {number and computation) 

2. Geometry* (space perception, demonstration) 

» by of PuVjcaiiotM. Trachwi College, New York, N. Y. 
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3. Graphic representation 

4. Algebra 
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in mathematics beyond Grades 8 and 9, and 
the skills that they may at some time have j 

deteriorated. One study of the arithmetic ability of high 
seniors led to the following conclusions; 

The results of carefully constructed 
administered to high-sehool senior and men ■" he A^V ^o^S 
out the country reveal an unsatisfactory condition. For «amp 
on a 30-ltem test in the four fundamental arithmetic p 
and percentase, all of the skills included being judged sMallJ 
useful, the median score for over 90 high^hools in ^'1 ° 

ihe country was 17.3 items correct, or a8% correct. Obuomly. 
thU is an unsatisfactory level of pertomiancc for * 05 = about to 
enter anv branch of military life in which a fairly high degree ot 
computational accuracy is desirable. The level of accuracy o 
large group of Army Engineers was 85%, which mig t e r 
garded as a minimum standard for our schools.* 


This dcncicncy was especially evident among inductcM into the 
war-training program. This is revealed by the following quota 
lion from a letter by Admiral Nimitz published in The Malke- 
matics Teacher: 

A carefully prepared selective examination was given to 4200 
entering freshmen at 27 of the leading universities and college 
of the United States. Sixty-eight per cent of the men taking this 
examination >scrc unable to pass the arithmetical reasoning test. 
Sixty-two per cent failed the whole test, which included also 
arithmetical combinations, vocabulary, and spatial relations. The 
majority of failures were not merely borderline, but were far 
below passing grade. Of the 4200 entering freshmen who wished 
to enter the Naval Reserve OfTiccrs’ Training Corps, only 10% 
had already taken elementary trigonometry in the high schools 
from hich they had graduat^. Only 23% of the 4200 had taken 
more than one and a half years of mathematics in high school. 


The experience which the Nax*y has had in attempting to teach 
navigation in the Nav*al Rcserx'c OfTiccrs’ Training Corps Units 
and in the Naval Rcscrv'c Midshipmen Training Program (V-7) 
Indicates that 75% of the failures in the study of navigation must 
l>e attributed to the lack of adequate knowledge of mathematics. 



Since mathematics is also neccssar>' in fire control and in many 
other vital branches of the naval officer’s profession, it can readily 
be understood that a candidate for training for a commission in 
the Naval Rcser\'e cannot be regarded as good material unless 
he has taken sufficient mathematics. 

The Navy depends for its cfficienc>' upon trained men. The men 
arc trained at schools conducted for this purpose and the admis- 
sion of men to these schools is based upon the meeting of certain 
carefully established requirements. However, in order to enroll 
the necessary number of men in the training schools, it was found 
necessary at one of the training stations to lower the standards 
in 50% of the admissions This necessity is attributed to a defi- 
ciency in Uie early education of the men involved. The require- 
ments had to be lowered in the field of arithmetical attainment. 
Relative to the results obtained in the General Classification Test, 
the lowest category of achievement was in arithmetic.^ 

A special study was made to determine the minimum mathe- 
matical equipment necessary for an inductee. On the basts of 
conferences with 274 training officers in all branches of the armed 
forces, aviation, and vocational training for war-production 
workers, a basic list of 29 mathematical concepts was set up. 
This list represents the results of the fint broad study of the 
mathematical requirements in a wide range of occupations that 
has as yet been undertaken. Others are needed. The implications 
of the list are significant, since they point the direction of possible 
steps that can be taken to develop a more functional program 
of instruction in mathematics in our schools. The committee 
emphasized the dose parallel between wartime and peacetime 
needs of citizens. 

Because of the value of the list of basic concepts as a guide 
to instruction and curriculum making, and as a basis of a self- 
check by individual students it is given below in the form in 
which it originally appeared. The list obviously stresses the social 
and technical aspects of mathematics; the personal needs of the 
individual are not given adequate consideration. They are hinted 
at in concepts 27 and 28. The list also appears in a special guid- 
ance bulletin prepared by the Commission on Post-War Plans 

* Uitcf from Admiral Nimiu. quoted in “ITie tmpormnee Mathematics in 
the War Effort,” an editorial in Tht Alclhmaltct Ttachtr. 35.8S-B9. 
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of the National Council of Teachers of Mathematics' and in the 
Twenty-second Yearbook.® 


1. Compulalion. Can you add, subtract, multiply, and divide 
effectively wUh whole numbers, common fractions, and 
decimals? 

2. Per cents. Can you use per cents undcrstandingly and ac- 
curately? 

3. Ratio. Do you have a clear understanding of ratio? 

4. Eslimaling. Before you perform a computation, do you esti- 
mate the result for the purpose of checking your answer? 

5. Rounding numbers. Do you know the meaning of significant 
figures? Can you round numbers properly? 

6. Tables. Can you find correct values in tables; c.g., interest 
and income tax? 

7. Graphs. Can you read ordinary* graphs: bar, line and circle 
graphs? the graph of a formula? 

8. Statistics. Do you know the main guides that one should 
follow in collecting and interpreting data; can you use 
averages (mean, median, mode); can you draw and interpret 
a graph? 

9. The nature oj a measurement. Do you know the meaning of a 
measurement, of a standard unit, or the largest permissible 
error, of tolerance, and of the statement that ‘a measurement 
is an approximation*? 


10. Use of measuring devices. Can you use certain measuring devices, 
such as an ordinary ruler, other rulers (graduated to thirty- 
seconds, to tenths of an inch, and to millimeters), protractor, 
graph paper, tape, caliper micrometer, and thermometer? 

11. Square root. Can you find the square root of a number by 
table, or by division? 

12. Angles. Can you estimate, read, and construct an angle? 

13. Geometric concepts. Do you have an understanding of point, 
line, angle, parallel lines, perpendicular lines, triangle (right, 
scalene, isosceles, and equilateral), parallelogram (including 
square and rectangle), trapezoid, circle, regular polygon, 
prism, cylinder, cone, and sphere? 

14. The 2'4-5 felatioa. Can you use the Pythagorean relationship 
m a right triangle? 


‘Revised in 1053. 

of Alaihfmatui EduaUim, pp. 36-38 Twenty-second Yearbook 

Council. lOS?* of Teacher* of Mathematics. Washington, D. C.: The 
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t5. Consituethns. Can jou with ruler and compasses construct a 
ctrcic. a square, and a rectangle, transfer a line segment and 
an angle, bisect a line segment and an angle, copy a triangle, 
divide a line segment into m<wc than two equal parts, draw 
a tangent to a circle, and draw a geometric figure to scale? 

16. Draitin^s. Can you read and interpret reasonaWy ueJJ, maps, 
floor plans, mechanical drawings, and blueprints? Can you 
find the distance between two points on a map? 

17. f'eetors. Do >ou understand the meaning of vector, and can 
you find the resultant of two forces’ 


18. Afftne Do you know hmv to use the most important 
metric units (meter, ccnlimcfef, mtUimcicr, kilometer, gram, 
kilogram)? 

19. Cbnrrrrion. In measuring length, area, volume, weight, time, 
temperature, angle, and speed, can you shift from one com* 
monly used standard unit to another widely used standard 
unit; eg., do you know the relation between yard and foot, 
inch and centimeter, and similar relationships’ 

20. /HgfbrarrsjmM/m. Can you use letters to represent numbers; 
5.C., do you understand the symbolism of algebra— do you 
know the meaning of exponent and coefficient? 

21. Formn^af. Do you know' the meaning of a formula-can you, 
for example, write an arithmetic rule as a formula, and can 
you substitute given s^alues in order to find the value for a 
required unknown? 

22. Sf^/rrJ number:. Do you understand signed numbers and can 
you use them’ 

23. Using the axioms. Do you understand what you arc doing when 
you use the axioms to change the form of a formula or ivhen 
you find the value of an unknown in a simple equation’ 

24. rrochcal Jomulas. Do you know from memory certain widely 
used formulas relating to areas, volumes, and interest, and 
to distance, rate, and time? 

25. Smihr triangles and propOTtson. Do you understand the meaning 
of similar triangles, and do you know how to use the fact 
that in similar triangles the ratios of corresponding sides are 
equal’ Can you manage a proportion? 

26. Trigonomeiry. Do you know the meaning of tangent, sine, 
cosine? Can you develop their meanings by means of scale 


drawings? 

27. First sups in business authmetic. Are you niathematic^ly con- 
ditioned for satisfactory adjustment to a first job m business; 
c.g.. have you a start in understanding the keeping of a simple 
account, making change, and the arithmetic that illustrates 
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ihe most common problems of communications and every- 

28 dollar. Do you have a basis for dealing intcUi- 

t^ently ss-ith the main problems of the consumer; c.g., the cost 
of borrowing money, insurance to secure adequate protection 
against the numerous hazards of life, the wise managemen^ 
money, and buying with a given income so as to get good 
values as regards both quantity and quality? 

29. ?Tocetiir,g Jron hjpothem to conclusion. Can you^ anals-zc a 
statement in a newspaper and determine what is assumed, 
and whether the suggested conclusions really follow from the 
given facts or assumpdons? 

Non: The auihon sugeest that itemi 11, 14, 17, 25, and 26 arc difficult to defend 
in a program far the less able students. 


Mathematics and Consumer Education 

Another report of unusual value to those interested in social- 
izing and Nntalizing the mathematics curriculum is entitled, 
“The Role of Mathematics in Consumer Education.”’ This 
report suggests that at the junior high school le\’el such topics 
as the folloiving in the field of consumer education should be 
taught “on an appreciation le\*cl”: 

1. A family’s relation to the neighborhood bank 

2. A personal expense account 

3. A family’s rationing problems (Note: out of date today) 

4. The cost of operating a famil y car 

5. The arithmetic of travel and transportation 

6. Personal thrift 

7. Insurance— automobile, fire, life, hospitalization 

8. Growth of money by compound interest. 

The follmdng senes of topics for senior high school is discussed 
in detail in the report: 

1. Statistics 

2. Consumer credit 

3. Better buymanship 

4. Budgets 

’KiM>,.trflgUKN>u„^CmmdlrfTc«itT.ofXlathcmiiia,1201 SUtoalh 

iL, tv aihington 6, D. C. 
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5. Insurance against numerous hazards 

6. Taxation 

7. Wise management of money 

8. Business dealings of the home 

9. Proper use of scarce or precious materials 

10. The judicious use of services. 

The numerous units in consumer education in present day 
mathematics courses and the many special courses in this field 
indicate a growing realization that increased consideration should 
be given to the mathematical aspects of problems of daily life. 

In general tt is recognized that the management of the affairs 
of individual and group living in a dynamic industrial society 
demands a high level of economic competence. The elements of 
economics to which instruction in mathematics in the upper 
grades can make valuable contributions are as follows; 

1. Thrift and iniclUgent money management 

2. Wise selection and use of goods and services 

3. Conservation and protection of human and material resources 

4. Knowledge of productive processes which help us to increase 
real income 

5. Knowledge of the basis of common business practices and 
terms 

6. Interest in and concern about the use of money raised by 
taxation 

7. Support and use of the increasing variety of community and 
governmental sem'ces 

8. Disposition to secure and utilize reliable data in dealing with 
socio-economic problems 

9. Understanding of the fundamental relationships and inter- 
dependence of social and economic iife 

10. Realization of the necessity of greater economic cooperation 
between nations 

1 1 . Recognition of the desirability of using intelligence to give 
direction to socio-economic change.® 


Studies oj the Social Value of Compatatimal Skills 

Many studies have been made to determine the social value 
of mathematical skills. Among the most valuable of the many 
■ Brucciner, Leo J. and Groaokkfc. ToOa E Uiiai AnIMnOe MimniJut, p. 7t. 
Philadelphia; The John C. Winston Oomiwny, IMS. 
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approaches used in these investigations* are tlic following; 

1. Studies of personal and occupational needs of adults 

2. Need of mathematics by the armed forces 

3. Need of mathematics in other curriculum areas, such as 

science, social studies, and health - rr 

4. Uses of mathematical skills by youth in activities in lile 

outside the school 

5. Interests of youth in mathematics 

6. Mathematics found in books, newspapers, cookbooks, and 
other printed sources. 

In general it has been found that the traditional curriculum 
had assimilated over the years many elements of doubtful, if any, 
current social value. For instance, Wilson reported the results 
of series of studies of the common fractions used in various occu- 
pations, showing that the fractions and accounted for 
75 per cent of all fractions used. The results of a similar study 
by RusselF® of the use of decimals by 68,041 workers in occupa* 
tions grouped under twenty census headings are of interest in 
this connection. 

Russell pointed out that persons employed in metal industries, 
trade organizations, and miscellaneous manufacturing had a 
much greater use for decimals than those in other occupations. 
In fourteen of the occupations, or 70 per cent of the list, less 
than 10 per cent of the population surveyed used decimals in 
any way; in ten of these groups the figures were 5 per cent or less. 
The small number computing with decimals in many of the 
occupations is very striking indeed. 

On the other hand decimals are frequently encountered by 
students in textbooks** in the social studies and science, reference 
books, newspapers, and other printed sources. Understanding 


See bulletins, “WTiy Study Maihcmatics” and “Math at General Electric,” 
dBtnbutcd by General Electric Co., Schenectody, New York. Sec abo the bulletin 
Mathematics and You,” prepared by the Mathematics Department of Rutgers 
University and the State University of New Jersey, 1953. 

Y„k. of PubUcauoo,. Te^hc. Collogo, Colomb.a UoivcAity, 1937. 
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of the meaning of decimals and the ability to read them appar- 
ently are important for certain areas of school work. 

In the past forty years as a result of these and similar studies 
many useless topics have been eliminated from the mathematics 
curriculum, At the same time additions are being made to the 
mathematics program as new uses emerge and improved tech- 
niques are de>‘iscd. It is now quite generally agreed that skill 
in the manipulation of fractions and decimals can be taught 
most effectively in connection with the technical courses at 
higher levels of the school in which there is a definite need for 
them. This belief has led to the preparation of special units on 
the arithmetic needed in shop courses, and so on, in connection 
with the work of the courses. Because incompetence in mathe- 
matics disqualifies the worker for many highly desirable occu- 
pations, these courses have become of great value. 


Siudeni JWedx and Curriculum Mahng 

There have been many reports listing in detail the mathematics 
which competent wcll-intentioncd groups and individuals believe 
that adolescents should be taught. These reports dealt largely 
with the subject matter aspect of the curriculum. 

In recent years an attempt has been made to move from the 
mastery of subject-matter approach to the study of needs of 
youth as a basis of planning the mathematical program. One 
view of need has been called the “psychobiological” concept. 
This interpretation of needs is that dnves, tensions, and bio- 
logical urges in the individual determine action. Needs are 
discovered by an analysis of adolescent behavior. For example, 
every teacher is aware of the tensions that arise when the student 
is unable to learn mathematics or when he is not accepted by 
the group as a full fledged memben Why is mathematics an area 
of learning which so many students report that they dread? Do 
teachers overlook the desiies for security, affection, recognition, 
and new experiences that arc known to be such powerful sources 
of purposes and motives? The diagnosis of these needs is a major 
task of teachers. It is their obligation to provide for the learning 
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not only of the basic mathematical content but also to carry on 
the instructional activity in such a way that the pcrsonal-socta 
needs of the individual students arc met. These ends a''': 
likely to be achieved if the learning c.'cpcricnccs are rich ana 
vital to the learner and he meets with success in achieving is 
goals. At the same time the interaction among the memlicrs ol 
the group should be constructive and mutually helpful. 

Another concept of need is in terms of the deficiencies or lac 
of the individual as seen by adults in terms of the requirements, 
demands, and standards of society. Needs of this kind arc dis- 
covered by the analysis of society. It seems quite obvious that 
both approaches have value and the conflict should be reconciled. 

There has been no systematic study of mathematical needs of 
adolescents. However, it is obvious that they arise in connection 
with the activities of daily life both in and out of school. The 
Commission on the Secondary Curriculum attempted to provide 
a plan of classifying needs on the basis of the aspccls-of-Uving 
concept which best expressed the “idea of personal-social rela- 
tionships and continuous interaction between the individual and 
the environment.” Four categories of needs were listed as follows*. 
(1) personal living, (2) immediate personal-social relationships, 
(3) social-civic relationships, and (4) economic relationships. No 
special effort was made to illustrate the mathematical aspects of 
these categories. Alberty*® and his students devised a plan of 
analyzing "trends in adolescent development” in five categories: 
(1) health, (2) security, (3) achievement, (4) interests, and (5) 
outlook on life. In these areas mathematical needs arise. From 
the point of view of mathematics the problem presents itself of 
how to take these trends into consideration in planning the 
mathematics curriculum. A great deal of experimental work 
needs to be done in this connection. 


How to Determine Personal-Social Needs 

individuals and groups can be approached 
I roug group-study methods supplemented by interviews and 
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case studies, "nie mathematics teacher should use every means 
and source of information available to gain an understanding of 
the needs of the students. Day to day contacts in the classroom 
and in the group life of the school arc potentially the most 
valuable opportunities to study the needs and behavior of 
individuals. The information contained in a well planned system 
of records, reports by associates, ratings on aptitude, attitude, 
and special ability tests, interest inventories, and vocational plans 
as well as more informal contacts are all valuable to the teacher 
(or faculty) who wishes to adapt instruction to the needs of each 
individual as a unique personality. TTie expressed or felt needs 
of the students as a basis of action cannot always be depended 
on, since students often are completely unaware of the stresses and 
strains that are blocking their progress and development, The 
teacher faces the problem of helping the learner to identify his 
needs and to take steps to meet them. 


Th Socialized Conlcni oj Malkemalics Textbooks 

Studies*’ of the contents of mathematics te.'Ubooks for the 
upper grades published since 1850 shotvs tliat they reflect social 
trends in such areas as taxation and insurance. The effects of 
the rapid development of practices in these fields in the past 
century is revealed by the continuing increase in the number of 
concepts that are found in these te.xtbooks which have been 
published since 1945. The increase has been very marked in 
the past few decades, indicating an increasing awareness in 
authors of the desirability of informing students about trends 
of significance to them. 

The increasing awareness of the importance of consumer 
education is also revealed by an analysis fay Bronniche*^ of the 
contents of mathematics textbooks For example, Table II shows 
the frequency with which units dealing with 35 topics in this 
field appeared in 20 eighth grade textbooks. This trend may 
become even more pronounced m the future. 

'» Unpublished master’s dissertatroos by Sidney Hcier and Archie Green, avail- 



Minnesoca. 
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Table II 

Frequency of Consumer Topics Appearing in 20 Eighth 
Grade Mathematics Textbooks 

Number 

of books Per cent 


I. Cost of Consumer Goods and Services 

1. Shelter 

2. Food 

3. Utilities 

4. Owning an automobile 

5. Communication 

6. Shipping goods 

II. Consumer Practices 

1. Instalment buying 

2. Family budgets 

3. Buying lumber 

4. Wise buying practices 

5. Sending and carr^'ing inonc\' 

6. Small loans 

7. Spending the consumer dollar 

8. Obtaining a proper diet 
"Jf^t^portation and communication 

10. Reading meters 

11. Personal budgets 

III. Business Practices 

V profit, overhead, etc. 

oclhng on commission 

3. Trade discount 

4. Business records 

IV. Banking 

1. Compound interest 

2. Lending money 

3. Checking accounts 

4. Savings accounts 

5. Postal savings 

6. Mortgages 

7. Building and Loan Associations 
V. Investments 

L Slocks 
2. Bonds 
3* Real Estate 
34 


9 

6 

6 

6 

6 

3 


17 

12 

9 

8 

8 

6 

6 

6 

C 

5 

4 


16 

11 

11 

7 


19 

17 

16 

11 

9 

9 

7 


18 

18 

7 


45 

30 

30 

30 

30 

15 


85 

60 

45 

40 

40 

30 

30 

30 

30 

25 

20 


80 

55 

55 

35 


95 

85 

80 

55 

45 

45 

35 


90 

90 

35 



Number 
of books Per cent 


VI, Insurance 

1. Fire imurance 

2. Life insurance 

3. Automobile insurance 
4- Hospitaliaatjon insurance 

5. Purpose and origin of insurance 

6. Annuities 

Vn. Governmental Activities 

1. Taxation 

2. Go^’crnmental services 

3. Budgets 

Afalfimalical Related lo Reading 

The incidence of mathematical terms in reading is very large. 
Horn reported: 

... of the first 1069 words in the list compiled by Thorndike 
and Lorge, more than one in ten are reasonably specific arith* 
metical, geometrical, or statistical terms And if indefinite 
mathematical terms arc included, the proportion is about one in 
four, A large number of these mathematical terms appear fre- 
quently In the lerts and references in the content fields.” 

Horn reported that such technical mathematical terms as the 
following were rated essential by both teachers of art and of 
mathematics: area, balance, breadth, circle, cube, depth, dimen- 
sion, distance, horizontal, length, measure, parallel, perpendicu- 
lar, rectangle, square, triangle, and unit. 

Mathematical concepts frequently appear in combinations in 
reading which increase the difficulty of dealing with them. The 
ability to understand such statements as the following in which 
mathematical terms have relations to other facts m a larger social 
setting is heavily conditioned by the reader’s grasp of the number 
system and requires functional quantitativ'c thinking: 

’•Horn. Emesc "Anthmeue m »he EJeuwoury-School Curriculum," Th 
Tfoshmg of ArUbmrUe, p 10 TifUflh Yearbook of the Nat.ortal Society for the Study 
of Educauoft, Pari tl. Chicago Uni««i<y of CJwcago Press, JOs*!. 


19 

95 

18 

90 

18 

90 

n 

55 

10 

50 

5 

25 

19 

95 

16 

80 

11 

55 


35 


The difficulty of dealin? t.ith the ™'>'e'nat.ca concepts n 
reading is increased by the fact that they frequenUy ^PP“ 
combination, as: •alma, I Iwo Mldyars’; ‘through ruarty rrnto'rf, 
^millions of doUaTi; ‘nearly two miles wide; ranges from 
to one hundred laenty-Jiie per square mile’; ‘nine hundtea square , 
'three and a half million' ; ‘(the sis-cv) falls only four inches rniie, 

. less than titenty-four times the annual world production , ^ 

eighty thousand tons a month*; ‘each dot stands for 100,000 
‘seieral thousand aaes'; ‘file hundred people on each square rnile^ , J 
a mile aboce sea leieV; ‘hundreds of millions of board feet ; acerag 
rainfall ranges from twenty to thirty inched; ‘ Each year from sixty to 
seventy per cent'; * . land values doubled and doubled again , 

‘over 1,000,000 bales of cotton a year which is about one-fifth 
as U normally exported by the United Slates’; ‘It is estimated that 
the remaining known deposits of oil in the United States total some 
21 billion barrels.^^ 


It appears evident that teachers of mathematics should not 
limit the treatment of technical, quantitative, and mathematica 
terms to their strictly specialized meanings but also help the 
students to understand their interpretation in broader social 
situations, especially in the reading they do in any and all courses 
in school. The significance of this point for teachers of all cur- 
riculum areas cannot be loo strongly stressed. Every teacher m 
a sense is a teacher of mathematics. Similarly every teacher of 
mathematics is a teacher of reading. 


c The Gradation of Curriculum Content 

The Difficulty' of Malhemaltcal Processes and Topics 

Early in the present century' it was generally recognized that 
failure in mathematics was one of the most frequent causes of 
non*promotion at all levels of the school from Grade 2 through 
Grade 12 . This led to the study of the difficulty of number facts 
and processes for the purpose of securing data to be used in the 
more cfTcctive gradation of the subject matter and the adaptation 
of the content to the differences in the ability and rates of learning 
of the students. It was found that the elements of a particular 
iO-11 
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number process differed widely in learning difficulty; also that 
in many cases topics were bdng taught with disastrous results 
long before many students had the ability and maturity to master 
them, or understand their meaning. These findings have led to 
important shifts in the grade placement of curriculum materials, 
usually to the postponement of topic? to later levels than were 
customary in traditional schools. Illustrative studies in this field 
and their implications will now be discussed. 

Recommended Gradation of Arithmetic Processes 

Mental 

Age* Whole Numbers Fracticuis Decimali Per Cents 


1. Addition and 
subtraction 
facts and siinpte 
processes 

2. Multiplication 
and division 
faeo through 
three* 

3 Muitiphcacion 
by one<pIace 
numbers 

4. Related even 
division by one* 
place numbers 


9-10 I. Completion of 
all multiphea* 
(ion and division 
facu 

2. Uneven divi- 
sion facts 

3. All steps with 
onc*pIace mul- 
tipliers and di- 


30-lJ 1, Two-place 
multipliers 
3. TwD-place di- 
visor* — ^appar- 
ent quotient 
need not be 

corrected 

3. Zeros in quotients 


1. Extending uses 
of fractions in 
measurement 
2 Finding part of 
a number 


1 Eateoding use 
and meaning of 
fractions 

2 Easy siei» in 
addition and 
subtrsction of 
like fractions by 
concrete and 
visual means 

3 Finding a part 
of a number 

1 Addition and 
subtracuon of 
like fractions: 
also the halves, 
fourths, eighths 
family 


1, Reading 
money values 

2 Addition and 
subtracuon of 
dollar* and 
cenu 

3 MulilpUcation 
and divuion of 
tent* only 


I Ccmpuiing 
with dollar* 
and cents in 
all processes 


J Addition-and 
sofacraction 
through 
hundredths 


'Arithmetic age can be subsrituted in the first column 
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Afcnial 

Age • \S’holc Number Fractions 

11-12 1. Three and four 
place multi- 
pliert 

2. Two-place di- 
visors — apparent 
quoucni must 
be corrected 


12-13 1. Three-place 
divisors 


1. Addition and 
subtraction of 
related fractions; 
as i and also 
of easy unre- 
lated tj-pes, § 
and I 

2. Multiplication 

3. Division of 
whole numbers 
and muted num- 
bers by fractions 

1. Addition and 
subtraction of 

types 3 + 1; 

4i -33 

2. All other types 
of division 
examples 


Decimals 


1. Addition and 
subtraction ex- 
tended to 
thousandths 

2. Multiplication 
and division 
of decimals by 
whole numbers 


1. Multiplication 
and division of 
whole numbers 
and decimals 
by decimals 

2. Changing frac- 
tions to deci- 
mals, and vice 
versa 


Per Cents 


1. Cases I 
and 11 in 
percent- 
age using 
whole per 
cenu 


13-14 1. Extending uses 1. Extending uses I. Extending uses 
of whole num- effractions of decimals 

bers 

• Arithmetic age can be substituted in the first column. 


1. Case 111 
of per- 
centage 

2. Fractional 
per cents 


The chart given above presents a systematic arrangement of 
arithmetic topics according to the available evidence as to their 
relative difficulty, beginning at about the third grade level. This 
information should be considered by teachers and curriculum 
makers in planning the instructional program. The subject 
matter to be taught slovv-leaming groups should not be the same 
as for groups of highly competent learners. The data in the chart 
suggest adjustments possible.*' 


The Relative Difficulty oj Specijic Types of Operations 


More detailed information is available about the differences 
in the difficulty of specific elements within a giv’en proce ss . For 


. dctail-d diKTuisioa of basic data on Icaming difHcutty of number operation 
« givTn in Brwkncr and Gnmmckle Anlfmttu SUmingf-J, Chapter 3. 

Philadelphia: The John C Wmston Co , 1953: 
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instance the study by Reichert** of the relative difficulty of 
processes with decimals is an excellent illustration of procedures 
that can be used to determine the difficulty of the specific ele- 
ments of the mathematics program. Reichert prepared a series 
of tests containing a carefully selected sampling of all basic types 
of skills in the four operations with decimals. He administered 
this test to about 900 pupils in Grades 6 to 8 in the Twin City 
area. On the basis of the mental ages of the pupils based on the 
Otis Self Scoring Mental Ability Test, he grouped the test results 
and computed the per cents of correct pupil responses on com- 
posiie and specific types of examples according to seven mental 
age levels, ranging from below 10 to over 16. Table III gives 
the consolidated results for the six different parts of Reichert’s 
tests. 

The boldface figures for each process are the per cents of 
error that were found at the mental age that would first meet a 
criterion of 25 per cent of error or less as a basis for grade 
placement. 

According to the data in Table III addition of decimals is the 
easiest operation while changing decimals to fractions and divi- 
sion of decimals are the most difficult. The level of approximately 


Table III 

Per Cents or Error on Decimal Processes at Various Levels 


Mental Ages 



below 

n -0 

12-0 

13-0 

14-0 

Operations 

10-11 

n-ii 

12-11 

13-11 

14-n 

1. Changing frac- 






tions to deci- 






mals 

64.2 

50.2 

37.2 

28.2 

22.9 

2. Changing deci- 






mals to frac- 




40.8 

35.6 

tions 

66.9 

58.5 

49.3 

3. Addition 

31.2 

21.3 

19.2 

15.2 

13.3 

4. Subtraction 

34.7 

30.1 

21.2 

17.5 

14.2 

5. Multiplication 

6. Division 

42.1 

65.0 

28.1 

51.1 

27.6 

48.0 

19.0 

36.9 

15.3 

31.6 


over 

16 


«* Reichert, E. a rs/ Malwt Unpub- 

liskcd Ph D. dlsKrtation, Universljr of ^finl»e^ota, 1941 . 
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25 per cent error is found at mental age 1 1-0 to 11 11 for addi- 
tion, and at mental age over 16 for division. Notice the gradual 
reduction in per cents of error as mental age advances. Learning 
decimals is a growth process. 

Reichert’s original data also contain valuable information 
about the difficulty of specific types of examples in each of the 
four operations. To illustrate, the data given below show the per 
cents of error for five types of examples in division of decimals 
at the mental age of 12-0 to 12-11 years: 


Per Cents 


Type of Example of Error 

1. Even division of decimal by whole number . . . 24.6 

2. Uneven division of decimal by whole number 

with a decimal in the quotient 52.7 

3. Division of decimal by a decimal 45.5 

4. Division of integer by a decimal 51.4 

5. Division of a decimal by 10 or 100 64.8 


Type 1 division examples were much easier than all of the 
other t^'pes. Types 2, 3, and 4 are of approximately the same 
difficulty. The level of only 25 per cent error on these three types 
was not reached by the pupils tested until the mental age of 36. 
This indicates that the present practice of teaching all types of 
examples in division of decimals at the level of Grade 6 is of 
doubtful validity, especially insofar as slow learners are con- 
cerned. 

The schools should recognize the wide variation in difficulty 
of the different kinds of examples in this process and spread out 
the content over at least Grades 6 and 7 for the average student. 
Adjustments should be made for slow and superior students. 
In the case of the slow learners it might be a wise plan to teach 
this operation on an information basis only, not to try to reach 
the high level of mastery that the more gifted can achieve. It 
should be pointed out that higher levels of performance are 
almost sure to be achieved when more effective instructional 
procedures arc used such as arc described in the chapters which 
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follow. However, the teacher should bear in mind the fact that 
not all aspects of any operation are of equal difficulty. 

Similarly it is known that there is a marked difference in the 
difficulty of the four types of examples in addition of fractions 
given below: 

1. Addition of like fractions 

2. Addition of unlike fractions within a family, as halves and 
fourths 

3. Addition of unlike fractions whose common denominator is 
a product of the given denominators, as halves and thirds 

4. Addition of unlike fractions whose denominators contain a 
common factor, as fourths and sixths. 

Examples like type I can easily be learned by pupils with a 
mental age of 10, or normal Grade 5 level. Examples of type 4 
are so difficult that to insure their mastery their presentation 
should be delayed at least two years, say the mental age of 12 
or 13. A subtraction example of the type 4f - If is so difficult’* 
that a mental age of 13 is required for its mastery. Examples of 
such difficulty and of such little social utility should not be 
included in the work in arithmetic for slow learners, except for 
purposes of information only. 

Table IV gives data concerning the average difficulty of a 
considerable number of examples in per cent as measured by 
the results of a test administered to 405 seventh grade children. 
The data are self-explanatory. There is a wide variation in the 
level of difficulty of the examples given in each part of the table. 
Some of the less used ideas basic to the definition of per cent 
were more difficult than some of the more used applications of 
per cent. Of the three cases in per cent the easiest is Case I, 
finding a per cent of a number. However there is a wide variation 
in the per cents of correct responses in the examples within this 
type. Case II, finding the per cent one number is of another, 
is somewhat more difficult than Case f, tvhile Case III, finding 
a number with a per cent of the number given, is the most 
difficult of the three cases. 


» A summary o{ dan about thr rcUuw difficulty of all anthm«.c topic* is 
included in CMd W Ootm/wb. Chap^ 15 and U Thirty<ig»vh 

Yearbook of National Societ>' fc*’ 
tUy of Chicago Press, 1959. 
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Table IV 

Relative Difficulty of Types of Exaiwles in Per 
(Based on Results of 40 J 7 A Pupils) 


Example 


Per Cent 
of Error 


Example 


1. Expressing Decimals as Per Cenu; 

(al .05 8.4 (d) i.aJJ 

(b) .12i ?0.8 (e) -125 

(c) .2 a7.5 (0 3 

2. Expressing Per Cents as Decimals: 

(al 15% 4.2 (d) 116% 

(t) 6% 12.9 (e)166S% 

y 2007o 25.7 (0 118.5% 

3. Expressing Fractions as Per Cents; 

(a) i 4.2 (d) i 

(b) I 7.9 (e) J 

(c) 1 9.2 (f) * 

4. Expressing Fractions as Hundredths: 

(a) * 30.9 (c) * 

(b) * 36.0 {d)U 


Per Cent 
of Error 


59.1 

63.8 

65.9 

25.7 
28.4 

65.7 


9.4 

14.1 

24.4 


48.1 

51.1 


5. Finding Per Cents of Numbers; 

(a) 12i%,of80 25.4 (d) 133i7o of 60 

(b) 67oor80 28.2 (e) 1307„ of 800 

(c) 287, of 72 34.1 (0 37.57,01720 


47.8 

49.2 

73.6 


6. Finding the Per Cent One Number is of Another: 

(a) 8= 7, of 32 61.2 (c) 4= 7, of 100 72.8 

(b) 15= ^7, of 75 65.7 (d) 120= ^%of96 - 82.2 

7. Finding a Number svith a Per Cent Given; 

(а) 20 = 207, of 78.3 (c) 60=100%, of 89.5 

(б) 12=57, of 84.7 (d) 255 = 125%, of 96.5 


The Relative Difficulty of Selected Items in Algebra 

Mallory made a study to determine the difficulty of a selec- 
tion of items in algebra for a large number of ninth-grade pupils 
as shown by the per cents of correct responses. Data are given 
in Table V for the selected items included in the list. The items 
are arranged in order of difficulty. Many others are given in 
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Mallory’s book.*® The data should be of value in planning courses 
for pupils of different levels of ability in mathematics. The data 
enable teachers to identify easy items as well as difficult items 
in each area. On the basis of this information they can adjust 
the contents of the work to the ability of the students. 

These items have been arranged in the order of their difficulty, 
as determined by the results of tests administered at the end of 
each unit of work. Following each item there is given the per 
cent of pupils who attempted and succeeded with the item. This 
per cent shows the relative difficulty of esch item for the entire 
group of pupils that took each test. Mallory also gives data in 
his study as to the difficulty of each item when the pupils are 
grouped according to four different levels of intelligence. Those 
interested in the complete results should consult Mallory's 
original report. 

The table on pages 44-45 can be used as a basis for selecting 
items in algebra for inclusion in a course for slow-moving pupils. 
In doing so it must be remembered that even a slow-moving 
group is rarely homogeneous and that provision must be made 
for individual differences. For example (assuming a class selected 
as this group was), if it be assumed that items should be selected 
which can be done successfully by 80 per cent or more of all 
the pupils (like items 1-2 in Test 1 following), it is evident that 
part of the class will need individual help on some of the more 
difficult items. 

It is true that a part of the class will be able to succeed with 
more difficult items and should be expected to study them. It 
seems reasonable that one can include items for average classes 
through the 60 per cent point (items which were done success- 
fully by 60 per cent or more of the pupils) or even lower, provided 
one does not expect 100 per cent mastery of all items by the 
entire class. On ffie other hand, items which are below this level 
of difficulty could, iT deemed important, be included, provided 
the teacher recognized their difficulty for the slow group and 
provided more careful teaching and adequate practice. 


»» Maitory. V. S. The Mehi'e *J Crrton T»px(t in Melkem^xet jor Slm>- 

Atsving P,'iSk GrsJe F>ip,U. Contributions to Educadon. No- JM- New Vork: Bureau 
of PublicatioM, Teachers College, OoIunilHa University, 1939. 


43 



Table V 

Relativx DiFncxxTY OF Selected iTEits in an Algebra Test 

(Per cents show correct responses.) 

Test 1 . Making Formulas 

Write in algebr^c SNTnbols, using a, and c for numbers: 

1. The sum of two numbers. (95%) 

2. George deports c cents each week in the bank. Express in 
a formula the amount S he deposits in 52 weeks. (80%) 

Write a formula for: 

3. A number 5 times as great as b. (75%) 

WMte a formula for: 

4. The number of inches in / feet. (54%) 

5. The number of yaitJs in / feet. (35%) 

Test 2. Evaluating Formulas 
If fl *5 4, 6 * 2, c = 1, and <f =* 0, find the value of: 

1- j (!>6%) 3. - f (85%) 

2. a - c (91%) 4. c’b (82%) 

5. The value of - 3jr + 7 when x = 2 is (76%) 

6. If C = |(F - 32), and P = 68, what does C equal? (65%) 

^ ~ 3tid 4 = 3, what does 

U* “ 3) (y + — K>) equal? (55%) 

8, The value of 2y’ - 3* + 7 when y = — 1 is (45%) 

9. The value of when u = 3, 6 = -2 is (21 %) 

Test 3, Signed Kumbers 

1. Multiply. (957e) 

—4 

2. Divide: (90%) 

-9 
-3 


3. Add: (84%) 

+5 

-5 

4. Multiply: (76%) 

— 5 
0 
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5. Subtract: (80%) 7, Simplify: (64%) 

Z 4 (-1) (-3) (-4) 


SimpJify; (69%) 
(-1) C~2) 


S. Simplify. (46%) 
(~2)« (>-3)» 
36 


Test 4. Fundamental Operations with 
General Numbers 


1, (n*) («*) = (89%) 

2. 5c - lOrf 

5 - (84%) 

5. Multiply: ( 53 %) 


3. 4o’S - 8afr 

2ui “ 

4. Add: 2t* - 3r + 5 (65%) 

** + 3x ~ 4 


6 . Subtract: {* - > - c) - (» + 7 + 4 ) (40%) 

7. Simplify: 27.0’ - D + 3(4 - y) (30%) 
a. (3a6»)* (20%) 


Test 5. Equations 


1. 6 ^ « 12 (99%) 

2. a + 2.5 « 4 (51%) 

3. .r - 4 » 16 (92%) 


4. ix « 16 (70%) 

5. * - 2(.r + 5) » 6 (61%) 

6. rx - c* - 1 (10%) 


Mallorj* also gives information about a considerable number 
of geometry items that will be found of value to those interested 
in the teaching of intuitive geomeir>% 


d. Orgonizolion of Ihe Mofhematics Curriculum 
Currfnl Cuniailum Patterns 

The curriculum pattern of the school affects the place of 
mathematics in the total instructional program. In some junior 
high schools the curriculum Is organized as departmentalized 
subjects and little is done to bring out the interreJatiomhipt 
among the various fields of study, for insiancr, between mathe- 
matics and science, or the social studies. In other schools the 
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curriculum is organized into broader areas and emphasis is 
placed on problems and learning experiences that cut across the 
various related fields. Important variations in curriculum organi- 
zation are being experimented with in various places, such as 
core programs, common learnings, life-adjustment programs, 
and the use of experience units-plans that are likely to influence 
instruction in mathematics greatly in the near and distant 
future. 

Regardless of the curriculum pattern that emerges, it is entirely 
feasible to determine the basic mathematical concepts and 
abilities that are most frequently needed in daily life, and also 
the extent to which pupils of various levels of ability can master 
them. Research has shown that all curriculum areas, especially 
science and the social studies, and also the vocational courses, 
make a heavy demand on mathematical knoNvledge and skills. 
It also has been shown that the ability of large numbers of pupils 
to deal with mathematical concepts in other fields of study is at 
a low level. The schools must so organize instruction as to deal 
most effectively with mathematical aspects of all curriculum 
areas. 


Dijffrenihtion of Courses in Mathematics in the Junior High 
School 


In most schools the mathematics curriculum of Grades 7 and 8 
is not differentiated and is still regarded as the area of general 
education for all. While in some large schools plans of ability 
grouping or homogeneous grouping of the students in these 
grades arc used, differentiation is largely regarded as a problem 
to be dealt with by the classroom teacher through various plans 
of adapting instruction to the needs, interests, and levels of 
a I ity of the students. In some schools attempts have been made 
to apply the principles of the core curriculum, life-adjustment 
programs, and similar new-type procedures in which related 
councs are ^uped but relatively litUc progress has been made 
along these lines. 


Much pwter diprentiation of instruction begins at the ninth 
jear level. On the basts of information gathered in the course of 
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the preceding years through tests of intelligence and achieve- 
ment, propiostic tests, interviews concerning vocational plans, 
parents’ wishes, and recommendation by teachers, the individual 
pupil is guided into the one of a variety of courses that appears 
to fit his needs. 

The organization of the mathematics curriculum will depend 
primarily on the school’s conception of the nature of learning. 
If the traditional subject matter conception of the curriculum 
prevails, the organizational pattern will follow the design of 
discrete subjects offered in some sequential order grade by grade. 
If on the other hand the experience conception is accepted, the 
approach to organization will differ quite radically from that of 
the subject-matter centered curriculum, since emphasis Nvill be 
placed on the study of problem situations and topics that do not 
readily lend thernselves to a formal subject organization. In many 
classes teachers are attempting to deal not only with systematic 
bodies of subject matter but also to vitalize and enrich their 
interest by the study of problems and life situations in which 
the subject matter functions. 

A recent survey of curriculum organization in the field of 
mathematics in 635 secondar>' schools with enrollments of 300 
or more students showed that at the ninth grade level, in 45 per 
cent of the schools there were double-track plans, in 12 per cent 
three-track plans, and in only 2 schools four-track plans. It 
appears that in the remaining schools, or about 43 per cent of 
the total, there were single-track plans. In 62 per cent of the 
schools that had a double-track program, this program was 
limited to the ninth grade, ft usually consisted of algebra for 
the college-bound students and general mathematics for the 
others. When there was a three-track program in the ninth 
year it usually consisted of algebra, general mathematics, and 
arithmetic.*^ 

The extent to which differentiation is carried in two modern 
high schools in Waukegan, lUinois and Rosemead, California 
are discussed in the following pages. 


« Ttathlm Fap<J ar>dSt<»v Le<jn,fri w Higk&Aei^. pages 42^3 U. S 
of Health. Education, and Welfare. Office of ’’V' ^ 

Washington: U. S Govemnwn: IViotJag Office, 1954 (Pnee, 35 cents.) 
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EIGHTEEN SUGGESTED PROGRAMS IN KIATOEMATICS” 
(in Grades 9 to 12 -Rosemcad, California) 


Fnn BtSlN-ESS USE 


1 

Ba5ic Mathematics 
Intermediate Mathematics 
Secondary Mathematics 
Business Arithmetic 


IV 

Intermediate Mathematics 
Secondary Mathematics 
Business Arithmetic 
Bookkeeping 


11 

Everyday Business 
Interme^ate Mathematics 
Machine Calculation 
Bookkeeping 


V 

Secondary' Mathematics 
Bookkeeping 
Machine Calculation 
Office Training 


III 

Intermediate or Secondary 
Mathematics 
Budness Arithmetic 
Bookkeeping 
Machine Calculation 


VI 

Basic or Intermediate Mathe- 
matics 

Business Arithmetic 
Machine Calculation 
Office Training 


Foa SEJOPROrESSIOSAL Escin'eerino or 
For iNDusnuAL Use 


Ml 

Basic or Intermediate Maihe- 
maucs 

Secondary Mathematics 
Practical Geometry 
Industrial Mathematics 

VIIl 

Secondaiy ^lathemaucs 
Algebra 1 

Practical Gcometrj- 
Algebra 2 or Trigono m e try and 
Solid Geometry’ 

IX 

Intermediaic Mathematics 
Secondary* Mathematics 
Algebra 1 
Plane Geometry 


X 

Basic or Intermediate Mathe- 
matics 

Bunness Arithmetic 
Secondary Mathematics 
Algebra 1 

XI 

Secondary' Mathematics 
Practical Geometry 
Industrial Mathematics 
Advanced Shop 

XII 

Secondary \Iathcmatics 
Practical Geometry' 

Algebra 1 

Trigonometry and Solid Geometry' 


" ^ EdJtdiin, pp. 91-92. Twenty-second Yeai 

l-bc CouacO cf Tcaehen of Mati«aatic». Wajhington, D. C 

Cowwj!, los*. (.Vlap<«J> 



XIII 

Intermediate or Secondary 
Mathematics 
Business Arithmetic 
Bookkeeping 
Algebra 1 


XIV 

Secondar>' Mathematics 
Algebra 1 

Machine Calculation 
Industrial Mathematics 


For Preprofessional Tralnino in Science 
OR Engineering 

XVII 


XV 

Secondary Mathematics 
Algebra 1 
Plane Geometry 
Algebra 2 

XVI 

Secondary Mathematics 
Algebra 1 
Plane Geometry 
Trigonometry and Solid 
Geometry 

CURRICULA AN-D >^BLATED mTHEMAT.CS COURSES 

(in Grade 9- Waukegan) 


Algebra 1 
Plane Geometry 
Algebra 2 

Trigonometry- and Solid Geometry 
XVIII 

Algebra 1 

Industrial Mathematics 
Plane Gcomctr>- 
Algebra 2 


Curriculum 

a. General Studies 

b. Commercial 

c. Technical preparation 

d. General college preparatoo' 

e. Scientific and professional 


Mathmetics Come 
Basic, in general, mathematics 
Business arithmetic 
Shop mathematics 
Algebra for general college 

AlgSafor ma.hcmalics, 

and engineering majors 


In the case of 

courses adjusted to the "^'l“‘"”“iff,^„,iation is even greater. 
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Ins:nallhighschcolsashighadegr«oMi^^^^^^^^^ 

a single teacher in a small high school conducted a t"P'^ 
plan of algebra, general mathemat.es, and baste artthmetie 
during the same class period in a single classroom. 

In a very fetv insunces schooU have attempted to dwelop 
programs in which two years of work can be 
year, or three years of work in two years. But such ^ave 
Uerally been discarded in favor of a plan stressing ennehmen 
for themore able students. In Chapter 14 the authors give special 
consideration to methods of enriching the work in mathematics 

for gifted students. . . 

As a result of a less comprehensive survey of the organizauon 
of mathematics programs in 92 selected cooperating schools m 
35 states and the District of Columbia, Irvin reported as follows 
about the programs offered: 


It was found that 74 of the 92 cooperating schools offered a 
muliiplc-track mathematics program; 16 offered a doublc-trac 
program at the ninth or nvclfth grade level or at the ninth ana 
twelfth grade levcb; and 38 offered ‘related mathematics m 
connection with industrial arts, agricultural, homcmaking, or 
pre-nursing curriculums. These courses were offered by 43 of the 
schools in a two-to-four-ycar sequence, and 33 of the 74 were 
offering iwo or three differentiated nontraditional courses.** 


Xon^promotion in Double-irack Plans 

An illustration of the operation of a double-track plan at the 
ninth grade level is revealed by the data in Table VI which 
shows the per cents of non-promotion in June 1954 in junior 
high school mathematics in the Minneapolis public schools. 

** tjrrrging P^actu^f tn AfciifmaSus EJjealim, p 85. Twenty-second Yearbook 
ct The National Council of Teachers of Mathematics. Washington, D. C.: The 
Council, 1954. 
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Table VI 

Failures in Mathematics in Grades 7, 8 and 9 


Subject 

On Roll 

Failures 

Failures 

Mathematics— gr. 7 

4,060 

113 

2.8 

Mathematics— gr. 8 

3,791 

in 

2.9 

General Mathematics— gr. 9 

1,609 

44 

2.7 

Algebra-gr. 9 

1,989 

31 

1.6 


It is obvious that the per cents of non-promotion uere ver)'" 
low at all grade levels. In all cases they were less than 3 per cent. 
They were much lower than they were twenty yean ago. On 
the basis of a systematic guidance program ninth grade students 
in Minneapolis are guided into courses in cither algebra or 
general mathematics. The result is that failures are few, especially 
In algebra, a course in which there has ordinarily been relatively 
a high per cent of failure. Here non-promotion has been reduced 

Doubt«‘lrack pregromi usuoUy conlotn tome work In intursnee. 

titmnji ll,i\ &>ml S>* 



almost to the vanishing point, although about 55 Per cent of 
ninth grade students are enrolled m the course. It should be satO 
that tSre tvas some variation in the per cents °f ^ 

of the four courses among the 14 schools, ranging >" Grade ' 
from 0.0 per cent to 10.4 per cent, in Grade 8 from 0.0 per cent 
to 11.0 per cent, in general mathematics from 0.0 per cent to 
13.9 per cent, and in algebra from 0.0 per cent to 3.5 per cent. 


Guidance in Malhematics Classes 

The problem of guiding students into the various mathematics 
courses presents many problems. The majority of plans reporte^ 
to Irvin included a consideration of the following items as a basis 
of placement: (1) the student’s past achievements, (2) the recom- 
mendations of teachers, (3) reading comprehension test scores, 
(4) special interests and vocational preferences, (5) mental t«t 
ratings, and (6) parental wishes. The eighth grade mathematics 
teacher is the key person in the guidance of young students. 

An interesting discussion of the ways in which guidance can 
be carried on in the mathematics program of the junior high 
school is the follov.ing adaptation of a statement by Alice Hach: 

1 . Use the first few days of the seventh grade to acquaint chil- 
dren with the true nature and purposes of the junior high 
school mathematics program. 

2. Use the grades at the end of the first grading period to point 
out how grades are a measure of progress and to stress the 
relationship of this progrea to the child’s future choices in 
mathematics. Each subsequent grading period then offers an 
opportunity for a child to evaluate his growth. 

3. Use a check list of work habits on report cards, only when 
the habits listed can be objectively measured by the teacher 
and pupil. Only if this is true can an evaluation of work 
habits Ijc of any value in determining the growth and 
dc%-clopmcni of those characteristics needed for specific t>T>es 
of study. 

A. Use standardized tests to prov’idc specific information for the 
trachcr, the child, and the parents. Ways can then be pro- 
s'ided for a child to os'crcome specific deficiencies It is im- 
pfjrtant that the child and parents understand the place of 
standardized tests in the child's total mathematics program. 
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5. Have parent conferences early enough in junior high school 
to give parents an opportunity to understand the needs of a 
child while he is stiU on the single-track program in mathe- 
matics. The more nearly a parent understands the progress 
of the child throughout Ac junior high school the better able 
he is to help the child in making ivise decisions regarding the 
selection of future courses. 

6. Use professional articles, guidance bulletins, and all such 
helps as special project material. This might be offered 
throughout a child’s mathematics program. 

7. Show the relationship of the material that is being studied 
to future courses in mathematics. For example the section on 
banking, budgets, and business accounts might be related to 
general mathematics. Plane figures might be related to plane 
geometry, solids to solid gcometr>‘, while formulas might be 
shown as developing fundamenra! principles of algebra In 
each case the respective future textbook might be examined. 
Tins gives the child an opportunity to see not only the rela- 
tionship of the new material to that which is familiar, but 
also to recognize its place in future courses. 

8. Have students give talks regarding mathematics courses. A 
student from an algebra class and one from a general mathe- 
matics class might be invited to talk to the eighth grade 
students, and a student from a geometry class might talk to 
the algebra students. 

9. Have a display of advanced te.xta with notations explaining 
the prerequisites needed for each of the courses and the grade 
level at which the course can be studied. 

10. Use aptitude tests to give the pupil another measure of his 
chances for success in a particubr course. Pupils and parents 
need to understand the limitations of such a test as well as 
its value to the pupil. It is helpful for the parents and the 
child to know that when aptitude tests arc used ivith a/Zw 
measures, they can be useful devices for guidance.** 


e. Evolualing end Improving the Malhematics Program 


A Plan for Evaluating the Malkematics Program 


An excellent procedure (hat can be used by the faculty of any 
secondary school to evaluate Ae raaAcmatics program is the 


>« Emerging Praclicft in .\fatfirmalies£ifue<ilioii,pp 83-84 
of The National Council of Teachers of Mathematics. 
Council, 1954. 


Twentr-second yearbook 
U’asiuntrlon, D. C.; The 
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by many faculties. 


Improving the Curriculum 

The process of curriculum development is under way at all 
times in for\vard looking school systems. It takes place whenever 
the teacher in the classroom studies the needs of the students 
and attempts to adjust the instructional program to these needs. 

The process of curriculum change is stimulated by modern 
curriculum guides prepared by members of the instructional stall 
under the direction of curriculum departments in state depart- 
ments and local school districts. The development and study ol 
these guides is often an integral part of the program of in-servicc 
education. Study groups and special committees participate m 
the process of curriculum development. Conferences, institutes, 
and workshops attended by lay citizens and members of the 
staffs of the schools are frequently arranged so that there may 
be widespread participation in the study and evaluation of the 
existing curriculum and in the formulation of policies to guide 
future action. In many centers experimental work is under way 
dealing \%’ilh the trial of various ways of improving the curriculum 
and with the actual evaluation of instructional materials and 
units of work that arc thought to be in line with the principles 
of modem education. The publication of curriculum materials 
whose value has been demonstrated provides valuable guidance 
for teachers in the selection of units for their owm classes. Ideally 
there should be more units available than any teacher can 
possibly use with a class in the course of a year, so that units will 
be selected that are most adapted to the needs of particular 
classes. Resourceful teachers will of course constantly be experi- 
menting with new units of work that are adapted to the emerging 
needs of their students. 

“ Dutnbuifd I)^ Cooprram-c Study of Secondary School Standards, tVash- 
iftgton, D, C., 1950 
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In the 1944 report of the Commission on Post-War Plans** 
the following list of tentative proposals were given as guides in 
improving the mathematics program of our schools: 

I. The school should insure mathematical literacy to all who 
can probably achieve it. 

II. We should differentiate on the basis of needs, without 
stigmatizing any group, and %ve should provide new and 
better courses for a high £raction of the school’s population 
whose mathematical needs arc not well met by the tradi- 
tional sequential courses. 

III. We need a completely new approach to the problem of the 
so-called sloiv-learntng student. 

IV. The teaching of arithmetic can be and should be improved. 

V. The sequential courses should be improved. 

The Commission said that “provision for growth in the master)' 
of arithmetic should be continuous throughout the elementary 
and secondary schools.” 

Principles of CurTiculum Development 

The basic principles underlying the mathematics curriculum 
which have been discussed in the preceding pages may be 
summarized as folJotvs; 

1 . The learning of arithmetic and other branches of mathe- 
matics is a gradual growth process that should be guided and 
directed at all stages by a systematic, planned program. It should 
begin early in the prirnar)' grades. 

2. The mathematics program should include a well integrated 
treatment of the mathematical and social phases of the subject, 
dealing wth topics and processes of undoubted social value and 
significance to the av’erage individual. The more difficult com- 
putations such as are required in technical work should be 
deferred to levels beyond the elcrocntarj' school. 

3. The content of the curriailum should be based on personal 
and social needs emerging in current Jiving both in and out of 
school. The evidence is clear that students at the junior high 

>• “The Tirst Report of the Couimwion on P«i-'Var Plans,” Tilr Meshmatuf 
Ttathrr. 27:220-2^2. 
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school level have many quantitative experiences that shouW be 
made mathematically meaningful and socially significant to 

4 The student should be made intelligent about the develop- 
ment, status, and likely future trend of important social instl- 
tutions through which number functions in the community. 

5, Mathematics should be taught in close association with any 
and all school work in which the use of quantitative procedures 
will clarify the situation and help to make it meaningful. 

6. A most fruitful approach to the enrichment of mathematics 
instruction is the consideration of significant problems that will 
illuminate the present social situation for the learner, particularly 


in the area of economic competence. 

7. Growth in the ability to apply mathematical procedures 
effectively in social affairs is greatly facilitated by abundant 
experience in using number in a variety of purposeful activities. 

8. Even though much arithmetic is learned incidentally 
through contact with number in social experiences, such learning 
is neither systematic nor comprehensive. It is clear that direct 
instruction is necessary for mastery of the basic skills and efficient 
work methods. 

9. Systematic provision should be made for adapting curricu- 
lum content and instructional procedures to differences in the 
interests, abilities, and needs of the pupils, as well as differences 
in the rates at which they learn. 

10. The curriculum should be so arranged as to provide for 
continuity of pupil development, with a minimum of strain and 
tension, and it should be so organized that there is a reasonable 
likelihood of successful learning. The available evidence as to 
the learning difficulty of number processes should be carefully 
considered in the gradation of subject matter. 


Questions, Problems, and Topics for Discussion 

1. How did the advent of the junior high school affect the mathematics 
curriculum? 

2. Discuss the five trends in the mathematics curriculum that are given on 
page 21. Apply them to the local situation. 
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3. Describe methods of ^idance useful in mathematics instruction. 

4. Evaluate important committee recommendations about the mathematics 
program. 

5. Examine textbooks Ln junior high scimol mathematics and be ready to 
discuss plans followed in organizing their contents, 

6. VVhat criticisms arc being made of the present mathematics curriculum? 
By whom? Hmv valid arc they? How can they be answered? 

7. Examine the list of 29 mathematical concepts given on pages 26 to 28. 
Does the list supply an adequate basu for setting up a program of mathematics 
for the average citizen? What would you omit? What would you add? 

8. What is the role of mathematics in consumer education’ 

9. Look up and evaluate Russell's study on the occupational use of decimals. 

10. How can the teacher determine pupil needs of mathematics’ How about 
social needs? 

1 1 . Of what value are the data on gradation such as those given On pages 
37 to 38? How can data in Tables 111, IV, and V be used in differentiating the 
mathematics program in terms of the differences in ability of students’ Con- 
struct a suitable test of types of examples in division of decimals or per cents 
and compare results with data given in this chapter. 

12. How is the mathematics program in local secondary schools organized? 
What changes arc desirable? Compare with the programs of \VaukegBn and 
Rosemead given on pages 48-49. 

!3. Find out about rates of non-promotion in mathematics classes in local 
schools. Why has the present policy of “non-interrupted continuity" been 
adapted in so many schools? t^at are some of the consequences insofar as 
curriculum and instruction arc considered? 

14, How docs the program of guidance in local schools deal with the 
organization of mathematics classes? NVhat is being done for the superior 
student? Should students be grouped according to ability’ 

1 5. How can a faculty systematically evaluate and improve the mathematics 
program? Review Effaluatii* Cnlena referred to on page 54. 

IG. Discuss the principles of curnculum making gn'cn at the close of the 
chapter. Would you restate any of them’ Would >'ou add others’ 

17. Why should the mathematics program be regarded as continuous at all 
levels from the primary grades through the high school and beyond’ 

18. What can junior high schools do to create a deeper interest in mathe- 
matics on the part of its students’ Why is iWs newssary’ 
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chapter 3 

Principles of Teaching Mathematics 


. of modern 

/\ reveals several important trends, i j adopted, (2) the 
of the goals and outcomes ,),c student learns 

point of view is being recog socially significant to 

should be mathematicdly , he value of what 

him so that he will understand and ,„n.ings 

he is learning, ( 3 ) increasing y 

should be organized as (“^8“ “ ^ '(4) are being made 

dieusesofmathemaucs in dadylif . U f 

“^100^ tr^MduallLen^ces in the ability, needs, and 

a. The relation of goals to 1 

b. Principles of learning app . j solving 

c. The role of -athemau^ m P™bten 

n. The Ro, Cion of GOO, slolnslrocliono, procedures 

Tjpss 0/ Icnrnmgr m ^cCft. 

It is generally oocogniac^t^oP ,^^,hing-learn.ng 
taneous learnings in any genuinely 5, 



situation. The systematic consideration ‘’Y . 

three kinds of learnings listed below and the selection of ways 
of bringing them about has a direct bearing on the nature ol tne 
instructional program in mathematics: 

^ 1. Learnings directly related to the technical aspects oi 
mathematics 

a.-Understanding oLnutnbcrs of.alLkinds — ^ 

. _ b . Meaning and understanding of mathematical operations 
vonnit^ndiproficiehcy'm^their'perfomance-’iii ' ‘ 

c. Ability to solve problems, to read and interpret graphic 
and tabular materials, etc. 

d. Resourcefulness in applying mathematical procedures 

e. Knowledge of basic information about social institutions 

and practic^ in which m'aihematical procedures fiihcuon 
directly’" ■ ‘ 

' 2. Learnihgs'dircctly felaied to the'pei^ohal devel6|>meht of 
^the student"' ^ 

' ■' a Range ’of interests'* and 'appreciations m'‘the ‘fieId"of 


matheihatics* ' 

'' b.' Attitudes and syheiris’ of values' ” 


. j , (1 I' 
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‘c. Social adjustment and behavior 'in ^gro'up situ'anoh^' 
"d.'Mcntal health, emotional 'stability, and physical ’ well 

being iioii/'i) 

e'. Skill in oral*'and'written'cxpfessibn, dm'plying'"clcai‘ 

thinking i. it'jh'- 

3. Learnings' of a broader societal nature^' ’ ’Ci- 'L irl. ul 

a. Problem solving in thc'broader'sensb*' ' '■ ' * 

b. Sensitivity to ‘the'yaluesiahd’ deficiencies of social pro- 
cesses and readiness to participate in their iniprovenient 

c. Skill in democratic cooperation' ’ • t i L .i> 

d. Qualities of leadership * - I'l '> 

e. Creativeness in action. 

»oi oit; ct ’ > h- ^, 9 , 

Instructional Implications of This Analysis of Learnings ^ ^ 

/nic implications for instruction of this analysis of learnings 
arc <iuitr program should be so con- 

.earnmgsinmathemauc 



aS'Such bC' taught, but consideration will also be given to the 
^^velopmcnt of all aspects of the learner’s personality, as well as 
the learnings of a societal nature. The latter have deep signiB- 
cance for effective participation in our democratic way of life. 
In. such a program it is necessary to give special consideration 
to la study of the needs and interests of the students and the 
demands of life in the community so that a body of content can 
be selected for study that is certain to appeal to the learners as 
vital, realistic, and worthwhile. Its consideration will lead to the 
development of good attitudes and appreciation. Adjustments of 
the instructional content and procedures must be made to the 
ages, maturity, and learning ability of the students so that they 
are most likely to be successful in their study of mathematics. 
Emphasis will be placed on the teaching of meanings so that 
there will be insight and understanding. 

To assure the achievement of the outcomes of a broad societal 
significance listed above, learning experiences must be provided 
in which the students as members of a group study topics related 
to the social institutions through which mathematics functions 
in the affairs of life. Mathematics is often a determining factor 
in the consideration of ways of dealing effectively with problcnas 
in their own lives, in the life of the school, and in the larger com* 
munity. As will be shown shortly, mathematical procedures play 
an important role in problem solving. 

It is obvious that a narrow instructional program which 
neglects meanings and emphasites the learning of number facts 
and mathematical processes through rote memorization and 
intensive repetitive drill procedures, with little if any considera* 
tion of their social applications, practically disregards the out- 
comes related to personality development and those of a societal 
nature. 

b. Principles of Learning Applied to Mothemotlcs 
T/if JValure oj Learning 

The evidence that learmng has taken place is to be found in 
changes in the behavior of the icanier as a result of experience. 
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In our schools learning by students is usually glided tow^d 
specific goals through organized patterns of expenenc . 
purpose of instruction in mathematics should be P™™ 
of meaningful experiences and the ° 

situations that will enable the learner to reconstruct h.s behavior 
in the direction of socially desirable goals that he sets up 
the help of his teacher and classmates and accepts as his oito- 
In the modem classroom the learner is called on to make dis- 
coveries, abstractions, and generalizations, and is given guidance 
in the organization and structuring of his mathematical s s, 

ideas, and concepts. ^ - t> r 

The most effective basis of learning is problem solving. Belore 
learning can take place there must be a situation in which c 
student feels a need which he desires to satisfy or a difficu ty 
which he is motivated to overcome. If he merely calls on previous 
learnings to meet the situation, no new learning takes place. > 
however, the learner’s efforts are blocked and he is not able to 
achieve his goal, he will consider possible tvays of solving w* 
problem, and try one or more plans of action, until finally he 
gives up or arrives at a solution. The more mature he is in his 
thinking, the more intelligent and forward looking will be his 
actions. At the same time, he will make less use of trial and 
error methods. 

When the learner has solved his problem, he is ready to 
readjust his total behavior in terms of what he has learned. 
Normally with the help of his teacher and associates he goes over 
his solution and formulates it clearly; he examines his procedure 
critically; he draws conclusions and makes generalizations about 
his experience. Thus he develops a new pattern of behavior that 
will function in the solution of new problems that he may 
encounter in situations of a similar nature. 


Problems That the Learner Must Solve 

The learner faces many kinds of problems in the study of 
mathematics. The teacher should make every effort to introduce 
new topics through problematic situations that are within the 
experience of the students. Through these problematic situations 
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the students should become aware of a need or difRcult)’ and see 
reasons for attempting to meet it. 

These needs may be closely related cither to the mathematical 
phase of instruction, or to the study of some topic or problem 
directly related to the social phase of the subject. For instance, 
the teacher may help students to deicrminc u’eak spots in number 
operations requiring attention at the beginning of the year 
through the administration of diagnostic tests which locate exist- 
ing deficiencies. Prob/ezn soiWng is involved in the steps that 
might be taken by a class to discover the relationship between 
the radius of a circle and the circumference and then to derive 
a formula. Similarly the teacher may consider with the class ways 
of solving some such realistic problem related closely to student 
interests and needs, as, "How much docs it cost to operate an 
automobile for a year?", or "What plan can we work out at 
school that will enable us to get a loan of money for our lunches 
when we forget to bring the money from home?" In one school 
the solution worked out for this last problem resulted in the 
establishment of a credit union, conducted by students under 
the auspices of the student council. This student credit union 
was run much as credit unions are operated in life outside the 
school. (For a detailed discu^lon of how to teach problem 
solving, see Chapter 9.) 

AWds as a Basis oj Planning Instruction 

Psychologically speaking a need is a state of disturbed equili- 
brium. When the individual himself feels keenly about the 
condition, he ordinarily attempts to do something to restore 
balance. Sometimes he may act on impulses that are superficial, 
capricious, and fleeting. When the individual on the other hand 
consciously selects a goal to be achieved in relation to the need 
he senses, human purpose becomes operative. 

In a truly educative experience a purpose is selected by an 
individual, or a group, with knosvJedge of the possibility of its 
achievement, with an awareness of the requirements for its ful- 
fillment, and knowledge of the possible consequence of failure. 

A desirable line of action is then selected from among those 
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possible. Planning the steps to be taken, 

evaluating the consequences, changing plans i 

action as may be necessary-all these continue 

attained. The purpose which the learners have selected become 

the motive or drive for continued action. Ideally all 

activitie, whether they be assignments, enterpnses, pro^cu 

units of work, practice exercises, or what not, shoul 

arranged and conducted that they suggest or initiate 

which lead the learners to make an aggressive elTort to actnev 

worthwhile goals. ' ' 


The Social Significance of Problem Solving ^ 

When a group of Icarneb faces a 'situation in which all are 
conscious of some common lack or difficulty, what have 
variously defined as purposes, wants, desires, wishes, goals,^ neem, 
and interests emerge which impel the group to action. First c 
group helps the individual to locate his own need and to define it. 
Problem solving is a process of deliberative action in which the 
individual works cooperatively with others to meet and 
common nceds.^ Reflective thinking about the past helps the 
leamer and the group to understand the present situation and 
proridcs the basis for taking more intelligent action in the future 
than in the past. 

\Vhen people solve their problems intelligently by a mutually 
cooperative group process, genuinely socialized living emerges- 
A high level of learning takes place •when in response to needs 
the learners intelligently and deliberately select what they leam 
and the behavior patterns they wish to acquire and cooperatively 
plan the steps to be taken to achieve their goals. Under such 
circumstances needs arc raised to the lc^’el of conscious action 
directed to self improvement. The school must provide a rich 
stimulating environment in which students become aware of 
needs and their implications. Then under competent guidance 
they can select and plan experiences that will help them to meet 
these needs. 


‘ Tfe point of view here presented dra-ws heavily c 
l^T. The Ejnergtng StIJ. New York: Harper, 1954. 


i the discussion in Hopkins 
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The Value of Group Processes , j.i - , , - 

Hopkins summarizes the evidence* as to the Value of demo^' 
cratic group processes when applied to Ac solution of. a 'sig- 
nificant problem, as against “authoritanan” procedures directed 
by the teacher as the one in chaigc of a group as follows: - 

1. "A cooperative group releases more potential ability than 

an authoritarian group.” -1 

2. ‘‘The emerging thinking has a quality superior to that’ of any 
member, even to that of the leader or the status control” that 
exists in a group of individuals not integrated organically about 
a common purpose. 

3. f'Sincc the process fosters self-control in each member, such 
a group has internal self discipline.” The internal unity of the 
group and thq self control of the individual complement each 
other, .and are "so interrelated that one cannot be achieved 
satisfactorily without the other.” 

4. "The organic group has its unity in the high social-moral 
quality derived from acting on thinking or deliberative social 
action in which common consent and acceptance, active and 
uncoerced, is the test of behavior.” 

5. The group as a whole helps each individual member to 
clarify his concept of his own needs, refine his own meanings, 
to improve the logic of his experiences, and to evaluate his 
actions, contributions, and value judgments. 

The conditions th^t create a group and cause it to move for- 
ward are processes which make the following possible; 

• 1. The awareness and acceptance of a problem that is vital 
to the group 

. 2. Interaction among the members of ihe group leading to 
involvement 

. 3, Planning of activities and steps to be undertaken 
4. Collective thinking involring the making of suggestions, 
proposing of procedures, pooling and analyzing findings, inter- 
preting findings 

> Adapted from the discuMion in Ho*Aiiu, «#.» PP- 200-202. 
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5 Free discussions of ideas, belicrs. problems, 
ities, conflict, prejudices, and attitudes Icad.ng to des.ra 
rhanwes and intccration of behavior ^ 

6? Sharing work to be done, delegating and accepting r po 

sibiUties, willing participaUon ,rtisitics, 

7. Keeping necessary- records of findings, i > 

sources of data ^ 

8. Reporting progress, findings, difficulties, actions 

9. Evaluating contributions, actions, processes ^ 

10. Deciding on next steps in the light of interpretations 

findings. 


The significance of the group process approach to the h^^hing 
of mathematics is discussed in detail in Chapter 8. ^ 

same time the teacher should encourage able students to ^ 

topics that are of interest to them even though they may a%c 
no immediate social significance. Such a student may dev op 
a high degree of insight in very abstract areas of mathemaocs 
that require very superior mathematical competency'. ( 
Chapter 14 for a special discussion of this problem.) 


c The Role of Mathematics in Problem Solving 

Basic Concepts in Problem Solving 

In the important report “Mathematics in General Education 
it is msuntained that the mathematics curriculum should be bas^ 
on the identification and study of concrete problems which arise 
in connection wth meeting needs in the basic aspects of Ih'iDo- 
Mathematical procedures play an important role in the sys- 
temalic study of quantitative aspects of these situations, including 
the use of computational skills. The report lists se^'en major 
concepts that are basic to problem solving and discusses these 
concepts with special reference to their mathematical implica* 
tions: (1) formulation and solution of a problem, (2) data, 
(3) approximation, (4) function, (5) op>eration, (6) proof, (T) 
symbolism. The following discussion is a brief summary’ of Part 

• Puhlabid by Appletoa-Cratury Co,, Nor York, 1940. 
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Ill of this report, which the reader should consult for amplifica- 
tion of details as to the meaning of each concept and for a 
comprehensive discussion of instructional procedures that are 
useful in developing each concept. 

1 . Formulation and solution. The first step in the problem solving 
procedure is the identification of a difficulty and the formulation 
of the problem or of the goal sought in clear concise meaningful 
terms. Then a plan of action, the solution, for resolving the 
difficulty can be laid out. This procedure requires a high level 
of thinking by the group and individuals. The way the problem 
is formulated afiects both the final solution and also the steps 
in the process by which it is secured. The solution may be, for 
example, a statement of procedure, the recall and application 
of a rule or formula, a drawing, a construction, or an algorism 
to be used. 

2v Data. The next step is the collection of the data necessary 
for arriving at a solution. The data should be representative, 
relevant, accurate, and reliable. It is necessary to collect, record, 
and organize the data in ways that are appropriate to the solution 
of the problem. The data must then be analyzed and interpreted 
before it is possible to draw conclusions and generalizations 
from them. 

3. Approximation. All measurements involved in problem solv- 
ing are approximate. The fundamental notion of approximation 
is indicated by such terms as precision of measurement, accuracy, 
rounding off, and significant digits. A clear recognition of the 
approximate nature of measurements not only helps the student 
to exercise any necessary precautions in recording and reporting 
data, but also makes it possible to compute with approximate 
numbers with considerable economy of time and labor in making 
estimations or checking solutions. 

4. Function. The notion of some sort of correspondence or 
relationship between two or more sets of data underlies the entire 
process of solution. In analyzing and interpreting sets of data, 
the investigator seeks to find relationships among the variables 
such that knowledge of the values of one or more of them serves 
to determine uniquely the corresponding values of some other 
variable. Sometimes this leads to the development of a formula 
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which summarizes the relariomWps in svmtbolic fo™. ^ 


student who discovers through cxperimentation_the^a^to|^ P 


Student wno aiscovcn> uuwugi* - , , 

be^veen the length of the radius of a circle and its circumf . 
is dealing with the function concept. nf 

5. Op.a^on. Problems cannot be sdved — 


i>. Upnaiton. rruuicina ^ - „^Adiiri 

operation-computation, experimentation, or mental p 
.r-, .. ^ . 1 — active' processes involving tne 


Mathematical operations arc . 

manipulauon of mathematical sjmbols that are used to ccpr<^ 
data. Finding the square root of a number, “timating, in^ng 
approximations, hnd checking computations are all ilhirtrauon 
of operations. The choice of operation or method is guided 0> 
incepts of approjumation and function. ^ ^ _ 

6. Proof: Insight into the relation of conclusions to miti 
assumptions and to defined and undefined terms makes i 
possible to work through a solution upon which one c^ ^ > 
with assurance. On the same basis one can accept or rcieci 
confidence the solutions propos^ by others. • - 

7. %i!.c/tjTn.‘\Vords, signs, mar^ and other s>T:oboU' that. 

be used to represent concepts make many forms 
thinking possible. Symbols arc essenlial^for commiim^tio^ 
of ideas to others. Symbols also facilitate the manipulation o 
ideas. The development of a meaningful vocabulary and ,the 
ability to use symbols intelligchtly should be goals to be borne 
in mind by all mathematics teachers. . ' . 

The teacher of mathermtics should guide the learning acuy- 
ities of the students in su<ii a way that each of these broad basic 
concepts'is carefully and systematically developed through actual 
experience in problcm’solving. On the basis of observation of the 
work of the students in problem’ soKing situations' i^ated to any 
of the concepts, the teacher can discover their strengths and 
weaknesses in utilizing mathematic^ procedures and then take 
steps to bring about an improvement by arranging suitable 
learning situations. For some concepts, for example, operations, 
the teacher can make excellent use of standard and informal 
tests to determine strengths and deficiencies in mathematical 
operations. The important point is that ail of these concepts" can 
be di^'cloped through experiences in which they function- None 
emerge as if by magic. 
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Problem Solving as Related ta the learning of Kumber^ Operations 

The Jeaming of new steps in number operations can be 
approached on a problem solving basis. First the learner should 
be brought face to face tvith a variety of social situations in 
which the need for the new operation arises. He may suggest 
the situations himself or they may be presented by the teacher 
in various ways or by the textbook. The new difficulty presented 
in the step should be clearly defined so that the learner is aware 
of the goal to be achieved and accepts the desirability of its 
attainment. The learner’s established patterns of behavior or 
habitual responses are not in themselves sufficient to solve the 
problem. 

Possible procedures of arriving at a solution or answer are 
explored and tried informally so as to make the task more 
meaningful to the student. Then under the guidance of the 
teacher the algorisms to be learned are developed with the class 
in such a way that the teacher feels assured that the students 
understand the sequence of steps taken to complete the soluu'on. 
Insight will be demonstrated by the ability of the students to 
answer questions designed to test their understanding and their 
ability to apply the step in the solution of new problems. 

An illustration of the problem solving approach to the learning 
of a mathematical procedure is the approach used by a teacher 
to the study of the subject of per cent. The teacher began the 
discussion of the topic by asking the students to give examples 
of the uses of per cents with which they were familiar. A number 
of specific illustrations were given. Hotvever, most of the students 
felt that there were other uses of per cents with which they were 
not familiar. So it was decided to explore systematically the ways 
in which per cents were used in the home, in the factory, and 
in business offices. 

One interested group volunteered to look for illustrations 
of per cent in newspapers and other printed sources. On the 
following day reports first were made by the individuals m the 
class and uses were listed on the blackboard. Then the specia 
committee made its report which was full of intercsu'ng infor- 
mation. As a result of their research the students became fully 
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aware of many of the uses of per cent rn dai y 
teacher suggested that they examine the contents of the Aapt^ 
in the texL,k in use to discover what they ■"d'tded ^ . 

topic and the phases of the subject to be covered by *e.r sm^ 
Of*^ die topic. Many of the uses of per cents that had been 
by the class were found in the textbook. Some omismns of top^ 
were noted which the students felt should be added to 
included in the te.xtbook. Then the systematic study of tn 
subject began. 


T^pes of FuiKtional Quantitative Thinking 
The highest le\*el otjunetional quantitative thinking is that done 
in connection with the solving of problems of daily life 
realistic and \ntal to the learner, and which are clarified > 
mathematical techniques. However there are many times ^ 
the individual also must think quantitatively in other than 
problematic situations, for instance, in reading newspapers, re - 
crcnce books, and other printed sources; in interpreting ublesi 
graphs, diagrams, and other ways of presenting quantitative 
materials in a s^'stemaiic manner; and in organizing numencal 
data that he has gathered for some purpose. This type of quan- 
titative. thinking is of a much higher level of value than that 
done in reading and soh’ing perfunctory routine types of “verbal 
problems” such as \vcre formerly found in large numbers in most 
textbooks and standard tests. 

Functional quantitative thinking is also done in other mean- 
ingful situations, such as when the student reads explanations 
of mathematical procedures in textbooks, discovers relationships 
among sets of data, number processes, and arithmetical concepts, 
makes estimates and approximations to check his solutions, and 
derives rules and formulas of various kinds, 

\STien the work in mathematics is largely limited to repetitive 
drill on mathematical processes, or practice in solving routine 
verbal problems, functional quantitative thinking, if any, 
certain to be at a lou’ !c\'el. Howcs'cr, when the student is stimu- 
lated and challenged, he can have deep insight into number rela- 
tionships and he can do much functional quantitative thinking* 
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d. Theories of Learning Applied to Mathemallcs 
Changing Concepls in Theories of Learning 

There was a time when the mind was regarded as a “reservoir” 
into which facts and knowledge could be poured and stored for 
future use. Memoriter methods were stressed under this concept, 
leading to the memorization of rules, tables, proofs, and the like, 
often without understanding by the learners or any notion on 
their part as to the usefulness of »vbat was learned. 

According to another theory the mind was “regarded as a 
muscle.” The important thing was to develop this muscle through 
a variety of formal set exercises, again without regard to the 
meaning and significance of what was learned. The more 
difficult the exercise, the greater the mental development was 
believed to be. 

At the present time there are two main psychological theories 
of how learning takes place, namely, “association" theories on 
the one hand and “field” theories on the other. Both theories 
have affected methods of organizing and teaching mathematics 
courses. Of (he association theoricsThorndike’s “connectionism” 
or “stimulus-response” psychology has played the principal role. 
According to this theory learning consists in establishing “bonds” 
through the application of methods justified by Thorndike’s 
formulation of the laws of learning, including cxercise-use and 
disuse— and effect. Since it was believed by conncclionists that 
each bond existed separately and independently, the conclusion 
was drawn that the various facts should be learned as isolated 
elements through repetitive drill rather than through the study 
of a systematic arrangement of facts based on their rcla tionships. 
The same was true of number operations. 

Sponsors of “field” theories oppose the “atomistic” approach 
of connectionists. Instead they emphasize understanding of the 
number system and its uses in number operations and problem 
solving in a variety of situations rather than learning through 
intensive drill. They also point out the importance of the organ- 
ization of learnings through the discovery of relatbnships and 
generalizations among facts and processes rather than through 
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,he study of isolated elements set up in unrelated form Aecording 
to the theory the pupil should not pract.ee a b^U W toel^P 
proficiency until he knows the meaning of the proces 

understands how it operates. . • «f Ipamine 

The conflict between these two ma.n theones “f laarnj^ ^ 

arithmetic grows out of the fact that oach o t 
seems to be a more logical explanation of how certain yp 
learning 1 takes place than the other. For “ample l^robk^ 
solving procedures seem to be more m line with field t 
while those who strongly stress drill procedures in 'a 
operational skills find support for their actions in connect. 

theories. u , 

t There is no need of trying to force all learning situation 
to conform to a single theory. This is especially true when o 
considers the wide variety of outcomes there are of 
instruction. The procedures used to develop in an 
student a knoivledge of basic number facts are quite dineren 
in nature from those used to develop the ability of a group^ o 
students do solve a problem growing out of a social situation 
which istof concern to the whole group. Similarly the instruc- 
tional procedures that arc used to develop the critical thinh^S 
necessary to evaluate some practice or a public policy 
greatly from those used to develop the methods of thinking use 
in gathering information from various sources about some point 
of conflict, organizing this information, and' then i setting inp 
standards to guide future actions. / i > ' > > t ‘ 


Meanings in Mathematics ' , 

The learning of arithmetic and other branches of mathematics 
is greatly facilitated when 'the work is made meaningful for the 
student and he understands the procedures he is studyingJ' ^ 
distinction is sometimes made between the terms, “meaning 
and “understanding.” For instance, the student may know the 
meaning of the example, 7.5 + 9.8, namely, that he is to find 
the sum of the two numbers, but he may not understand the 
proccs-s of adding the two numbers, especially the step of trans- 
forming thirteen, the total of the tenths, to 1 one and 3 tenths. 
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Frequently the words "insight” and "understanding” are used 
synonymously. However, insight has an emotional tone su^sted 
by the ‘‘ah*ha, I get it f” expression. i 
There are various kinds of meanings that are associated with 
the mathematical and social phases of arithmetic. Brownell dis- 
CUSSC3 four categories of meanings related to the mathematical 
ph<uc,of arithmetic in the following statement;* ' 

1. One group consists of a large list of basic concepts. Here, for 
example, are the meanings of whole numbers, of common 

^ . fractions, of decimal fractions, of per cent, and most persons 

would say, of ratio and proportion. Here belong, also, the 
denominate numbers, on which there is Only slight disagree- 
' ‘ ment concerning the particular units to be taught. Here, too, 
arc the technical terms of arithmetic— addend, divisor, com- 
_ mon denominator, and the like—and, again, there is some 
difference of opinion as to which lemw arc esseotial and which 
arc not. 

2. A second group of arithmetical meanings includes under* 
standing of the fundamental operations. Children must know 
when to add, when to subtract, when to multiply, and when 

.... / to divide. They must possess this kno\sledge, and they roust 
,also know what happens to the numbers used when a given 
, ‘ operation is employed. If the newer textbooks afford trust- 
■ ' worthy evidence on the point, the trend toward the teaching 
‘ • Of the functions of the basic operations is Well established. 

-Jew changes in the more recent textbooks, as compared with 
[ .years ago, are more impressive. 

3. A third group of meanings is composed of the more important 
principles, relationships, and generalizations of arithmetic, of 
ivhich the following arc typical. When 0 is added to a number, 

'' the value of that number is unchanged. The product of two 
I abstract factors remains the same regardless ^ which factor 
'lis used as multiplier. The numerator and denominator of a 
^ fraction may be divided by the same number without changing 
, the value of the fraction. ^ > 

4. ' A fourth group of meanings relates to the underst^dmg of 
’ ' 'our decimal number sj’stcm and its use in rationalizing 

computational procedures and algorisms There appears to be 
1 ' ' 'a growing tendency to devote more attention to the meanings 
' I of large numbers in terms of the place values of their digits. 
Likewise there is a strong tendency to rationalize the simpler 


♦Browndt, W. A. “The Place of Meaning in'die Tea^^S of .WihtDeiie,” 
Eltmcntary Seho!>l Journal. 47:257-258, Chicago: University of Chicago Press 
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computational operations, such M about 

■borLlng’ in subtraction; bu, there « 3 „d 

extending rationalizations very hr into mult p 
division with whole numbers and fractions. 

A similar series of categories of meanings related 
phase of arithmetic should be added to the above as- 

^ 1. Basic concepts in the field of measurement, including 
torical aspects of their status and development 


2. Economic competence . , • „ ,,va. 

3. Understanding of social institutions, such as banking, 
tion, insurance, etc., through which number functions 

4. How quantitative procedures have assisted man in 


Struggle to control nature . r 

5. Concepts necessary to the intelligent interpretation 
tabular and graphic materials. 


How Meanings Develop 

Meanings are basically the outgrowth of experience. Young 
children learn the meaning of number through direct concrete 
experience, often involving the manipulation of matenals o 
various kinds. Later they learn to use words, for instance, four, 
and later figures, 4, to express in symbolic form the meaning 
they wish to convey. Finally they make a generalization whic 
enables them to apply the concept 4 in any situation. 

The steps in developing concepts have been listed by Van 
Engcn* as; sense perception — abstraction — generalization. He 
points out that as children mature and learnings become more 
complex, direct experiences involving manipulation and sense 
perception become less necessary or feasible. Instead recourse 
must be taken to the use of pictures, diagrams, and other forms 
of visual perception such as arc found in well prepared instruc- 
tional materials or can be devised by the teacher. 

The more able the student, the sooner he is able to shift from 
direct concrete experiences to abstract methods of thinking. The 

•Van Enp;cn, H. “The Formation of Concepts, ” The Learntng oj MathemaUc^i 
pp. 69-07. The Twenty-first Yearbook of the National Council of Teachers of 
Mathematics. Washington, D CX; The Council, 1053. 
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higher the level of mathematical development the less possible 
and profitable it is to provide direct concrete experience. The 
cflbrts of teachers in the tipper grades to include direct first-hand 
experiences arc illustrated by field work in connection irith the 
study of geometry. 

Slow learners are wrak in the use of abstract symbols and often 
are blocked because they have not had experiences that make 
new work meaningful to them. In spite of this fact instrucUonal 
materials arc often placed in the hands of these pupils that 
involve almost exclusively abstract language symbols. The prob- 
lem of the slow learner can only be solved by the use of “concrete- 
action learning equipment.” He needs the manipulative experi- 
ences out of which abstractions and concepts emerge. Later he 
can learn to interpret pictorial sequences and diagrammatic 
materials and thus become increasingly independent of concrete 
learning aids. The sequence of steps in the use of learning aids 
to develop meanings may be listed as follosvs: 

1. Manipulation of concrete representative materials 

2. Consideration of pictorial representations 

3. Study of semi-concrete representations, such as diagrams, 
cut-out fractional parts, drawings, etc. 

4. Study of symbolic representations, such as algorisms to be 
learned, explanations of procedures, etc. 

Textbooks sometimes suggest the use of concrete materials 
which the teacher must provide to make number operations and 
concepts meaningful. Increasingly mathematics textbooks are 
using pictorial and scmi-concreie representations in presenting 
new work. These aids help the student to understand the meaning 
of the symbolic or verbal description of the process to be learned. 
There can be no doubt about the value of such learning aids. 
Through their use the teacher can effectively integrate direct 
experience and vicarious experience involving the reading and 
study of printed materials. 

Modern vs. Traditional Procedures 

In much of the current literature dealing trilh the teaching of 
mathematics, emphasis is placed on the importance of making 
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what is being learned vital and meaningful ' 

number ofimportantinvestigations'haveshown that thelcarni g 

of anthmetie B greatly faeilitated when what is being “ 

mademathematieally meaningful and socially significant to the 
students Tlie principles underlying the procedures m anthmetie 
have important implications for all fields of mathematia. ^ 
Two theories of teaching arithmetic differing markedly i 
point of view underlie much of current practice in classroom 
instruction. The first of these may be called the modem ap- 
proach; the second the traditional or drill approach. There am 
no standard definitions of either theory. There also is no gene 
agreement among the sponsors of cither theory as to the detai 
of methods of applying them. Howc%'cr, a number of gen 
principles are emerging which clearly indicate the , differences 
bctv\cen the tuo underlying points of view. In the following 
discussion, SIX contrasting principles will be presented. Some o 
the important evidence concerning the validity of these pnn- 
ciples also will be summarized briefly. The consideration of way's 
of modifying current methods of teaching arithmetic and other 
branches of mathematics in the light of the two sets of principles 
should be helpful for all teachers. , . r ' 

The;$ix contrasting principles underlying the two theories arc: 


COTRASTLSC PRLVCIPXXS UvDERLYTSC TwO THEORIES | 
I OF THE Teaching of Arithhetic i 


ModfTTi Approach 

1. Learning taVes place through 
experiences that arc inirinst- 
genuinely purposejul 


TraditiGnal Approach 

1 Extrinsic devices are cffectiv'c 
means for moliNatmg leanung- 


* BroMfn'lI, Vi. Uarrtng (he Motupiuatt«n Gmhnatims Durham, North Caro- 
lina Duke Umvcnuy Pros, 1943 

Erowntll, \V A. Learnng cs RtorgamegSioti Durham. North Carolina Duke 
Univmit> Pre«i, 1935 

Brc^ll, W A Mtwungfal rr Mtehauetd Leaimn> Durham, North Carolina 
lJukc Um\-cniiy Press, 1949 " 

Harap, H L, and Mapes, C. “Learning the Fundamenlali m an Acuvity 
rrogram, Elervnlars Sefurd Journal 34 51S-526 

**2^'* ** ^» C L Cminhuium oj CmeTalie.iU<m to Ihr Learmpg of Addition Facts 
ieacbm ColVge Contributions to Edocauon, No 263 New York Burean of 
PubUcauom, Tcachert College. Columbia University, 1938 

76 



2. Learning should be meaningrul 
and induce insighl. 

3. Discovery of facts, meanings, 
and generalizations by the 
learner through inductive 
methods leads to understand- 
ing and insight. 

4. Content should be so presented 

that the pirception oj utalions 


is facilitated. 

5. A wide varitly of learning 
experiences should be provided 
to extend meanings and to 
assure needed practice. 

6. Learning is a growth process 
leading gradually to responses 

at an increasingly mature level. 


2. Learning is a mechanistic neuro- 
logical process. 

3. Authoritative prescription by the 
teacher through deductive 
procedures of the facts, ideas, 
and methods to be learned, 
assures correct connections. 

4. Learning consists of the/orminj 

oJ speeijic connections presented 
as unrelated elements 

5. A process of repetitive drill 
assures learning and mastery. 


6 Performance at the adult level is 
expected and required at all 
stages of learning. 


inanyareacfthe cumcuto^W V 

and needs emergms m life ouB. . die setting 

meaningfiil to the end envying out methods 

up of the-ir objectives and m plan g Boeatly m- 

or aihievirig them. The J 3„d seek to improve their 

creased'if they ^ eful, all desirable aspects of 

iiroeedures! When learning ^ 

thi personality of the physical, traits. A reahsti 

intellectual, social, '■"'’'■orah «c^P V illuminating 

problem-solving situation motivation such 

type of learning "P^'^^f^oeTthe desire for security, and th 

;j^^::t;’sidS:^Sa.cd.oi.— 



well as to its social pltt.se. Expcnments ^^own that und 

standing greatly aids learning and retention. 

sWll should never be assigned until the operat.on to be practl 

is meaningful to the learner and he understands the 

process. Simple methods of testing understanding have bee 

devised that can be easily applied by any teacher. ^ 

The result of lack of understanding of a process is unmtcUigc 
manipulation of numbers and inability to recall svhat has bee 
learned. The higher mental processes arc not involved in su 
routine learning. . . 

The contrast bet\veen the points of view of traditional 
modern procedures with respect to this principle illustrates t e 
fundamental difference between the two major psycho ogica 
theories discussed above. According to the connection-forming 
theory', learning consists of the formation of connections throug^ 
the well-known “stimulus-response” process, a mechanistic 
neural-path action, such as is the basis of most animal learning- 
According to the field theory, all elements in the total learning 
situation are utilized that may aid the learner to understan 
what is being taught, especially those manipulative, visual, and 
verbal aids that will make his work meaningful and sensible 
to him. 


3. The discovery of JactSy meanings, and generalizations by the learner 
through inductive procedures leads to understanding and insight. 

Through the use of exploratory' materials and visual aids, as 
will be shown in the following chapters, the students can be led 
to discover independently many quantitative facts, relations, and 
generalizations. Thus by manipulating fractional parts of wholes, 
the)' can quickly discover many relations among these parts. 
Discovery' leads to insight. 

4. Content should be so presented that the perception of relations is 
Jadlitated. 

Anthmeiic should be taught in such a ^vay that the learner 
constandy reorganizes and structures what he is learning. The 
teacher can assist this process by leading the pupil to make 
generalizations about what he is learning. For example, the 
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learner can be shown that addition and muliiplication are 
related operations. Similarly, he can discover that the products 
of the fives all end in 0 and 5, a valuable aid to learning these 
facts. Hundreds of similar generalizations can be developed. 

The ^st single illustration of the operation of this principle 
is the relative ease of memorizing meaningful structured materia! 
such as a poem in which the organized relationships among ideas 
are evident to the learner, as against the difficulty of memo- 
rizing a group of nonsense syllables of equal length. Experiments 
have abundantly demonstrated the refative ease of memorizing 
meaningful organized material and the value of assisting the 
learner to reorganize at higher levels what he is learning, 

5. A wide t/ariely of learning experiences should he provided la extend 
meonirigs and to assure needed practice. 

Learning takes place most efficiently and easily when the 
arithmetic being learned is experienced in vivid, realistic, mean- 
ingful situations. These experiences may range from the manipu- 
lation of concrete objects and the use of other visual aids to get 
meanings to activities requiring the uses of number and quan- 
titative procedures in dealing with genuine personal and social 
problems. The wide range of activities possible enables the 
teacher to adapt instruction to differences in the rates and ways 
in which children learn. Emphasis is placed on learning skills 
and concepts in functional situations. In this way, the mathe- 
matical and social phases of arithmetic are both made meaningful 
to the learner. 

Under the modem approach, the classroom is organized as a 
learning laboratory in which arc provided many and varied 
aids to learning adapted to the needs of children of various levels 
of ability. Many experiences are arranged to stimulate, enrich, 
and vitalize learning. Such a pre^ram is in sharp contrast with 
the drab, narrowly conceived activities of classrooms in which 
the work in arithmetic consists chiefly of long periods of repeti- 
tive drill devoted to the mastery of what too often are meaning- 
less processes whose functional value the pupils often do not 
realize. Repetition without intent to learn never leads to genuine 
learning. 
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6. Uarning ,V « '° “" 

ina^axm^/y maturf level. 

It is generally recognized that there arc large 
the rates at which children learn. It has been ^ 

a period of time and under good guidance their r“P ^ 

change from the immature, fumbling reactions that ^rc 
during the initial stages of learning to the mature me 
thinking that the school wishes the students to master, 
grade to grade the teacher faces the problem of assisting 
to discard immature thought processes in favor of more eftici 
procedures. Roundabout procedures are symptoms of immatu - 
ty, not necessarily of poor ability. 


General Comment about the Application of These Principles 

It should be stated that at the present lime, wc rarely 
instructional programs that apply fully and efficiently 
the groups of six contrasting principles that have been discaiss 
Furthermore, evidence is lacking as to the complete effectiveness 
of instruction organized according to cither theory’. However, 
a mass of information is accumulating about the relative effec* 
dveness of the meaningful teaching of arithmetic over mechan- 
ized drill. Brownell and Moser’s’ recent study of the effectiveness 
of different methods of teaching “borrowing” in subtraction 
illustrates Uus point. 

Every effort should be made to discover efficient methods of 
applying the principles of the “meaning” theory to the teaching 
of arithmetic and other branches of mathematics. The cumula- 
tive evidence in favor* of the meaning theory should lead all 
teachers to utilize methods of instruction that ^\iU make arithmeuc 
meaningful to all learners. Every effort should be made by all 
teachers of mathematics to invent methods and materials of 
instruction that will assist the learner to understand what he i^ 

’Brownell, W. A. and Moser, H. E. Meamng/ul ei. Mechameal Learning: A itudj 
cj CraJe III SubUoaioTt. Durham, North Carolina: Duke University Press, 1949 . 

. rea der shou ld consult the volume by the authors, Maivtg Arithmetic 

. *.«>»prtheimvc treatment of methods of TT^aVtn; number meaningful 

to children m the elementary grades. Research is systematically reviewed there. 
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This is the key to the succ^ful teaching of arithmetic. 
It is the heart of the modem approach which the authors stress 
thrdughdut'this book. - ■> .<n-i , 

levels, of, Earning ' ■ i /' 

t TliCjConccpt of Jevels of learning which is repeatedly stressed 
in this book recognizes the fact that children in almost any class, 
even one organized on the basis of the mental abilitj' of, the 
students, -do not all learn in the same way and almost always 
Jearn on ^et'eral different levels of maturity. To 
illustrate, some of the more mature students will 2 =» l-f 
-understand ihe algorism for the subtraction ex- — g =* | 

ample shotvn abstractly at the right; others will 1 ^ 

need diagrams or pictures to help them visualize 
the transformation of 2 to l|; others will find it necessary to 
work with manipulative materials such as objects to be cut or 
fractional parts in a fraction kit before they are able to perceive 
jthe, transformation shown in the algorism. Obviously the first 
of these three procedures is the most mature and indicates the 
ability to operate at a high level of abstract thinking; at the 
second level the use of visual and pictorial aids is necessary, 

• iq 

Different derleM for the itvdr of fracthnt reprwni different ojpeth of the third 


fevel of dperolion. 



clearly a less mature level of learning than the first; at 
or lowest level it is necessary to go to the ““J" 

experience. In mixed classes all leveh of leammg wd be fou^^^ 
After a preliminary presentation of a topic, the Hifferenccs 
divide the students into groups according to cvidcn 
in levels of thinking and learning, and then proceed g 

suggested by the needs of the students. At least two majo g P 

should be formed; those who can proceed abstractly an 
ready for sv-slematk practice, and ^osc who can procee 
wth the help of visual aids. The latter group is not yet rea > 
for abstract procedures. There may be some slow learners w 
may even need help to do the work objectively. 
should adapt the pace of instruction to the rates at whi 
indindual students learn, so that finally all can proceed success- 
fully at a relatively high level of learning.* 


The Discovery oj Relationships and Gennalizotions 

The discover^' of relationships among processes is anoAer 
valuable aid for the extending and enriching of mathemati 
meanings and for raising the level of learning of students, as indi- 
cated in the following statement: 

(aj Addition and subtraction are opposite processes— 
together and tailing apart, (b) Multiplication and dhTsion at® 
opposite processes— putting together and taking apart- (c) 
tiplicauon is usually a faster putting-together process tnau 
addition, (d) Multiplication al\va\’s deals wih equal-sized grou^ 
v.hile addition may deal with either equal-sized or unequal-sueU 
subgroups, (c) Disdsion a usually a faster taking-apart 
than subtraction, (f) Division alwa^’S deals with equal-siz 
groups, ^vhUe subtraction may deal wdth either equal- or unequal- 
sized subgroups.'® 

* For a Icfflgrr discussion of ite concept levcU of »f»rT>iny as applied to arithinctic, 
consult Smith, K. R_ “Provisions for Individual Differences,” The Leiarjng V 
TkecTy and Prectue, Chapter 10. The Tv?OTty-first Yearbook of the 
Nauonal Council of Teachers of Mathematics, 1953. The Council. tVashIcgtoa. 

*• ^tnson, Esther J. “Arithmetic for Preschool and Primary-grade Chil<lren» 
IheTeeeh^g tj Aftthmetie. p. 66 Fifdeth Yearbook of the National Society for the 
htudy of Education, Part 11. Ouc^t University of Chicago Press, 1951. 
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The Place oj Practice in Learning 

When the learner knows the meaning of an operation and 
understands the processes involved in working a new kind of 
ptample in the operation, we can say that he has in fact learned 
it. However, practice is needed to broaden its meanings and to 
develop proficiency in using it. The actual appJicaiion of the 
new step in a variety of situations and in different contexts is 
one valuable form of practice. Then the work is well motivated 
and the students see the usefulness of what they are learning. 

Systematic practice with specially prepared materials, some- 
times called “drill," is an essential form of practice that provides 
the recurrent experiences that arc necessary to develop speed 
and proficiency in computational skills. Mixed drills spread over 
a period of time are an efficient means for maintaining skills. 

Research has shown that repetitive drill without understanding 
as used in many schools is a %vasteful procedure, actually detri* 
mental to learning. Under such conditions pupils engage in a 
routine mental exercise limited to the mastery of a body of 
specific skills taught without regard to their meanings, to the 
relationships among the various number processes, or to their 
uses in everyday life. 

The organization of practice to develop and perfect skills can 
be greatly improved by applying a few simple principles as; 

1. Skills are not isolated mechanisms which can be learned 
apart from real situations in which they function and then be 
automatically applied in real situations. When meanings and 
relationships have been established, these meanings and rela- 
tionships can be e.vtended and perfected through practice. Skills 
are learned better when they are closely related to meanings 
and when the learner sees how he will use them. The greater 
the variety of situations in which skills are used, the better they 
will be learned. 

2. Skills are not learned readily in advance of need or of 
meaning and familiarity. A period of integratiic practice during 
which die learner becomes faniiliar with the new step and gains 
an understanding of it should precede the systematic practice 
that is needed to develop proficiency and sfcili. 
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; that 


3. Skills arc not fixed, unchanging methods 
„ay be acquired as such through unthink.ng rcpchtion. Jtey 


gradually change from the slow, immature methods ofj;«P°“;^ 


Characteristic of immaturity to the rapid, efficient 


characteristic ot immaiuniy lo , u ^Skill 

and thought processes that approach those used y . 
performance' varies from person ' to 'person and fro 
to situatioii; depending' on the conditions 'under w ic 
is used. ‘To illuslrate,'‘wc'proceed'5lovkly'and J. . 

accuracy is essential.' On the other hand, when vve wis o 
an approximation,' we proceed iiiorc rapidly and 'with les 

on exactness. • * ' » ' • • > ' ' ’ ^ ' • L.-jj 

' 4. 'In 'the initial ' stages of practice considerable emp 
should be placed on diagnosis. The' teacher should observe 
pupil’s' methods ot wofk hnd the thought processes h':' ' 
Every effort should be made to lead the pupil 'to utilize 
iligly mature methods of thinking. Considerable stress , 

placed oh self-direcicd practice so'that the pupil will be o ig ^ 
to take a growing responsibility for the improvement of his s i s. 
Practice periods should be'relatively short and distributed -over 
a'span of time;' Practice is likely to be more fruitful' when^ 
pupil is 'aware that he is making progress] '' 

5. Students who have practiced certain skills for which they 
have a' genuine need are likely to regard similar drill on other 


functional skills as necessary and 'sensible. Routine practice 


alone 


is not enough; it is .important that practice be made purpOJ 


iseful 


by setting j up ^ goals, that are meaningful and achievable. , The 
systematic practice needed ,to, establish skill can be done wit 
suitable types, of materials during special blocks of time set aside 
for this purpose- • _ . ^ ‘ 

6. To maintain arithmetic skills it is necessary to provide 
distributed .practice >vhich should be spread out over a period 
of time. This practice should be cumulative in nature, consisting 
of mixed types of examples in a variety of processes so that the 
pupil must shift from one operation to another as he works the 
examples. Many modern textbooks provide a suitable mainte- 
nance program of mixed practice. If this type of distributed 
practice is not provided, there is likely to be a marked deteriora- 
tion of skills because the activities of the school provide relatively 
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few opportunities for the pupils to apply some of the arithmetic 
processes they are^required to leam. How'ever, forgetting will be 
reduced to a minimum when learning has been meaningful and 
functional and when there is insight into the operations. 

’ 7t' Suitable provisions should be' included for hoping the 
learner to see the progress he is making and to locate difficulties 
and Weak spots. The practice materials should be interesting 
and well written; they should be organized in such a way that 
the pupil can progress at his own rate with a minimum amount 
of guidance ffrom the teacher. The use of materials prepared by 
specialists is recommended. Reasonable standards of achievc- 
■ment should be set up which are adapted to the ability of the 
learner and his level and rate of development, so that or’crleam* 
ing will not be carried to unjustifiable extremes. The concept of 
repetitive practice as here used can be extended beyond the 
learning of computational procedures to include the development 
of interests, attitudes, appreciations, understandings, purposes, 
and social insight. Instruction in mathematics also can be organ- 
ized so as to' provide practice in cooperation, leadership, and 
other forms of desirable social behavior. 


J'eachins Reading SktlU Needed m Antkmetic 

Success in arithtnctic and other branches of mathematics is 
closely associated with proficiency in the special types of reading 
skills necessary in this field. This is particularly true in the 
reading of explanations of procedures given in textbooks, in 
problem solving, and in the gathcringof information of materials 
from printed sources for any number of different purposes. 
Special consideration is given to the development of reading 
skills in'Chapter 9. 

e. Provision for Individual Differences 


The, Nature of Individual Differences 

The most perplexing and difficult problem faced by the teacher 
is that of providing for the wide range of dilTcrcnccs among the 
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members of the class, from whatever ^ ®„,es 

may be considered: their ability to ,opcd, 

at which they learn, the level to which skills ' P 

their interests, their attitudes toward the sul jeet them ba^^^ 
ground of experiences, their social status, and f 
the problem is complicated by conditions 
hygiene and the relationships of individuals to each 
to the group as a whole. ^ ^ i 

The teacher should bear in mind that m the study 
units of work dealing with the social phase of mathcmati 
class can work as a single group. However, the work '«lhm m 
class can he so organized that each student s«ll have the PP 
tunity to contribute to the whole undertaking in terms o 
interests, abilities, and special talents." This is a ycr>' c cc 
method of providing for individual difTercnces within any gro > 
no student need be expected to work alone, as an^ he 
individual. He will grow more from every point of view i 
makes his unique contribution as a member of the whole group 
Chapter 8 contains a detailed discussion of this problem. 


Providing /or Individual Differences in the PreserUation oj Skills 

In the typical class, pupils will vary greatly in their need for 
the use of the different forms of presentation of new work relate 
to mathematical operations, or in remedial instruction. >' hen 
types of materials are used, as discussed on pages 79 to 80, t e 
teacher can be sure that instructional procedures arc providing 
effectively for differences in the ways in which the different pup> ^ 
learn. The slower learners usually are aided by the sequentia 
uses of manipulative or exploratory materials, and pictorial an 
visual aids, svhich arc hnally followed by the discussion of the 
symbolic algorism to be learned. The more able students perhaps 
do not require as detailed help and in some cases can get the 
idea very readily from a well-\vritten textbook presentation- 
However, even they will profit from the complete presentation 
we have outlined. The teacher can then give a short preliminary 
Much %-aluable information may be found in the bulletin, Curruvlum MaUrioff 
w High Sthool Malhmatics. Bulletin 19S4. No 9 Washington, D. C U S. Depart* 
ment of Health, Education and Welfare, 1954. 
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test to determine how well the new step is understood by the 
different members of a class. 

On the basis of the results of this test, the teacher can group 
the students according to their needs. Those whose papers 
indicate that the step has been learned can >== p^^uc' 

to establish the procedure. When there is evidence of difficulty 
or lad: of undersLding in the work of any students, *=^“^er 
should diagnose the difficulty, and then retcach as may be 
fecesliw Sng any materials that svill lead to unders anding 
by the riLdents. even simpler materials .*7 
original presentation. tTdriiTe'"^^; 

CerrdeaUn7:ldi llhod^s of teaching in speciBe areas. 

Cmiculum and Instmlimal AdjustmmU PosMe 

It is important drat in the 

content of the curnculum, t e ms in ,hc abilities 

the standards to be , , he work of slower pupils 

of the children. It seems wo,k of superior 

should not be rated on the same basis 

Students. . . nf procedures that arc 

A helpful analysis individual differences 

used in our schools to adap j other fields is given below, 

in the ability to learn mathemat^^^ d ^ ^ 

1. The use of espenence u„ails see Chapier 8.) 

actinties at different Icve s o ^ cxpcrimcnialion . 

a. Problem solving, rcscarc^J"^ imellectual or matcnal 
b Construction aciivmes 

d Creative acuviues resuiung 

producing partieipauon in eommuniiy en.e - 

e Excursions, field trips, ^ 

, c-ni.ie.^nea.^.;;;^>;'^::'7::rs^;c. 

a. Classification into gr V> 

intellectual status gy 



b. Promotion at irregular intm^ ■< , ' ’ • juj , ■ 

c. Program planned in terms of future needs of tndmuu 

d. Exploratory courses^ ; ' . 

e. Classes for gifted children insure stimulating 

' ' f.' Special provisions for talented childrpn ^ ^ 

experiences ■ .... ^ . - i ‘ “ 

, g. Rich program of co-eurricular activities... i I ■ • ' , 

i3. . Differentiation of work v/ithin classes, ■ 


,a. .Adapting program groups 

b. Readiness programs adjusted to needs of individua 8 

e. Differentiated assignments ’ - j ' ' 

d. Differcnliatcd standards to he achieved 


lecial 


e. Differences in scope of course requirements 

f. Differences in time allowed for completing work 

g. Supplementar\' assignments . • ■ ' i '• -.t, .rwri 

h. Special assignments for more able pupils or those vvi pc 

i. Use of books and materials of several Icvcls'of difficulty 

]. Use of workbooks. , i • ^ 

4. llabbratofy methods. ‘ ' ‘ v, VAills.' 

'' o. Individualiaed instruciibrial materials ‘to develop b^t _ ^ 


kVinnetKa pian .£=1 and 

b. Dalton plan of assignments of different levels of difficu ty 

. comprehensiveness ..r ' ‘iy 

c. Morrison plan of guide sheets and difTerentiatcd assign 


d. Individual progress plans in laboratory and shop courses . 
L course of learning 


’ >, Diagnosis of difficulties that'arisc in me course wi 

f. ’Remedial 'and corrective' measures to' eliminate causes 

■ I ‘ difficulty)'! . I !>• » 1 ,; I I 1 

g . Provision of a wide variety of materials for developing 

h. Use of community resources to vitalize and enrich learni 

experiences. . • l ni- . , i' .i ' '' 

5. Special provisions for maladjusted and slow-lcaming pupils* 

a. Adjustment and coaching teachers ‘ 

b. Oppoaunity classes ' 
e. Ungraded’ classes - 

d. Hospital classes for serious problem cases . 


e. Special classes for students who have failed some require* 
courses. 

6. Guidance services which assist in orienting the student and lU 


-- ^ assist. Ill onenung uic slu'j'-*** — , 

planning a program of vrork adjusted to his needs, interests, ano 
potentialities. 

a. School psycholog'ists 

b. Vbiting teachers and social workers 
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cj Counselors and vocational guidance experts * ■ ' ' 

d. Home-room teachers and advisory periods ' . ' 

e. Medical sendees 

f. Clinicians to study bcha%'ior problems and cases of serious 
retardation. 


Alelhods of Socializing the Learning of Maihemalics 

The values of socializing mathematics that svere recognized 
hy sdcctcd junior high school teachers in 635 schools are indi- 
cated by the results of a recent study.** These teachers were 
rated as highly efficient by their principals in dealing with rapid 
and slow learners. The data show that among thirty instruc- 
tional procedures investigated, the following were reported as 
among those used most frequently for rapid and slow learners: 


, 1 . ^ Assist students in learning vocabulary and reading 
‘ ' ' ' ' ' skills peculiar to mathematics 

2. Emphasize social uses of mathematics 
1 •' 3. Encourage study of the applications of mathe- 
matics to science 

4. Encourage solution of mathematical problems 
from field of students’ interests 

5, Give to students experience in applying the prin- 
, ciples of mathematical reasoning to social prob- 
lems 


Hank- 

Ueptd Slew 

1 3 

2 4 

4 15 

10 13 

16 18 


On the other hand'the following of the thirty procedure listed 
were those that tvere reported as being used most infrequently 
with both rapid and slow learners: 

Jtank 

Rapid Slow 


1 . Provide field trips related to dassvvork 

2. Provide mathematics laboratory 

3. Provide students «dth' experience in a_ 
Mathematics Club ' 


28 

29 


30 30 


' «« n«h,ng Rapid andSlcw School. 5- g- ^ ^ 

50. U. S. department of tieshb, Edacauoa. aed Welfare. Office of Education, 
Washington, D. C. ' - 
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Less frequently used socializing experiences were the fol- 


lowing: 


1. Encourage students to make up problems by 
securing data from own reading and experiment 

2. Provide students with experience in evaluating 
types of reasoning in newspaper and magazine 
articles 

3. Encourage studenta to make scrapbooks and pre- 
pare graphic materials showing uses of mathe- 
matics 

4. Encourage students to read stories about mathe- 
matics or famous mathematicians 


Rank 


Rapid 

Slou' 

18 

23 

21.5 

22 

24 

20.5 

25 

25 


Activities Suitable for More Able Students 

Mathematics teachers should plan to explore and develop the 
interests and aptitudes of all students, especially those who have 
unusual capacity and talent in this field. To this end teachers 


Th« vj« of a mod«l eanUed to mony*’dite6vene»'‘ on the port of th® Isorrer* 

Mitt Siittit, aiMth 


should (tivc ihrnl ihc upporlunily to engage in a wide variety 
of intcirsling. challenging arlivilics that will enrich iheir learning 
eaperieners and siimiilate them to cany on independeni siudies. 
The following lin suggnti tome of the more vahiahle procedures 
that icaclicn'havc tiwil s.icccsfiilly to male adrriuatc provision 

K TvpCl difnciil. apphcaliim of topics and 

‘’T’Slltl’ ol ^.lictnatica. principles ,.>ond the limi.s of 

the romintin cavTiti.^U 

3. Work Nv-ith msilhcmancstl puMi« 

4 . Solution or development of magic squam 

7. r.sta-rimenlt wdlh numlwts, shorlcul n elhods, 

8. r.neouraging the tliwosery of procedure 

etc. 

11. Constniciion projccM 

12. Drawing of interesting e™”' ™ 

13. •’f-fP^«'*'>",“^'"'^''’;u*.',‘„,c’appiicalions of number 
H. Collecting picliiees o illuMrM PP 

15. Keeping ma.hemai.es 

16. Condiicling school bank, sc i 

17. Debates on eunent issues an p 

,8. References to l^k, ;-;J;'^\:t'.„'”:;..%ies are dis- 
status of measurement and sim 
cussed in interesting l„,„est groups 

17. hfathemat.es cltilB and I ,,„an.i.a..vc pro- 

20. Corwidcniig recent oc P 

'1rn.e encouragement of original methods of .attack on 

qt^mi^Rc elements of >»;;^^X=rpupi-f 

22. Having the better pupds assist 

for gifted learners in Chapter ■ „ 



Questions, Problems, and Topics for Discussion 

1. WTiat are some ot the basic principles shat arc discussed in this chapter? 
Which do you regard as the most important? 

2. Observe a mathematics lesson. Loot for iUustrations of the kinds of out- 
comes listed on page 60. Arc there any important outcomes that were over- 
looked by the teacher? 

3. \Vhy is a problem soUnog situation such a valuable type of learning 

situation? Illustrate. j , 9 

4. How can the teacher discover problems that are of concern to the students. 

Which are more fundamental, personal problems or problems of broader social 
significance? ^ ^ 

5. Why is mathematics so important in the study and solution of problems. 
Discuss and illustrate the se%-en major concepts underlying problem solving 
that were discussed in the report, “Malhcmaucs in General Education. 

6. How can the study of mathematical operations be approached on a 
problem soling basis? 

7. Is there any difference bciwccn “quantitative thinking” and "problem 
solving”? ^Vhat is meant by “functional”? 

8. What are the differences between “conncciionism” and "field theories”? 
How do they affect curriculum and method? 

9. \Vhat are “meanings”? What kinds of “learnings” arc there? When is 
learning "meaningfur'? 

10. Discuss the 8« contrasting principles presented on pages 76-77. Show 
the differences between the modem and traditional theories by giving specific 
illustrations of procedures that bring out the contrasts. 

11. Observe some lesson and apply these principles to the instructional 
pro«dures used. 

12. Prepare a lesson plan showing how to apply modem principles in the 
teaching of some unit of work. 

13. Illustrate the “levels of learning” discussed in this chapter. Observe a 
group of students in a lesson and try to discover illustrations of each level. 

14. What are “generalizations”? Give examples. Why stress them? 

15. What are "relationships”? Illustrate. 

16. Some specialists differentiate between learning by use, by practice, and 
by drill. Can you see any differences in these concepts? What is the place of 
practice in learning? 

17. What reading skills are involved in the study of mathematics? 

18. INTiat procedures can teachers use to adapt instruction to individual 
differences? In what vrays do individuals differ? Do individuals have common 
needs in mathematics related to the mathematical and social phases of the 
subject? 

19. Study carefully the list of methods of providing for individual differences 
given on pages 87-89. Select those that you think are most useful and practical. 
Study practices in local schools to see what is done for superior students. 
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chapter 4 


Materials for Equipping the 
Mathematics Classroom 


T ins chapter deals with the following topics: 

a. The function of the classroom 

b. Exploratory materials 

c. Visual materials 

d. Symbolic materials. 

a. The Function of the Classroom 
Tifer Classroom as a Learning Laboratory 

The equipment needed in a mathematics classroom depends 
upon its function. If its function is solely to provide a place for 
a student to work examples and to solve verbal problems as given 
in a textbook or a workbook, the needed equipment would con- 
sist primarily of paper, pencil, and a textbook or a workbook. 
In this case the classroom is a place for learning to perform 
computations. On the other hand, if the classroom is to be a 
place for discovering meanings and procedures and for experi- 
encing directed learning activities, adequate equipment must be 
prorided for meeting these needs. Then the classroom becomes 
a workshop or a learning laboratory equipped for teaclung 
mathematics comparable to a laboratory equipped for teaching 
the social studies or the physical sciences. 
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It is important for the teacher to understand that a classroom 
adequately equipped as a laboratory docs not guarantee that a 
student will Jearn mathematics meaningfully. He may manipu- 
late the maierials provided bat not profit greatly from the 
experience. In this case the classroom is equipped with gadgets 
which are used predominantly for activity purposes but not as 
learning aids in discovering number relationships. The way in 
which materials arc used determines whether or not the student 
will profit from the e.\:pcrience in dealing tvith them. The thought 
pattern experienced by the student when he uses an object 
differentiates exploratory material from mantpulatice vatenal. If a 
student uses fractional cut-outs to discover a principle which he 
could not understand through a symbolic presentation, the cut- 
outs ser\*e as e.vploratory material. On the other hand, if the 
student uses the cut-outs in a pertunciory manner to represent 
fractions, these materials become predominantly manipulative. 
The value derived from equipping the classroom as a laboratory 
depends upon the way the teacher has the student use the 
material. The learner may merely manipulate the material as 
an activity or the teacher may teach the student how to use it 
to discover relationships among quantities. The primary function 
of different kinds of materials in mathematics is to enable the 
student to understand each step in an operation. Obviously, the 
experiences the student has bad in dealing with various types 
of materials will determine the particular type needed for his 
level of operation. 

The Process of Learning Is Vtlal 

Purdy and Kinney stressed the fact that it is the process of 
learning instead of the product of learning which is vital. Many 
teachers evaluate learning in terms of the end product and give 
almost no consideration to the means the student used to attain 
that end. This procedure does not give adequate emphasis to 
understanding in learning. If the process of learning is such a 
vital element in an instructional program, the student should 
use a variety of materials to acquire an understanding of a proc- 
ess. These authors stated that "... good teaching is effectn-e 
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guidance of this process [learningl. This 

!nd the individual is usually at vanous levels with 

several learnings at once, many of wh.ch ^ 

generalizations. For purposes of d«cuss.on, ^oweve^ 

given learning experience developing somewhat as follows. 


1 . A problem 
situation 
\vhich the 
pupil is 
ready to 
attack 


2. Solution, 3. Abstraction, 4. Apphca- 
through symbolism, tion 

explora- generaliza- (transfer) 

tion and tion 

discovery 


The process of problem solving, until it has been perfected, 
must be guided at each level.”' The second step in the learning 
process calls for the use of representative manipulative or ex- 
ploratory materials. 


Kinds oj Materials 

Three kinds of materials are needed to teach mathematics 
effectively in the junior high school. These materials may be 
classified as exploralorjif xnsualy and ^Tnbotic. Exploratory materials 
arc those that the student can touch, move, or manipulate, such 
as an abacus or a ruler. As previously stated, it is the use of 
objective material which makes it exploratory instead of purely 
manipulative. Charts, posters, pictures, films, and slides arc 
representative of visual materials. A page of explanations of 
operations or of examples or problems in a textbook or workbook 
is representative of symbolic materials. 

It is important for the teacher of mathematics to plan a 
laboratory of suitable materials for teaching the subject. Too 
much emphasis should not be placed on the use of s^nnholic 
materials, such as the textbook, in preference to other types of 
materials. The proper functioning of each kind of material in 
connection with learning experiences of the student is essential 
to an effective program for teaching elementary mathematics at 

' Purdy, C. Richard and Kinner, L»*cien D “Directing Learning tn Arithmetic,” 
Eler’jrjjr/ Journal. 54:288-89. Chicago: Univenity of Chicago Press. 
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any given age or grade levd. As the pupil grows in his ability 
to deaJ infdJ/gently wth quantities, he should be afafe to show 
a corresponding growth in ability to deal with symbolic materials. 
If he is able to undentand the work with s>TObols, he need not 
use either visual aids or exploratory materials. Good teaching 
is in evidence when the studtnl is chdlengtd to work at the highest 
level of absiraction at which he understands the work. Convenely, poor 
teaching is in evidence when a student is permitted to use 
materials that are adapted to either a lower or a higher level 
of abstraction than the level at which he can understand the 
work. The kind of material which a student should use while 
learning about a given process or topic must be determined by 
the teacher through observation and analysis of the student’s 
work. 

b. Exploratory Materials 

Tfffs of Exploratory Materials 

In many schools the work in the upper grades is department- 
alized. We may assume that the teacher of mathematics at this 
level teaches no other subject. Generally, the teacher of mathe- 
matics uses one particular classroom. If the teacher must use 
several different classrooms during the school day, the problem 
of equipping each classroom is much more difficult than when 
the teacher uses only one room. 

There are two types of e.vploraiory materials, depending upon 
their usage. One type is the kind of material used by the student 
that tve shall designate as studsnl-discovery material, and the other 
type used predominantly by the teacher we shall designate as 
teacher-demonslTation material. The teacher-demonstration ma- 
terial must be larger in size than the student-discovery material 
so that the material used in a dass demonstration can be seen 
from all parts of the classiwra. 

One of the basic problems to be considered in equipping the 
classroom is the determination of a minimum list of materials. 

It is better to have in the classroom a few materials which are 
used effectively than to have the room filled with a wide variety 
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or materials that arc seldom used. Often the teacher is con- 
fronted ^v•^th the problem of protiding suitable space for storing 
laboratory' equipment. If the material must be stored in 
\vhich frequently are put in inaccessible plac«, the material 
seldom be used. The number of different kinds of cxploraloo' 
materials which a teacher should have in the classroom depends 
upon the fadliues available for using and storing the matenal. 

A fully equipped laboratory' should have available suitable space 
for storing many more kinds of exploratory- materials than ^ 
needed for a classroom which contains only the basic essentials 
for teaching the subject, 

A Table Jot Demonstration Purposes 

The first essential piece of equipment in the arithmetic class- 
room is a table which is used for demonstration purposes. The 
top of the table should be approximately 32' X 42' and its 
height should be about 30 inches. In many classrooms the top 
of the teacher’s desk is the only place assailable for exhibiting 
teacher-demonstration material. TTie desk usually contains the 
teacher s books and other materials so that it is not suitable for 
dhplaydng demonstration materials. If a teacher does not have 
a desirable place, such as a table, for displaying exploratory 
materials, very probably these materials will seldom be used. 
The classroom must be equipped with a table if such material 
as a flannel board or a hundred board is to be used effccm-ely. 
The table serves both for demonstration purposes and for dis- 
playing materials, 

A Student's Kit 

Ideally, each student should be presided ssith a kit of ma- 
terials. The materials used in teacher demonstrations should be 
matched by the student’s materials. As students discover how to 
add two fractions by use of fractional cut-outs, the teacher should 
use fractional cut-outs to demonstrate the procedure on a flannel 
board. The students should explore different tvays of finding the 
ansv^cr to a given example. Then the teacher should give a 
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demonstration of the best way to perform the operation. The 
method demonstrated by the teacher is the algorism which the 
race has found to be the most effective way of performing a 
given process. 

If a classroom has a wide variety of exploratory materials, a 
student s kit need not be supplied with all of the corresponding 
materials. The kit should contain those materials which will 
enable the student to discover the procedures in the basic work 
for a given year. Chapter 5 describes the kind of material the 
student should have in his kit to deal with integers. Chapter 6 
discusses the kinds of materials a student should use to deal with 
common and decimal fractions. The items for a student’s kit for 
mathematics at the junior high school level should consist of: 
(1) fractional cut-outs; (2) squares and rectangular strips; and 
(3) compasses, protractor, and ruler. Pages I46~147 give a de- 
scription of the squares and rectangular strips needed for objecti- 
fying the work dealing with integers and decimal fractions. The 
fractional cut-outs may be used for dealing with common frac- 
tions. The items in the third group are necessary when dealing 
with informal geometry in the junior high school. It is assumed 
that the teacher will supply the student with cross-ruled paper 
for drawing graphs. 

The three different materials, mentioned above, are adequate 
for the student to discover most of the mathematical procedures 
which can be objectified except those dealing with per cent. 
Chapter 7 sho^^•s that a hundred board is an effective teaching 
aid to use to help the student to understand the meaning of per 
cent. It is possible to make a similar teaching aid by using a 
piece of cardboard divided into small squares. A cross-ruled 
square on the chalkboard divided to show 100 squares could be 
used as a visual aid in the same manner as the divided card- 
board. 

Students who understand the work with integers and fractions 
when dealing with s)’mboIs do not need objective materials. In 
the upper grades there will be very few students who understand 
the work with decimal fractions so well that exploratory ma- 
terials vril! not be helpful in enriching the meaning of the topic 
in some way. 
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A Teachefs Kit 


The teacher should have a few basic materials for demonstra- 
tion purposes just as a student should have certain exploratory 
materials for his kit- The classroom should contain many other 
items in addiiiort to the bask materials for the teacher’s kit. 
The minimum list of items for teacher-demonstration purposes 
includes: (1) a flannel board with fractional cut-outs; (2) a frac- 
tion chart; (3) place-value pockets; (4) an abacus; and (5) a 
hundred board. 

The five pieces of demonstration material should enable the 
teacher to objectify most of the work dealing with integers, 
common and decimal fractions, and per cent. Squares, approxi- 
mately 2 inches on a side, covered with flannel or made of fell 
may be used on the flannel board for teaching the concept of 
area. As will be shown, additional materials will be needed for 
the teaching of informal geometry. 

A teacher can make a Jkmul board by covering one side of a 
piece of plyw-ood or other rigid material, approximately 20' 
X 30 with flannel which contains a good nap, or svith doeskin 
cloth. The circles for the cut-outs should be approximately 10 
inches in diameter and covered on both sides with flannel. 

The illustration below shows a fraction chart containing five 
parallel secuons of the same size. Five sections arc needed to 
show a whole, and wholes dirided into halves, fourths, eighths, 
and sixteenths. The teacher should also have strips showing 
wholes divided into thirds, sixths, twelfths, and tenths. 




mmamm 










m 


ME 



100 



It is easy to make a place-\'aluc pocket chart from tough cover 
paper or tag board, approximately 20' X 26' in size. Place 
the paper on a table with the short edges at top and bottom. 
Measure down 5^ inches from the top edge of the paper and 
draw a line parallel to this edge. Fold the top along the line 
drawn and crease firmly. Then, measure down inches from 
the crease and fold under. Open the chart flat on the table. 
Lift the lower creased fold up over the upper crease. Tlic upper 
crease will slide down under the fold and H-ill form the first 
pocket. Crease firmly and staple each edge of the pocket. 

To make the second pocket, measure down 4 inches from the 
edge of the first pocket and crease. Measure down 2j inches 
and crease. Repeat for the third pocket. 

Divide the sheet longitudinally so as to form three equal 
pockets in each row. At the points of intersection uitli the rows 
of pockets, insert staples. Then letter the top of the sheet to 
represent ones, tens, and hundreds. The chart should be fastened 
to a wire coat hanger so that it will be possible to display the 
chart in a vertical position at the front of the room. 

To make the cards for the pockets, use oak tag of a different 
color from the chart. Each card should be approximately 

ly X 3p. 

A more stable pocket chart than one made of cardboard may 
be made of wood. The most useful place-value chart for demon- 
stration purposes should contain three rows of pockets. Then a 
complete algorism can be objectified in most processes. Markers 
for the pockets may be made of oak- 
tag or of tongue depressors. 

An abacus can be used to objectify 
the decimal relationship of our num- 
ber s>'stcm and to sho«- why zero is 
used to hold an empty place in our 
number s)'stcm. To show that 1 bead 
on a rtxl has a value equal to all the 
beads on the next rod to the right, an 
abacus should contain 10 beads on a 
rod. On each rod on the abacus 
shown, there arc 10 beads. Nine beads 
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are of the same color, which dilTcr from rod lo rod. The ten h 
bead is of the same color as the 9 bends on the next rod to 
the left A rod without beads holds an empty place on an 
abacus just as a zero holds an empty place in a number The 
number represented on the abacus is 2305, However, an abacus 
used to represent a number need contain only 9 beads on each 
rod. The 9 heads are then analogous lo the 9 digits. 

It h possible to represent a decimal 
by inserting a peg, to be used as a 
decimal point, in a hole bored between 
S \ I 1 1 soy rods in the honzortlal frame 

Q ^ 1 1 I of the abacus. A small bottle eork ih- 

O y 1 0 1 serted in the hole makes the repre- 

Q 0 O 0 sented decimal point visible to the 

X H n H 1 identifying ones’ place. The 

1 I T I abacus on the left shovvs 

1111 that the rod to represent ones’ place is 
111 I the third rod from the right. The nuttt' 

I 1 8 H 1 represented on the abacus U S.S'k 

1 8 8 X 11 abacus is very cftcctiv-e whch USed 

P ^ — 1| for demonstrating that I bfife is equal to 

10 tenths, or I «* 1.0, or that .1 *= .10. 
The hundred board is a board which is enclosed in a square 


frame. The board contains 10 ro\vs of disks with 10 disks per roW* 
Each disk, made of cardboard, is about 3 inches in diameter» 
The disks stay in place when the board is in a horizontal position 
or when the board makes an angle of not more than 30** with 
the top of the table. If a board contains 100 pegs and the disks 
are modeled in the shape of a washer so that they will stay on 
the pegs, the board can be placed in a vertical position. Then 
it would be visible from any part of the classroom. 


Demonstration Materials for the Classroom 

There can be no standard list of materials for equipping the 
classroom^ for teaching mathematics at the junior high school 
level. It IS possible, however, to suggest certain exploratory 
materials which may be used effectively in teaching different 
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topics. In the ne.\t few pages, different maierjajs arc suggested 
which the teacher should find useful in teaching certain topics. 
Those listed are not the only materials that can be used. The 
articles listed are effective teaching aids which do not cost much 
whether they are purchased from commercial distributors or 
student made. The teacher should always be alert to discover 
new materials with which to present, illustrate, or objectify 
topics. The teacher should be cautioned, however, to keep in 
mind that the value of any manipulative material is measured 
by its effectiieness in helping the student to clarify concepts and to discover 
relationships among qiianitUes, and not by its novelty or uniqueness. 

1. Materials Jor Teaching the Structure 0 / the Number System 

The following materials arc helpful in showing the structure 
of the number system: 

a. A place-value chan with markers 

b. An abacus 

c. A set of blocks, sticks, and slabs divided decimally: 

1 hollow 1 slab 1 10-inch l-inch 

cube 10 containing stick an cube 

inches on 10 l-in. inch square 

a side strips on end 

Three of the faces of (he large hollow cube should l^c ruled 
as shown in A and the other three faces should not be ruled, as 
shown in B. Then it is possible to use the cube to represent both 
integers and decimals. The cube in A represents 1000. ^Vhcn the 
unruled faces arc shown, the cube represents 1. Then the com- 
ponent parts of the cube represent .1, .01, and .001, respectively. 



Ourmoncys>’stemisdec}malinform.Aithcjunior high school 

level, it should not be necessary 10 use money to show the 
meanins of the decimal sj'Stcm of number. 
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2. Materials for Teaching the Basic Processes mth Integers 

The student has his kit of materials for discovering the pro- 
cedures to follow in performing the different processes. Ihe 
material which the teacher needs for demonstration purposes 
should match the material the student uses. The essential teach- 
ing material for objectifying the four basic processes with integers 
is a place-value chart with markers. (See Chapter 5.) 

3, Materials Jot Teaching Common and Decimal Fractions 

There is a wide variety of material which the teacher may 
use for objectifying the meaning of both common and decimal 
fractions. Some of the most effective materials for this purpose 
include the following: 

a. Flannel board with fractional parts 

b. A fractional chart for both common and decimal fractions 
c; Disks, approximately 12 inches in diameter, cut from ply- 
wood about f inch in thickness and divided to show halves, 
thirds, fourths, sixths, and eighths. 

d. A foot ruler graduated to sixteenths of an inch 

e. A foot ruler graduated to hundredths 

f. A surveyor’s tape which is graduated to hundredths of a 
foot 

g. A meter stick graduated to millimeters and centimeters 

h. A speedometer having a trip dial which can be set at zero 
5. A place-value chart as used for objectifying integers 

j. A micrometer and a steel rod approximately a half inch 
in diameter 

k. The set of blocks, slabs, and sticks used to demonstrate the 
decimal relationship with integers may be used to show 
the same relationship with decimals. 

The fractional parts for the flannel board should be sectors 
of circles approximately 10 inches in diameter. They can be 
covered wth cither flannel or doeskin. 

The fractional disks made of ply’wood should be cut into frac- 
tional parts to parallel the fractional parts of the flannel board 
and of the student’s kit. 
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Students in the junior high school should use composes and 
straightedge to find a tenth of a foot, the unit for dividing a 
foot ruler into 10 equal parts. This length can be found by 
dividing a line 6 inches long into 5 equal parts. In the figure, 



AB repreenu a length of 6 inch.. AC is =7 

At this stage no proof is psen background for 

hand, the construction should give the studcm^ demonstrative 

understanding one of if'prrallels intcLpt equal lengths on 
fnrtXrat Z fnU. equal lengths on eveo' trans- 

hive a trip dial and a Stem 

To be useful the ^ ,hc dial at aero, 

to operate this dial. Then ^ student can 

By turning the stem B°'eru.ng the mp^dta , 
show that 10 tenths arc cqua j j^bcled ^^hcn objccti- 

A place-value chart roust P ^ V A 

fying decimals. contains three rmw of pockets 

rotra^Xrr^'^poeketsfordeeiroaisonth^ 

side. 
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One of the most effective teaching aids a teacher can have is 
a combination flannel board and place-value chart. One s.de 
of the board should be covered with flannel. The other «de 
should contain three rows of pockets about I 2 . 

cardboard labels on tbe pockcB should be adjustable for bot 
integers and decimals. 


4. Materials Jor Teaching Percentage 

The number of different kinds of manipulative materials for 
teaching percentage is much less than the number of types use 
for teaching most of the other topics in arithmetic in the upper 
grades. Many of the effective materials needed for finding per- 
centages may be classified as visual. The objective materials for 
teaching the topic are: 

a. A hundred board 

b. A flannel board with 100 squares or disks, each representing 
1 per cent, which will adhere to the flannel board 

c. A per cent chart similar to the fraction chart on page 100. 
The chart can also show' the equivalence of certain fractions 
and their corresponding per cents. 


5. Materials for Teaching Informal Geometry 

The three phases of informal geometry are the geometry of 
size, shape, and position. The classroom should be equipped with 
certain manipulative materials for teaching each aspect of 
informal geometry. 

The geometiy' of size involves the area of plane figures and 
volume of solids. Effective materials for dealing \vith geometric 
figures and finding their dimensions, areas, or volumes include 
the following: 

a. General materials for the classroom 

(1) Blackboard compasses and blackboard protractor 

(2) A T-square, draftsman’s triangle, and drawing board 

(3) A carpenter’s rule 

(4) Eyelet punch with #2 and §7> eyelets 
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b. Materials for finding dimensions and areas of figures 

(1) A square, rectangle, parallelogram, trapezoid, and 
triangles made of ^ inch ply\vood 

(2) A circular disk 7 inches in diameter 

(3) A circular disk about 10 inches in diameter cut into 
12 or 16 equal sectors 

(4) A circle inscribed in a 20-tnch square, ruled in square 
inches 

(5) A 1-foot square ruled to show square inches 

c. Materials for finding volumes of solids 

(1) Models of a cube, a rectangular prism, a cylinder, a 
cone, and pyramids having triangular and square bases 

(2) A set of 144 I-inch cubes 

(3) A cylinder and a cone having equal diameters and 
equal altitudes 

(4) A prism and a pyramid having equal altitudes and 
congruent bases 

(5) Model of a cubic yard 

(6) Liquid and dry quart measures and a liter 

(7) A metal cubic container having an edge of 1 foot 

(8) Cans of different standard sizes as used in storing foods 
and juices 

(9) Specimens of crates or boxes used for packing fruits or 
Vegetables 

(10) A slide rule constructed for teaching signed numbers. 
(See page 422.) 

The circular disk having a diameter of 7 inches would be used 
in deriving the formula for the circumference of a circle. The 
10-inch circle cut into equal sections would be used in dcriring 
the formula for the area of a circle. The 20-inch square containing 
the inscribed circle also w'ould be used in deriving the formula, 

A = irT% This square with the inscribed circle can be made of 
heavy cardboard, plywood, or artist's mounting board. 

A wooden frame can be used to enclose a square yard. The 
frame should enclose 9 boards a foot square which should be 
removable from the square frame. One of the small squares 
should be divided into 144 square inches. 
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The models of different soHds may be made of wood, card- 
board, or plastics. Use at least 125 1-inch cubes of the 144 pp 
viously suggested in order to show how to find the volume of a 
prism. The student can use these cubes to make cubes having 
1, 2, 3, 4, or 5 blocks on an edge. He should discover that the 
number of cubic inches in the volume of a cube is equal to the 
cube of the number of 1-inch cubes on an edge from his experi- 
mentation with cubes having an edge of 5 inches or less. It 
should not be necessary to use more than 125 1-inch cubes to 
discover the rule for finding the volume of any cube. 

It is important for the student to understand the difference 
between a liquid quart and a dry quart. In this country a gallon 
is a measure for liquids only. The imperial gallon, as used in 
Canada, holds 10 pounds of distilled water. The imperial gallon 
is defined in both weight and volume, hence it is a measure for 
both liquid and dry measures. Since a quart of liquid is a quarter 
of a gallon and a quart of dry measure is of a bushel, a liquid 
quart is different from a dry quart. There are 4 pecks in a bushel 
and 8 quarts in a peck, making 32 quarts in a bushel. A bushel 
Is not equal in volume to 8 gallons, thus showing that a liquid 
quart and a dry quart are different in volume. 

A liter is equal to 1000 cubic centimeters. A liter of distilled 
water at standard atmospheric pressure weighs a kilogram. There- 
fore, a liter is a measure for both liquids and solids. A kilogram 
is equal to approximately 2.2 pounds. A quart of water weighs 
approximately 2.08 pounds, sho\ving that a liter is a little larger 
than a liquid quart as measured in this country. 

The mathematics classroom of a junior high school should 
contain a few samples of cans of different sizes which have been 
used as containers for foods and juices, with labels classifying 
the amount of the contents of each container. The contents can 
be expressed as ounces or as fluid ounces. Since a fiuid ounce 
frequently is used for labeling of contents of canned foods, the 
student should know the difference between a fiuid ounce and 
an ounce (avoirdupois). An ounce is of a pound, but a fluid 
ounce is ^ of a pint or of a gallon. A pint of water weighs 
slightly more than a pound, therefore, a fluid ounce and an 
ounce are not the same in weight. 
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SIZE 

No.l 

0 

HOIDS APPROXIMATELY US|-Soupj, vegefobfej, 

C> t> huits, juices, 

spedalties, 

No. 303 

i 

HOLDS APPROXIMATELY USE-VegefobJei, frnts. 

O juices. 


HOLDS APPROXIMATELY USE-Sa(mon. 

1 & spedolfies. 

iwi 

1 

\ HOLDS APPROXIMATELY USE-FfUiJs. 

1 t> o e* 

No. 3 


HOLDS APPROXIMATELY USE~Juices 

D> D» D D* & 


Some cans of the most famiJiar sizes and their numbers arc 
given in the picture.* A No. I can wiH hold 1(5 ounces of soiids, 
such as salmon, but only 15 fluid ounces of juice. Similarly, each 
of the other cans will hold a difTerent amount of a solid from 
the amount of a fruit juice. The volume of a can of a given size 
is the same for both the solid and the juico, but the unit of 
measure is different. The density of a solid is an important factor 
in the weight of a given quantity of that solid. 

The cla.ssroom should contain a sample of each of two familiar 
cans which have no identifiable number. The smaller of ih«c 
cans, frequently used in vending machines dispensing juices, has 
a diameter of 2^ inches, a height of 3^ inches, and a volume of 
5h fluid ounces. The larger of these two cans has a diameter of 
4i inch® and a height of 3i inches. The height of each can „ 
the same, but the diameter of the larger can is twice ihe diameter 
of the smaller can. Therefore, the volume of 'he larger can is 
four times the volume of the smaller can. The student shou 
compan: the volumes of these cans and thus discover to ' doub- 
ling the diameter of a cylinder alfccts us voume « , , 

altftude remains constant. Sec page 406 for a 
procedure to follow in using these earn for mstruciional purpose . 

. tod .» a CJ. 1. C-™ 
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AiW.e Sckulr, PttlanJ, 0'»/« 

One good uie of pocking cojei h the compomon of a cubic yord with □ cubic foot. 
Foot ond yard ond squore foot and square yord ore olio seen. 


Some teachers of mathematics may object to having in the 
classroom samples of boxes and packing crates in the list of 
materials. A few boxes, crates, or containers as used for packing 
fruits and vegetables may be used in studying volume. There arc 
approximately 200 different types and sizes of crates, boxes, and 
cartons used for packing fruits and vegetables.* Since there are 
so many different types of containers, the teacher would be able 
to have in the classroom only a few samples of the most common 
kinds of containers. 

The eyelet punch and eyelets are useful in forming geometric 
patterns and in curve stitching. Chapter 14 explains how to use 
these materials. 

» Cw/mwri/cf F^iti and VtgetabUs, p. 12 . Farmen’ BuUctin No. 1821. U. S. 
Uepajtment of Agnculture, 1939. 




i Material! Jar reaching Indirect MeamemenI 


Student need eertald Mh 

a transit, and a surveyor s ...ached to a frame with 

A quadrant consists of “ P™ , qj yhe feted arm 
one movable arm, 0^ “ ° ,hf height of a tree, the student 
contains a spirit level. To „ch as 100 feet, from the foot 

measures a ^ixance easily scaled, such a 10 ■ 
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the movable arm OA until ^ intercepts from the 

of the tree. Angle AOB is the ht of the tree when 
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lO-inch circle. Chapter 14. page S44. g 
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The teacher may “ ^dent how to read them meters. 

electric meters to teach the stu 



A replica should contain movable dials modeled after the dials 
on each kind of meter. The diais should be made of wood and 
attached to a piece of plywood. They should be at least 6 inches 
in diameter so that the numbers on each dial can be read easily. 

A fine exercise for the use of a protractor is to have the student 
mark off 10 points on a circle comparable to the 10 markings 
on each dial. 

The mathematics classroom of the junior high school should 
contain a demonstration slide rule. Many of the more able 
students should be taught how to multiply, divide, and find 
square root by using a slide rule. This is especially valuable for 
purposes of enriching the curriculum. A demonstration slide rule 
is very helpful to use for teaching the class how to use a student s 
slide rule, 

c Visual Materials 
Types of Visual Materials 

Visual materials include pictures, charts, diagrams, posters, 
graphs, films, and filmstrips. Visual materials are not so abstract 
as symbols, but more abstract than objects. Visual materials can 
be an effective means of bridging the gap between the use of 
exploratory materials and symbolic materials. The slow learner 
in particular frequently needs to have this gap between explora- 
tory and symbolic materials bridged. 

The use and function of visual aids deserve close examination. 
The point at issue was well stated by the report from the Ameri- 
can Textbook Publishers Institute to its membership. 

^Vhat about the use of visual aids — pictures, cartoons, diagrams, 
maps, pictorial graphs, charts? Do they really teach? Are they 
and the text doing the job together as you would do it if you were 
talking to your class and had pictures to make clear certain of 
the ideas that you wanted to give them— or are these graphic 
materials just “added on” to impress you? Visual materials in a 
textbook may be like paint on a house, and good-looking paint 
can be applied to a pretty poor structure.* 

89-90. New York; The American Textbook Publuhers 

InsUtule, i949. 
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The Role of Pictures 

Most of the pictures in mathematics textbooks for the upper 
CTades may be classified as associative or decorative pictures. If a unit 
deals with baseball, a picture of an.activity associated with base- 
ball sometimes is used to introduce the unit. The picture does 
not help in the solution of the problems dealing with the unit, 
but the pieture humanizes the book and makes the page mm 
interesting than a solid page of problems. Such a picture inform 
the student about the theme of the unit. 

pictures in a textbook is not so gre ^^fbooks in arith- 

the primary or a very limited number of 

mctic for the upper grade p . ciional the student must 

functional pictures. j the teacher cannot be 

study and explore it. On the other s not functionai. 
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yield of com per acre without the use of nitrogen and then the 
yield when a certain amount of nitrogen is added to the sod. 
He should discover that adding 80 pounds of nitrogen doubles 
the yield of com. Similarly, other relationships should be dis- 
covered before the student is assigned the verbal problems based 
on the picture. 

A diagram is a visual representation of a process. This repre- 
sentation may be either an illustration or a visualizo^ton. Pages 
216-217 discuss the difference between these two forms of repre- 
sentation. If a textbook does not visualize a process, the teacher 
should visualize for the class those processes which can be 
visualized by diagrams. 

The Chalkboard 

A chalkboard is the most widely used visual aid in the arith- 
metic classroom. If the board is used effectively, it is a very 
valuable piece of equipment in the classroom. One section of the 
chalkboard should be cross ruled into approximately 2-inch 
squares. A board of this kind is effective for drawing graphs and 
for finding the areas of rectangles and other plane figures. 

The function of a chalkboard is to show material used for class 
demonstration purposes. A demonstration on the chalkboard 
with symbols or diagrams corresponds to the teacher-demonstra- 
tion with cut-outs on a flannel board. The selection of either of 
these visual aids depends upon the level of abstraction required 
by their use. The teacher may have some member of the class 
volunteer to perform the demonstrations. 

Work a.ssig^ed a student for the benefit of the class should be 
done at the board. Sometimes the teacher has the student work 
at the board in order to make a diagnosis of the work. When the 
chalkboard work is done for the benefit of the class, or a group 
within the class, the following rules pertaining to the work should 
be obscrv’cd: 

1. The board should be (leaned before new work is pul on it. Fre- 
quently, a teacher or student who wishes to use the board will 
find U cm-cred wuh work. Sometimes posters cover part of the 
board. Tljc work should be erased and the posters should be 
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DO NOT 
ERASE 


removed so that the student’s attention is not disturbed or 
diverted from the main wort. _ . i u. 

When a classroom is shared, the opportunity to use the chalk- 
board frequently is curtailed. The other teacher may have 
copied on the board some important material to 's hicli reference 
must be made for several days. The sign on the ■ 
right is familiar to most teachers who share the 
same classroom. If the teacher of mathematics 

has need of a chalkboard, it may be ncc^iy 
to compete with the distraction caused by the vs ork of a colleagu . 
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properly as discussed on , faaW hr 0-J nn's rarr. 
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Tlic teacher must view the a , jjirollcd by curtains in 

to detect glare. f f' dUTicuIty of re.iding a test tin a 

the windows. Because of tl e d« > 
chalktord, all tests except th^ from 
dittoed, mimeographed, or pnn 


ojrction .\(atfrials 

Any materi.xl "'"''‘J” ^ ^,S.'did«, and filmstrip are 
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the most familiar kinds of projection materials. The number of 
fflms and filmstrips which are adaptable for the upper grades 

is growing rapidly. ^ ^ ^ . 

A film or a filmstrip may deal wth a topic which is predomi- 
nantly informational, as the Story oj Weights and Measures, or with 
the formulation of mathematical concepts, as What Are Fractions. 
Projective material is more useful when dealing with the infor- 
mational phase of a topic than with the development of a 
mathematical concept. In the latter case, the film may be a 
means of presenting the activities the class should do to learn 
the process or the topic. Few students will understand processes 
with fractions by observing a film dealing with the topic. If the 
student has had experiences similar to the scenes depicted on 
the screen, he usually ivill learn the topic meaningfully. A 
teacher will discover from a film or a filmstrip the kind of 
activities to use to present a topic which is predominantly 
mathematical and not merely informational. Grossnickle and 
Mclzncr summarized the functions of films and filmstrips to be 
as follows: 

1. To moiis-aic the study of number through showing a lifelike 
usage of number in a meaningful situation. 

2. To show the teacher the type of procedure to use or to follow 
in presenting a particular phase of a topic or process. 

3. To introduce activities that provide or suggest means of 
manipulating materials so as to make learning effective for 
the pupil. 

4. To present an o\'cr-aIl view of a particular topic that may be 
used as a rcNicw or as a form of test. 

5. To be used as a means for enriching the professional prepara- 
tion of teachers. This may be done with students in professional 
schools or with teachers in the field.* 

The use of films and filmstrips should be effective in the 
preparation of teachers of arithmetic. A visual representation can 
show the prospective teacher the kinds of materials to use and 
how to asc them for leaching a process. The use of television 
should i>c extremely valuable for showing how a skillful teacher 
would present a topic and how to proridc learning situations in 

renter E. and Metzarr, WlJham. 7?./ Uu cf Vuuel Aids m 
Tf* a.f */ p. 16. Brooklyn: RambW Pren, 1950. 
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the classroom. The teacher should understand that these instruc- 
tional aids arc only part of a program for the teaching of mathe- 
matics and a supplementary part at that. They can nes cr replace 
the actual handling of exploratory materials. 


Etjuipment for Projection Materials 

To be fully equipped for the use of projection matcnals, the 
following things should be available. 

1. Motion picture projector 

2. Motion picture screen 

3. Opaque projector 

4. Projector for filmstrips and slides. rials 

The cost of equipping each classroom u.th • 

Is prohibitive. On the other hand, most schools h « m 
of the equipment available. These mamnals shodd * 

for the eacher of mathematics. , ^e 

advance of the da>o these --rials am to -d m on^f d. 

classrooms or in a room set aside f p greater 

The cost of equipping „ore forfilms 

than for filmstrips. Not “"'f ^ „ ,in,o as mucli 

than for filmstrips, but also the seldom 

as filmstrips. The cost of a in black 

more than four dollars, but desired in 

and white costs almu. 550 ihan a very 

color. Most schools cannot ‘ he films usually 

limited cen^l school fil- Hl-raO' 

arc rcqujsmoncd from «»c (X 

rental basis from i,an i^ucation.M.idva 

In addition to the lower c«t. them « ^ dlwu-wd 

in favor of filmstrips. Each , pi ■, hrolen reiieatcdly, 

as itis projected. If thecon^un^fafilmisb Me„y 

the effectiveness of the P™*', . , .(.jn .md knowledge for 

teacher, do not I"’". hut mo,, teacher, can 
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operate a P™J'''°^/”;,e'“„,Sation, filmstrips base a wmer 
teaching value, and e. - j,,,,hcmaticj. 

usage than films in the teaching of matn ^ ^ ^ 



Films and Filmstrips for Junior High Schools 

There are many films and filmstrips in arithmetic which are 
adaptable for the elementary and intermediate grades. The 
number of these projection materials which have been designe 
specifically for the upper grades is not very great. The teacher 
who may be interested in films and filmstrips for the level below 
the junior high school may consult the list given on pages 177 
to 185 of The Teaching oj Anlkmelic^ The Fiftieth Yearbook of the 
National Society for the Study of Education, Part II. 

The list of projection materials which follows includes films 
and filmstrips which the authors consider helpful for teaching 
new topics in arithmetic at the level of the junior high school. 
The films and filmstrips are listed according to publishers. 

Coronet Ficits 

Coronet Building, Chicago 1, Illlnob 

1. hfttsvrmtnt 

1 reel, 16 ram sound film. Collaborator: Harold P. Fawcett. Recom- 
mended grades, 5-9. 

2. The i’/ofjf oJ Weights and Measures 

1 reel, 16 mm sound film. Collaborator: Foster E. Grossnickle. Recom- 
mended grades, 5-9. 

3. The Language oj Graphs 

1 reel, 16 mm sound film. Collaborator: H. C. Christofferson. Recom- 
mended grades, 7-12. 

4. Principles oj Seale Draiting 

1 reel, 16 mm sound film. Collaborator: Harold P. Fawcett. Recom- 
mended grades, 7-12. 

5. What Is Monej^ 

1 reel, 16 mm film. Collaborator: Paul L. Salsgiver. Recommended 
grades, fr-lO. 

6. Fred Meets a Dank 

1 reel, 16 mm sound film. Collaborators; I. O. Foster and F. G. Neel. 
Recommended grades, 6-10. 

7. Insialtreni Dujing 

1 reel, 16 mm sound film. Collaborator; Albert Haring. Recommended 
grades, 8-12. 

8. Sharing Eeonrimie Risks 

1 reel, 16 mm sound film. Collaborator- Paul L. Salsgiver. Recommended 
grades, 8-12. 
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Encyclopaedia BRitANsjc-A Films 
'Vtlcwttc, lUinois 


9. Property Taxation 

1 reel, 16 ram sound film. Collaborator; H. F. AJderftr. Recommended 
grades, 8-12. 


Johnson Hunt Productions 
1 133 N. Highland Ave , Holljntood 38, Cal 

10. Pertentage 

1 reel, 16 mm sound film For Cases I and II in percertt&ga. Recom- 
mended grades, 7-9. 


Young Aucrica Films, Inc. 

18 E. -list St., New York City 17 

11. The Meaning oj Pereentage 

I reel, 16 mm sound film. Advisors; WJliam A Brownell and laura K. 
Eads. Recommended grades, 7-9. 

J2. Hishry ej linmt Mtatvrtt 

3S mm filmstnp. Educational advi>or Henry W Syer Recomtsended 
grades, 6-8. 


Eye Caie House, Inc 
330 W. 42nd St., New York Qty 18 

13. Decimals and Per Cent 

This is a scries of nine 35 mm filmsinps dealing with decimals and per 
cents. These filmstrips arc adapted for the junior high school. 

Institute op Lite Insurance 
488 Madison Ave , New York City 22 

14. How Lxjt Insiitanet Operates 

35 mm filmstrip. 41 frarors Recommended grades, 8-12. 

15. How life Insurante Policies fVart 

35 mra filmstrip. 42 frames. Recommended grades, 8-12. 

16. Planning Family life Jitnffaaee 

35 mm filmstrip. 46 frames. Recommended grades, 8-12. 

Society pob V'ijoal Education*, Inc. 

1345 W, Diverse/ Sl, Queago, IJlirsoii 

1 7 . C/sing and Understanding Px’imhers-Deamals and SUasiatmenSs 

Seven 35 nun filmstrips in color. 
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The reader may be surprised by the small nuni'ier o i 
and filmstrips mentioned in the above list, llie limited num 
is due to two factors. First, only those projection m.atcrials are 
listed which are designed primarily for teaching nets- topira at 
the upper level of the elemenmry school. Second, only thorn 
materials arc listed which in the judgment of the ssTitcrs can W 
used effectively in the mathematics classroom, llic reader should 
consult the list referred to on page 118, and also “Aids to 
Teaching,” as given in issues of Tke Maihematics Tfachery begin- 
ning with February’, 1948. 


d. Symbolic Materials 
The Role of the Textbook 

Textbooks and workbooks in mathematics contain the most 
widely used s^Tnbolic materials In this subject. The textbook is a 
necessity if the student is to learn the subject s>'stematically and 
cficctivcly. Some tcachcn try to demonstrate their “progressive- 
ness” by disregarding the textbook. The careful step-by-step 
de\’elopmcni of difi’erent topics in most mathematics textbooks 
today should enable the student to master a process much more 
easily than when the teacher presents the subject in a random 
sequence ^vithout the use of a textbook. The modem textbook 
is a “learner’s” book. 

Most students in the public schools are provided free textbooks 
in the elemental^' schools. The American Textbook Publishers 
Institute reports that . . thirty-six states or their polidcal sub- 
divisions and the District of Columbia provide free textbooks 
for the elementary grades. Eleven other states provide for some 
free textbooks. Only two states make no pro\'ision for free text- 
books.”* When the student must buy his books, there may be 
delay at the beginning of a term before each student has a text- 
book- Since most states furnish free textbooks in the first eight 
grades, there should be few cases in which students do not have 
the use of a textbook during the entire year’s work. 

• Op. (is., p. 80 . 
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How to Evaluate Arithmetic Textbooks 

Except in a state in which one basic textbook or several desig- 
nated textbooks in arithmetic are used throughout the state, 
cornmittees composed of teachers, principals, or other adminis- 
trative officers usually recommend the adoption of a textbook 
for a local school district. The basic consideration in evaluating 
an arithmetic series should be as follows: To what extent does 
a series of textbooks make possible, or fit into, a complete program 
in arithmetic? On page 96 it was pointed out that an effective 
program requires the use of exploratory, visual, and symbolic 
materials. The textbook should be geared to the use of explora- 
tory and visual materials. It should contain the necessary 
visualization of new steps and adequate explanation of each new 
process to be learned. The textbook should contain the practice 
material needed to develop skill with operations. It should also 
contain an abundance of material dealing with the applications 
of number operations. 

Items that should be considered by the teacher or by com- 
mittees concerned with the evaluation of textbooks are given 
below. The committee on evaluation may decide to assign a 
certain number of credit to the items given in order to form a 
scorecard. It is a common practice to distribute a total of 1000 
points among the items rated on a scorecard. 

I. Method of Presentation 

1. Step by step development of each operation 

2. Stress placed on the meaning of number and place 
value and of number operation 

3. Provision for use of exploratory materials to give 
meanings 

4. Visualization used to extend meanings of processes 

5. Provision for student discovery of relationships and 
generalization to aid learning and assure retention 

6. Wealth of practice material provided at presentation 

of new work _ - , -i 

7. Provision of supplementary or optional material avail- 
able for the teacher 
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8. Systematic and frequent planned reviews of all nctv 
steps and processes throughout the textbook in order 
to maintain skills 

9. Diagnostic tests at frequent intcr%'als to locate and cor 

rect weak spots r ui u f 

10. Tests for measuring mastery at the end of blocks o 

new work 

11. Application of processes in social situations 

12. Prosision for different levels of achies'ement in different 
processes. 


II. Grade Placement of Subject Matter 

1. Gradation of topics based on scientific research and on 
recommendation of yearbooks and leading courses o 
study 

2. Spiral arrangement of contents at each grade level 

3. Content of difficult topi« spaced through several 
grades and not bunched tn one grade 


4. Flexibility of content possible through omission 


of 


optional sections as indicated in a guide for the 
teacher. 


III. Problems 

1. Problems related to a central theme or topic and not 
a scries of unrelated questions 

2. Miscellaneous problems predominantly of the typ^ 
can be solved without use of pencil 

3. Content of problems drawn from various curriculum 
areas, such as social studies, health, science, and arts 

4. Problems based on information in tables, grapk5» 
charts, and other visual materials to develop ability to 
interpret them 

5. Emphasis placed on the quantitative thinking involved 
in formulating and applying relationships and general* 
izations 

6. Pitnision for use of community’ resources to vitalize the 
learning experience 

of cxploratorjr’ materials, dramatization, and visual 
aids to derive solutions of problems. 
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IV. Provision for Individual Differences 

1 . Comprehensive diagnostic program geared to remedial 
tvork 

2. Provision of supplementary practice for students 
requiring more drill 

3. Enrichment exercises and special work for students not 
needing remedial work 

4. Topics for independent research and reports 

5. Workbook providing special types of aids for sJo^v 
learners, including exploratory and visual experiences. 

V. Testing Program and Provision for Related Remedial 
Measures 

3. Diagnostic review tests at beginning of year's tvork 
keyed to self-help remedial work 

2. Developmental diagnostic tests at infert'aJs in the de- 
velopment of each new operation in \yhoJe numbers, 
fractions, decimals, and per cent 

(a) At least three samples of each step difficulty 

(b) Tests are keyed to study helps and to remedial 
exercises 

3. Achievement tests covering each block of new ^^•ork 

4. Cumulative progress tests including all major proctsscs 
previously taught and keyed to remedial work 

5. Cumulative progress tests in problem solving 

6. Systematic review and test of vocabulary of new con- 
cepts introduced. 

VI. Authorship 

1, Professional contributions to the field of arithmetic 

2. Success previously demonstrated in preparing text- 
books and other instructional materials. 

Vn. Phpical Features 

1. Durability of books 

2. Quality of paper 

3. Sufficient margins. 

VIII. Extra Teaching Features 
1. Useful index 
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2. Use of pictures that are functional and diagrams of 
various kinds that are visual aids to teaching. 

IX. Important Supplementary Considerations 

1. Adequacy' of aids given in a teacher’s guide accom- 
panying textbook 

2. Supplementary materials for slow learners 

3. Provision by publishers or authors for making avai a 
various types of exploratory and visual aids to facilitate 
learning 

4. Professional books by authors containing a compre 
hcnsive presentation of underlying principles and pro 
cedurcs for teaching arithmedc. 


The Mathematics Workbook 

A workbook should have a specific function to perform in ^ 
mathematics program. The workbook should not be merely 
drill book or a means of supplying additional examples an 
problems similar to those given in the textbook. Unfortunatelj^ 
most workbooks in elementary mathematics do have this limitc 
function. The conventional workbook simply provides more 
practice in the same activities that the textbook contains. If ^ 
members of a class have these drill books, the use of the workboo 
provides much busy work for many of the more able students 
because often they have no need for further drill in a given topic 
or process. The student who does not understand the work m 
the textbook, moreover, receives little help from such a work- 
book. 

The teacher may use a workbook to provide examples for 
practice instead of having the student copy them from the text- 
book. The examples in the workbook should be so arranged that 
they can be scored quickly and easily. In this case a workbook 
saves the time of both teacher and student. Such a usage of a 
worklxxik is defensible in a program for teaching arithmetic. 

Workbooks in mathematics should be written for two group5» 
namely, the slow learners and the fast learners. There should bo 
a diflcrcni workbook for each of these two groups. The book for 
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the slow learner should be written at a different level of abstrac- 
tion than the book for the fast learner. 

^ The vs'orkbook for the slow learner should contain much more 
visual materiahthan is provided in the textbook. Often a student 
does not understand a textbook development because of reading 
difficulties or because of his limited experience with the topic. 
For example, a student in the upper grades may not be able to 
add unlike fractions. He needs meaningful experiences with 
exploratory and visual materials. Most of his classmates may 
understand the topic, hence they can proceed at once to practice 
with symbolic materials as provided in the textbook. A workbook 
for slow learners in the upper grades should provide the develop- 
ment of a topic at a much lower level of abstraction than the 
development given in the textbook for that grade so as to provide 
for Individual needs of slow learners. 

Only those students who have difficulty in understanding the 
textbook need the detailed guidance a workbook can provide. In 
a class of 30 students, there may be a need of a workbook for 
approximately a third or a half of the group. The other students 
may be able to make satisfactory progress wth the textbook. 

There may be some within the group making satisfactory 
progress who need to be challenged with more difficult problems 
and examples and a wider vsricty of types than those given in 
the textbook. This group of fast learners should be given a 
different workbook than that used by the slow learners. The 
workbook for the fast learners should contain a minimum of 
visual materials. The material should include tabular data, 
graphs, and diagrams as well as verbal abstract materials. The 
questions a^ed about a process should be of the type to lead 
the student to make generalizations which only the fast learners 
would discover. The problems should be of the type that will 
challenge the superior student in mathematics. 

From the above discussion, it is seen that a workbook has a 
specific function in a raathcmaUcs program. One type of work- 
book should enable the slow learner to extend a background in a 
topic so that he will succeed with the textbook. The second type 
of workbook should be for those students who need greats 
enrichment in their quantitative thinking than is given m their 
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textbook. Because of our grouping and promotional policies, the 
need of materials for the fast learners is as imperative as the 
need for materials for slow learners. Chapter 14 gives means of 
enriching the curriculum for superior students. 

A workbook should be a means of providing for individual 
differences within a class. If a student needs a workbook, the 
type of book he should be given depends upon his background 
in a particular topic. Workbooks should be written so as to 
provide for specific needs of certain students and not for the 
general needs of all students. 

The textbook and workbook typify the chief symbolic materials 
for the mathematics classroom. These are not the only books the 
classroom should contain. Chapter 14 shows that a mathematical 
library provides one of the chief means of enrichment. This 
library' should contain a variety of books dealing with mathe- 
matical topics, magazines, and other printed material which wll 
help to enrich a student’s background in the subject. 


Questions, Problems, and Topics for Discussion 



13. Ducuss the function of a chalkboard from the sundpoint of a visual aid. 

14. State how you think a film or filmstrip should be used so as to achieve 
its greatest educational value to the student in arithmetic. 

15. Make a list of films or filmstrips which would be effective for teaching 
the meaning of common fractions and the basic processes svilh fractions. 

16. If >tiu were a member of a comnutree to select a textbook in arithmetic, 
how would you decide on the book to be adopted in your school s^sfenj’ 

17. Make an analysis of a workbook rn anthmetic and see how it fits into 
a program for providing for individual differences among the students of a class. 

IS. Debate the fallow ing; Resolved The teacher and students should make 
most of the exploratory materiab used in the mathemaijcs classrooro. 
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chapter 5 


Developing Power in the Basic Processes 

with Integers 


IN the junior high schooi, the student should deal with m ^ 

1 at a higher level of operation than in the earlier grades. 
chapter discusses how to deal with integers in the four ssi 
processes under the following major headings: 

a. Elements of a minimum program in the basic processes 

b. Meanings in arithmetic 

c. Mathematical principles governing the basic processes 

d. Diagnosis and treatment of learning difficulties in arithmeU 
c. Discovery of relationships among processes. 

a. Elements of a Minimum Program in the Basic Processes 

Growth in Ability to Deal with Integers in the Basic Processes 

The teacher of arithmetic in the upper grades has a twofold 
task to perform in dealing with integers in the basic processes. 
First, the teacher must provide learning experiences which 
enable students to grow in ability to deal intelligently 'vith 
numbers. Second, the teacher must adjust the curriculum an 
methods of instruction to the wide range of ability and rates o 
learning of the students. All studenu should master the processes 
that are undoubtedly of social utility. The students also shoul 
acquire an understanding and appreciation of the important 
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social institutions in which number plays an important role, such 
as banking, taxation, insurance, and the mathematics of the 
home. 


One of the chief attributes of a program which stresses mean- 
ings in aritlimctic is its provision for growth in ability to deal 
^VJth quantities. A student who reviews a process should begin 
at the level at which he can understand the work. A student who 
must begin at an immature level of operation should progress 
through successively higher levels of abstraction until ultimately 
he can check an answer by approximation to determine whether 
or not the answer is sensible or reasonable. There is a wide range 
of achievement between the ability of the 
student who must use exploratory materials ^ ^ ^ 

or visual aids, to subtract in example A, as t 

shown on the right, and the ability of the — 

student who subtracts in example B and * 

checks the answer by the following thought g 6 7 2 6 
pattern: “Since 958 is a little less than _ p 5 S 

1000, the answer must be a little more than 
7700.” 


In the upper grades some slow learners who do not understand 
the method of subtracting numbers can be helped by writing 
out the steps as shown in example A. As a student becomes 
familiar witli the method of regrouping numbers as needed in 
the algorism and understands the process, he begins to operate 
without the use of supplementary aids. Then he reviews the 
method of subtracting two three-place numbers in examples 
involving more difficult compound subtraction. When he is able 
to Subtract in any example given in his textbook with a reason- 
able degree of speed and a high d^ee of accuracy, many 
teachers assume that he has attained the degree of mastery 
^vhich is too often accepted as the goal of teaching the process. 
An achievement of this kind can be attained by drill and repeti- 
tion in a program which does not emphasize a high level of 
performance. Mastery of a pnreess is not attained until the 
student is able to check the reasonableness of an answer by 
approximation. He must be able to make a quick estimate of 
appro.ximate)y what the correct answer should be. 
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Many students who can work an example .n a 
determine with assurance whether or not the an^ver ts sc^c^ 
Th=>- may be able to check the ansaver to prove that tt ts co^h 
but this aho may be a mechanical operation that actuall) 
understood. A student demonstrates mastery . 

he is able to verify an answer by use of nvrJ r.imhns. 
reaches this stage in his thinking with numbers, he deals mtei 
genUy with numbers at the highest level of operauon whicn 
chai^cterizes literacy* in the use of number. 


Widely Used Checks in the Basic Processes 

Checking an answer for accuracy- is an integral part of 
program for teaching arithmetic. The most widely accept 
checks for the four processes with integers are as follows. 

1. Addition: Add the numbers tn a column in the opposite 
direction 

2. Subtracdon: Add remainder to subtrahend 

3- Muldpiicadon: Go over the work, or interchange c 
numbers in the example 

4. Dhision: Go o%'er the work, or muldply divisor and 
dent and add the remainder, if any, to that product. 

The value of checking, providing the procedure is understood, 
is not to be minimized. It b imperadve, however, for the teacher 
to xmderstand that mechanical checking for accuraev' does not 
lead to grovsrh in ability to think with numbers. The intelhgent 
use of round numbers in appnndmadon to show if an ansv'*®’ 
is sensible \sill contribute to growth in ability to deal 
nmnbers. 


Elements of a Slimmum Program in Basic Processes 

It is not possible to stale what should constitute all of the 
elements of a minimum program in arithmetic and mathematics 
for the upper grades. However, certain essentials of the subject 
have such great social utility that their inclusion in a program 
of this tv-pe should not be controversiaL The student should 
master all the basic facts in the four processes, understand the 
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meanings of each process, and be able to do the algorisms in 
these processes intelligently and skillfully. The first and second 
items are definite and it is easy to measure the student’s achieve- 
merit or understanding in these areas. It is hard to determine 
the degree of difficulty of an example a given student should be 
able to perform in a process. For example, should he be able to 
divide by one-, two-, three-, or more-place divisors? It is evident 
that a minimum program for all students cannot set as its goal 
the ability to divide by a four-place divisor. The criterion of 
social utility should be applied rigorously jn the selection of 
material for a desirable program for slow learners jn arithmetic. 
On that basis the slower students should be able to divide by 
one- or two-place divisors. To meet this level the slow learner 
should not be expected to master a highly efficient method of 
estimation of the quotient, but he should understand the meaning 
of division so that when necessary he can find the answer of an 
example involving this process. Similarly, the slow learner should 
be able to show mastery of the other basic processes m dealing 
with the most common kinds of examples used in daily affairs. 
For more difficult e.xamples in each process, this student should 
be able to find the answers but without using the efficient 
methods demanded of more able students 

Finding the Level of Perjormance oj the Student 

At the beginning of each school year the teacher should give 
an inventory lest to determine hoiv well the students have mastered 
the work of the previous grades. A test of this kind need have 
only a limited sampling of the work the student has had. Since 
the sampling is limited, the results of a test of this kind do not 
give a very reliable index of a student’s mastery of a particular 
process. However, glaring deficiencies in processes can be de- 
tected from an analysis of the results of an imrntory test. The 
inventory test on page 132 is typical of the kind of test to be 
given early in the first year of the junior high school. The test 
samples the student’s ability to perform the basic processes 
integers and common and decimal fractions. At the beginning 
of the eighth and ninth grades similar tests should be given, but 
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these tests should include examples which arc representative of 
the work given m per cent during tlic previous years. 

Inventory Test 


I. Addition; 


1. 584 2. $ 5.89 

967 23.17 

358 1.98 

895 46.50 

608 8.49 

3. 3i 

<5i 

ii 

4. 2^ 

Ji 

5. .96 
.75 

.48 

.35 

6. 74.5 
9.6 
21.8 
3.4 

II. Subtraction; 

1. 5243 2. 70,325 

3645 9,328 

3. 12j 

Ji 

4. 1(>2 

Ji 

5. .534 
.258 

6. 7.25 
4.55_ 

III. Multiplication: 

1. 97 2. 708 

^ i2I 

3. 2J X = 

4. 8 X 6| = 

5. 4.85 
8 

6. 7.25 
__14 

IV. Division: 

1. 34)70,385 

3. 72 

. _ 

^ 9 “ 


5. 25)1^ 

6. .sl^ 

2. 27)9561 

4. 2^ 




Next, the teacher should give diagnostic tests in each process 
to determine the student’s weak spots and deficiencies in the four 
basic operations with integers and common and decimal frac- 
tions. A diagnostic test will show in what elements and at what 
level of difficulty a student has trouble tvith a process. 
Chapter 13.) 

The results of the illustrative diagnostic test on page 133 '^Ul 
show whether or not the student is able to work all types of 
examples in division of integers when the divisor is a two-pl^*-® 
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number. All examples in each row are similar in structure. If a 
student should make an error in only one example In a group 
and have all of the remaining examples in that group correct, 
the likelihood is that the error is due to chance. On the other 
hand, if answers to two or more examples in a group arc in- 
correct, the errors indicate that very probably the student docs 
not understand how to work that type of example. Apparently 
he needs corrective help on that particular phase of the process. 


Diagnostic Test in Division by a Two-place Divisor 


a 

b 

c 

I. 24)768 

36')1^3 

74)39,628 

II. 36')7347 

45^157750 

53)18,574 

in. 64')24is' 

35)12,668 

96)36,920 

IV. 6^3241 

46)40,235 

87)58,793 

16)9123 

V. 26')18,363~ 

38)28,421 


All of the examples in each row of the above test represent 
the same structural difficulty. The examples in each row may be 
classified as follows: 


I. The estimated quotient is the true quodent 
II. All zero types of the quotient are given 
in. The true quotient is one less than the estimated quotient 
when the need for correction is evident 
IV. Same as III but the need for correction is not evident 
V. The true quotient is two or more removed from the esli- 
mated quotient. 


The examples in each group are classified according to the 
type of estimation of the quotient figure. Errors m 
^It from many other sources besides those made in estimation 
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analytical methods of diagnosis (sec Chapter 13) to determine a 
student’s difficulty in a given type of example m djvts.on. 

The diagnostic test on page 133 typifies the kind of 
should be given in each of the processes with intege 
common and decimal fractions. A well constnicted 
test* of this kind enables the teacher to determine at Nvnat p 
the student needs a review of previous work. In some ca ^ 
may be neccssar>* practically to rctcach a given process, 
diagnostic test shows that a particular student does not 'n 
some of the basic number facts in a given process, the iwc 
should use at the junior high school level the same proc ^ 
that are the accepted procedures for teaching these facts in 
lower grades. This also applies to the reieaching of num cr 
operations in disability cases. 


Ttsting the Student^s Knowledge of the Basic Facts in Addition 


A basic fact in a process is the grouping of any two one-pla^c 
numbers with the answer. Thus, 3 + 9 = 12 is a basic fact m 
7 

addition and 6)42 is a basic fact in division. The indicated 
ation of t\\'o one-place numbers, as 4 + 5, is a number grouping 
in addition. Including the zero facts, there are 100 basic facts 
in addiuon and in subtraction. Zero is not used as a multiplier 
or as a divisor, hence there arc only 90 basic facts in muldphca- 
tion and in division. The teacher should give a s^'stematic test 
of the facts in each process to determine the facts the student 
does not know. Usually, students in the upper grades will know 
the basic facts in addition which have a sum less than 10 and 
the corresponding facts in subtraction. These students also 
know the facts involving the 2’s, 3’s, 4’s, and 5’s in multiplication 
and the corresponding facts in division. The other facts fre- 
quently require careful rcstud>'ing. 


* complete fcries of such diagnostic tests 


tn lAJ." 


’ The reader will find i 
Arithrdut. 

• Til. rapTraoi, “groupui?" is pjrf to idmUty .tptcssiom witbool ai»«-«?’ 
--1-5 -.5X4 -.»dl2 -6 

^oquot, Locy CWdio, u^, „ p 23 Eotim. Gioo ^ 

Company, 19 * 0 . ^ 
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Two plans for testing a student’s knowledge of the basic facts 
in a process arc given in Chapter 13. The teacher should follow 
either of these plans to find the facts which the student does 
not know. 

The way the teacher guides the student in his study of the 
facts not known determines to a large extent whether or not he 
will learn these facts meaningfully. He may learn them by rote 
or by applying generalj 2 aiions. The latter form is a characteristic 
of meaningful learning. If a student does not know the fact, 
5 + 7 = 16, he can relate this fact to the grouping 10 -f- 7, 
to the grouping 9 + 9, or to the grouping 7 + 7. He may be 
able to discover the relationship between the groupings 9 + 7 
and 8 + 8. In this way the meaning of the fact, 9 + 7 = 16 
is enriched. This enrichment is not possible when the fact is 
learned in isolation from the other facts. If the student is unable 
to deal with symbols, he should use objective maierials such as 
markers to find the sum. Although the work described is char- 
acteristic of that ordinarily taught In the third or fourth grade, 
the teacher must remember that the student may not know 
certain basic facts in a process. This unit of subject matter should 
be taught meaningfully for mastery regardless of the student’s 
grouping or classification in school. 

After an interval of a week, the teacher slaouJd repeal the test 
of the basic facts. Then at varying intervals as seems advisable 
the teacher should repeat the procedure for testing the student’s 
knowledge of the basic facts. 


b. Meanings in Arithmetic 
Explaining the Meaning of Arithmetic 

It is possible to group ofyects or things. Anthmet'ic deals with 
numbers %vhich represent ways in %vhich objects can be grouped. 
Two or more groups may be combined into one group, or one 
group may be separated into two or more groups. The total of 
two or more unequal groups may be found by counting or by 
addition; the total of two or more equal groups may be found 
by counUng, addition, or multiplication. One group may be 
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.parted into ttvo unequal 

may be separated into tv.-o or inor q ^ size 

traction or dh-ision. „i,k way of combining 

of equal groups. Multipitcation is q of separating 

groups that are equal and division is ® *1 finding the size of 
one group into a number of equ either sub- 

each group formed. Two groups are compared by eiin 

traction or division. find 

Counting by ones is a 

the number of items m a group of not finding 

Counting or adding or multiplying is a posable 
the number in two or more groups of more than 
Risden’ showed that many pupils in ^niount. 

unable to group objects or numbers to find the to 
The value of grouping as a means of dealing with a 
of things can be shown in the diagram. In diagram A, th 
are so arranged that it is difficult to ^oup them to find 
number in cither a row or a column, hence counu g J 
i, a satisfactory means to use. Each row is treated as a ^oup 
and the number in a row is multiplied by the number of 
In this case both counting and grouping are used to nn 
number of circles in the diagram. ^ 

In diagram B, the circles arc so arranged that counting y 
ones is not necessary'. The reader discovers that there arc 


tUsc^TJ, CUdyi "tSTut u Wrong *«ith School Anthroetic?’* Tkt 
T«Vr. 44 .*07-11. 
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circles in each of the first two groups and 3 circles less than 25 
circles in the third group, making a total of 25 + 25 + 25 — 3 
or 72. It is powible also to make groups of 25 + 25 -f 20 -f 2 
for a total of 72. The circles in B can be arranged into many 
o^cr groupings which the reader could recognize easily to enable 
him to find the total number of circles much more quickly than 
by counting by ones. Groups of 2, 3, 4, or 5 items are easily 
identified in a visual representation of a quantity, such as given 
on the opposite page. The ease of determining the number of 
items in a group depends upon the form of grouping employed. 


TAe StTXLCiure ^ Out //umber ^stem 

In order to understand how to deal with groups and regroup- 
ing, it is necessary to understand the structure of our number 
system.^ The distinguishing feature of our number system is place 
value which is made possible by the use 
of aero as a place holder. Without zero, 
place value cannot be shown except by 
some label or mechanical device, such 
as an abacus having nine beads on a 
rod. Each bead represents one of the 
digits from I to 9. The number shovrii 
on the abacus is 2009. The absence of 
a bead on a rod is shown by zero in 
the written number. 

Our number system is decimal in 
form, which means that the system of 
notation has a base of ten. In this sys- 
tem the value of a figure one place to 
the left has ten times its value one place 
to the right. Similarly, moving a figure one or more places to 
the left multiplies the value of the figure by a power of ten for 
each place it is moved. Inversely, moving a figure one or more 
places to the right divides its value by ten or a power of ten 
for each place it is moved. At one thousand and beyond, numbers 

■ Tor . Ml ducraion ot Ihb topic, •« I. J. ond 

Mmg MiMu: atorisi/iJ, Oupirr 2. VMvfclpta; Tb. John C. IVimton Cm 
pany, 1953. 
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arc grouped into periods or families of three digits, and each 
period is given an identifying name, as shown in the diagram 

above. mnn 

The period to the left of millions is billions. Thus, there are lOOu 
millions in a billion. The manikins in the diagram show how the 
nine digits may be used in each place in a group. Zero is used 
to show an empty place in a group. 

Scientific ^t'otation 

The principle of place value makes it possible to express a 
number in sciendjic notation. Frequently large numbers, as used 
in astronomy, arc written in scientific notation. The number, 
4,500,000, may be written in this notation as 4.5 X 10*- To 
express a number in scientific notation, divide the number by 10 
raised to the power that will give a quotient having a value of 
at least 1 but less than 10. In a whole number, the power of 10 
is the same as the number of places in the given number to 
the left of ones' place. Thus, 375,000,000 should be divided by 
some power of 10 to give a quotient of 3.75. (The original 
number must l>c divided by 10* to give a quotient of 3.75.) To 
keep the value of the given number the same, 3.75 must be 
muliipUcd by 10*; hence 375,000,000 may be expressed as 
3.75 X 10*. 

Similarly, a decimal fraction may be presented in scientific 
notation by use of a negative exponent. The number, .000025, 
may be wTiitcn as 2.5 X 10”*. The given decimal must be 
muhipUed by 10* to have a value of 2.5. To keep the value of 
the dccirn.tl the same, 2.5 must be divided by 10* which is the 
e(juiv.ileni of multiplying by 10~*. The number is therefore 
wriitcn as 2.5 X 10“*. 
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Grouped, Un^rouped, and Regrouped Numbers 


Each figure in a number has a grouped value and an ungrouped 
value. The grouped value of the 6 in 60 js 6 tens. The ungrouped 
value of the 6 in 60 is 60 ones. The grouped value of a figure 
in a number is the absolute value of that figure. Each grouped 
number shows the frequency of its base. In the number 347, the 
grouped values of the three digits are, respectively, 3 hundreds, 
4 tens, and 7 ones. The ungrouped value of these digits depends 
upon the amount of transformation or grouping made, Thus, 
the number 347 is the same as 3 hundreds and 47 ones, 34 tens 
and 7 ones, or 347 ones. 

Most teachers emphasize identification of the grouped or 
absolute value of the digits in a two- or more-place number. 
Often these teachers neglect to instruct the student how to deter- 
mine the ungrouped value of a number. It is easy to teach 
placement of the quotient meaningfully when a pupil is able to 
give the u ngrou ped value of the digits of a number. In the ex- 
ample, 36yn^ the pupil should see that it is not possible to 
divide 11 tens into 36 equal groups of tens; then it is necessary 
to change 11 tens to 110 ones and to divide 110 ones into 36 
equal parts. Since 1 10 ones are being divided, the 3 is written 
in the ones’ place in the quotient. 

Not only must the pupil understand both the grouped and the 
ungrouped values of the digits of a number, but also he must 


understand how a number may be regrouped. ^ ^ 

To subtract in Example A, it is necessary to ^ ^ 

regroup 64 as 5 tens and 14 ones. Many teach- —2 8 

ers speak of this transformation as “borrowing 
a ten.” This phrase is not descriptive of the g 7 2 4 
operation- To subtract in Example B, two -13 8 

successive regroupings arc needed. The reader 


should be able to state bow 724 must be regrouped. 

The need for regrouping can be illustrated clearly in division 
of decimals. In order to change the common fraction f to a 
decimal fraction, it is necessary to regroup the I of the numerator 
as 10 tenths. Then it is ptK sible to divide the numerator as 
shown in the example, 2^ and the quotient is 5 tenths, or .5. 
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It is almost impossible for a pupil to understand this proc^ 
unless he uses objective and visual materials, as is shown m 
Chapter 6, before he deals with such symbolic representations. 

From the illustrations given, it is evident that a student must 
Icam how to deal %vith grouped, ungrouped, and regrouped 
numbers. In the addition example shown, the sum 
of the numbers in ones’ place is 16 ones, an ungrouped ^ 
number. This number is grouped as 1 ten and 6 ones 
and the 6 ones are Nvritten in the ones’ column in the 7 6 
sum. The 1 ten is “carried” to tens’ place. Then the 
number of tens is added. If we were to subtract in an example, 
such as 28 from 76, it would be necessary to regroup 76 as 6 
tens and 16 ones. 


Meaning of the Processes 

According to the plan on pages 130-131, the minimum 
achievement with integers in the upper grades should be: (1) a 
knowledge of all basic facts; (2) an understanding of the funda- 
mental operations; and (3) the ability to perform the algorisms 
in the four processes. Wc have discussed how to test for knowledge 
of the basic facts and how to rctcach the facts not known. 

The second part of the minimum program dealing with 
integers should have as its goal the development of an under- 
standing of the four basic operations. It is unlikely that at the 
junior high school Icv'ci there will be students who do not know 
that addition is the process of forming one group from two or 
more groups, or parts of groups as in fractions, or that sub- 
traction is the process of separating one group into two groups. 
If the student understands the basic facts in multiplication, he 
must have discovered the relationship between addition and mul- 
tiplication. He should know that a multiplication fact, such as 
^ ^ ^ be found by adding 4 sevens or 7 fours. The 

student at the junior high school level usually understands the 
meaning of addition, subtraction, and multiplication. Many 
students at this lc\'cl do not understand the two meanings of 
division. 
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Group I 


Division shows (I) how many times as large one number is 
as another number and (2) the size of the equal parts into which 
a number is divided. Diagrams A and B show these two uses or 
meanings. In the first usage, in A, known as tneasitrment, division 
is a shortened form of subtraction. The size of the total group 
is known, but the number of equal groups of a given size that 
may be formed is not known. In the second usage, in B, known 
as paTiition, the number of cquai groups to be formed is known, 
but the size of each group is not known and must be found. 

If a student does not understand the difference between the 
two uses of division, he should be shown how to use objective 
materials to demonstrate each use. If 12 pupils arc to be divided 
into groups of 4 pupils each, this solution can be objectified with 
12 markers, such as disks. The student takes away in succession 
4 disks from the group of 12 disks until there are no disks left 
and they are separated into 3 equal groups. In this case 4 is 
subtracted from 12 three times. If 12 pupils are to be divided 
into 3 equal groups, this solution can be objectified by sorting 
12 disks one at a time into 3 cquai piles. Each pile or group 
will contain 4 disks. The student should use similar objective 
and visual materials until he understands the difference between 
the two usages and can stale problems to represent each usage. 

Mastery of the difference between the two uses of division 
can be demonstrated by the ability of the student to discover 
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the relationship among divisor, dividend, and quotient in given 
examples. In the use involving measurement, the student should 
discover that both divisor and dividend are expressed in the same 
unit, but the quotient is an unlabcled number. In the example, 


5 


$6)$30] divisor and dividend are expressed as dollars, but the 
quotient is abstract. This form of division is used whenever ttvo 
numbers are compared, as in finding a ratio or what per cent 
one number is of another number. In an example involving 
partition, dividend and quotient are expressed in the same unit, 

$ 5 

but the divisor is an unlabeled number. In the example, 6)$30^ 
dividend and quotient are expressed as dollars, but the divisor 
is abstract. Most superior students in the upper grades are able 
to make generalizations about the correct labeling of the numbers 
given in a problem as used in a division example of this kind. 


c Mathematical Principles Pertaining to the Basic Processes 
An Analysis oj PrindpUs 

The student in the upper grades should discover some of the 
basic generalizations which pertain to grouping within each of 
the four fundamental processes. The following generalizations 
or principles characterize the operations wthin the various proc- 
esses. These principles apply also to processes with algebraic 
or general number. The most important generalizations are given 
below. 

I. Addition and Subtraction 

1. Only liU quantities and ralurs can be added or subtracted. The 
pupil soon Icams that he cannot add apples and pennies. This 
principle applies also to numbers in like places. According to 
this principle, only ones can be added to ones, tens to tens, or 
ten^s to tenths. One cannot add halves and tenths directly until 
their form has been changed- 
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2. A'umh^s ca. be added in my order. 8 

i 

=assi“= ^ 

added docs not aired ^ ^ „,„y the remainder 

is the other number. The pup ^y,c corresponding 

dealing svith the basic fads dd^ +4 = 7 , the pupil should 
facts in subtraction. From ^ ^ 4 _ 3 showing that sub- 

iiiiisir [inB 

tratc principles No. 2 and 3. 

II. Multiplication and Division 

1, The order irr which *is principle when they 

affect the product. Most pup» . pupil should know 

divided by 0 ’"‘’"‘"'‘"r Ilk Jm ollhe produetr m reotmU tr jonnd^ 
cr dirnded by that number end the earn or division of 

?htprincipi=can beil ustra.ct> 7- , tde a^ 

>”'=^'”a„^2l3?T7,”nJ dividing M 

Tm^. To find the .^^'faMtd.’similarly, to find the 

;tie:^&nudb^ 


. 2(1 + ■"). 



mm multiplied by 2. Thus, if / = 7 and = 5, the perimeter 
can be found by either of the foUmving ways: 


^ = 2(7 + 5); 14 + 10-24 
= 2 X 12, or 24. 


3. An indicaled product of two or more numbers or factors is multiplied 
by a number when only or^ factor of that product is multiplied by that 
number. Similarly, an indicated product is divided by a number when 
only one factor is divided by that number. This principle has direct 
application in evaluating certain formulas, such as, in evaluating 
the formula for the volume of a cone. The formula for the volume 

izV ~ If r = 6 and A = 4, these values may be substituted 


so that the formula becomes A = 


tr X 6 X 6 X 4 
3 


. According 


to the first principle of multiplication, the factors may be mul- 
tiplied in any order. It is possible to multiply 6 by 6 and this 
product by 4, or 6 by 4 and this product by 6. Then the product, 
144, should be multiplied by v, or 3.14. According to the first 
part of the principle given above, any one of the factors may 
be multiplied by ir, but not more than one of these factors may 
be multiplied by t . Now the indicated product, X 6 X 6 X 4, 
must be divided by 3. Only one of the 6’s should be divided by 3. 
The value of V is equal to tt X 2 X 6 X 4, or 487r. 

4. Dividing by a number is the same as multiplying by the recipTocal 
of that number. Similarly, multiplying by a number is the same as 
dividing by the reciprocal of that number. One number is the reciprocal 
of another number when the product of the two numbers is 1. 
Thus, 3 is the reciprocal of and % is the reciprocal of J. If a 
number is to be divided by 4, the quotient would be the same 
as multiplying that numb^ by It is possible to divide by a 
fraction by inverting the fraction and then multiplying since 
multiplication and dirision arc inverse processes. The inverted 
form of a fraction is the rcciprocad of that fraction. 

5. If the product 
the other number may 
This principle has 


of two numbers and one of the numbers are given, 
be found by dividing the product by the given number. 
vridc application in arithmetic but a limited 
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application in algebra. The student finds the missing number 
in the example, 3 X ? - 12, ^ dividing 12 by 3. If we consider 
the equation, 3n = 12, in which n represents a certain number, 
^2 is the product of 3 and n; hence we may find the value of n 
by dividing 12 by 3. The usual way to solve the equation is to 
apply the division axiom which stales that both members of an 
equation may be divided by the same number without chan^ng 
the value of the equation. 

6. Tk/ value of a Jraelion is not changed if both numerator and 
denominator are multiplied er divided by the same number, except zero. 
This principle is usually understood by a student in the upper 
grades, especially if he has learned how to reduce fractions to 
lower terms or how to express fractions in higher terms. Since 
every fraction is an indicated division, the principle applies to 
the division algorism. In this case the principle may be stated 
as follows: Both divisor and dividend may be multiplied or 
divided by the same number, except z ero, w itho ut cha nging the 
value of the quotient. The example, 1 .5^^ 1 SjT?! illustrates 

the application of this principle. 

Hoiv to Use the Mathematical Principles 

The principles listed above for the four processes are not to 
be taught as a unit or body of subject matter. The teacher should 
understand each principle and be aware of situations in which 
one or more of these principles apply. Many teachers are not 
sensitive to the possibilities which occur in normal classroom 
experiences for enriching the mathematical thinkingof a student. 
To illustrate, the student may evaluate the formula for the 
perimeter of a rectangle, as p * 2(4 + 7). The conventional 
way is to add 4 and 7 and multiply II by 2. The teacher also 
should have the student find the answer by multiplying each 
term of the indicated sum by 2 and then adding those products. 
Then he should generalize about die experience. The student 
understands the principle when he generalizes about several 
experiences. The skillful teacher is always alert to quantitative 
situations in which the student wiA insight should discover the 
operation of a mathematicai principle. 
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drese principles in arithmetic, he should expenence h de d Uh^ 
culty in understanding the basic operations with general 
in algebra. 


d. Diagnosis and Treatment of Learning Difficulties in Arithmetic 

An Arilhmilic Kit Jor Slow Ltarnns 

Most of the students in the upper grades know how to perfoiTO 
the algorisms with whole numbers in the four basic ptod“®«- 
Those students who do not understand the operauons svi 
integers and fractions should use materials to discover 
ing of the procedures. Each student in this group should have 
an mithmitic hit. It should contain a set of squares and rectanguia 
strips for exploring integers and decimal fractions and a set o 
fractional ml-oirlr (see Chapter 4) for exploring common fracuotu. 
\Viih these two sets of materials, the student should be able o 
discover the meaning of the number system and the meaning 
of the steps in the basic operations ^vith whole numbers an 
both common and decimal fractions. 

The squares and rectangular strips used for dealing wath 
integers can be cut from -a sheet of tagboard or cardboaro 
15' X 21". One side of this sheet of tagboard or cardbo^ 
should be cross-ruled into f-inch squares and the other side 
should be blank. A ruled sheet 15' X 21' will contain 560 
l-inch squares which should be cut so as to make 3 pieces of 
100 squares each and 20 strips of 10 squares each. The remaining 
60 squares should be cut into pieces containing one, two, and 
other numbers of squares up to ten squares. The large squares 
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the basic processes. Part of this ss-ork must be done in the class 
period when other members of the class may be working on 
some unit or topic which is not part of the minimum program. 
Most students in the upper grades understand the meaning of 
the basic processes, hence they do not need much work with 
exploratory materials in dealing with whole numbers. However, 
in the upper grades there arc many students who need explora- 
tory' materials in dealing with common and decimal fractions. 
These materials will be discussed in Chapter 6. The student 
should use objective materials only if be does not understand 
the work \vhen it is presented with visual or symbolic materials. 


Using Round ^timbers 

When we give the approximate distance from A to B as 300 
miles or the approximate attendance at a football game as 
40,000, we use round numbers. Round numbers are approximations 
of the true amount. These approximations should be sufficiently 
precise to enable a person to make a sensible interpretation of 
the given quantity. It is much easier to think intelligently with 
round numbers than with exact numbers. To illustrate, if the 
distance, to the nearest mile, between two places is 289 miles, 
this distance for convenience can be rounded off and expressed 
as 300 miles. It is easy to estimate that the driving lime at 50 
mU« per hour would be approximately 6 hours, or that the 
gasoline consumption at 1 5 miles per gallon would be approxi- 
mately 20 gallons. When 289 miles is used as the distance 
between two places, the difficulty of finding the estimated time 
of travel and the estimated gasoline consumption is greatly 
increased. Literacy in number is revealed by the ability to use 
round numbers intelligently. 

Frequently a teacher gives instruction in the method of 
rounding off numbers and then has the student practice the 
process. Such a treatment of round numbers is of Utile value as 
a means of enriching a student’s knowledge of number. He 
should use round numbers as a means of checking the reasonable- 
n^ of an ansNver. A student should not be taught how to round 
off numbers merely to acquire skill in rounding off numbers. 
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student should determine the length to the nearest inch of each 
of these rods. The length of rod A is more than 2 inches but it is 
less than 2j inches. Hence, its length to the nearest inch, is 2 
inches. The length of rod B is between 3 inches and 4 inches, 
but it is nearer 4 inches than 3 inches, hence, the length would 
be expressed as 4 inches. Rod C terminates on a line connecting 
the midpoints between two inch marks. In this case the teacher 
must tell the student how to express the value. In rounding off 
numbers, it is conventional to give the value of the midpoint 
between two numbers the value of the greater number. There- 
fore, the length of rod C would be expressed as 2 inches. 

Next, the student should express the length of each rod to the 
nearest half inch. He should use the frame to help him discover 
the rule for expressing a measurement to the nearest inch or 
half inch. 

The scale can be changed from inches to represent feet, yards, 
miles, or any other unit of measurement. Similarly, it can repre- 
sent a number. The values represented on the scale can be 
multiplied by 10 so that the given values would be 10, 20, 30, 
and similar values. Similarly, these scale values can be n^ultiplied 
by any power of 10. The teacher should have the student use 
objective material of this kind until he discovers how to round 
off a measurement or a number. 

Next, the teacher should have the student read the round 
numbers from a visual representation of a number scale of the 
kind showTi belov. 



12345678910 


^ He should identify the \-aIues of points indicated. From 
illustrations of this kind the student should soon discover the 
procedure to follow for rounding off whole numbers. A whole 
number may be rounded off to the nearest 10, 100, 1000, or to 
any other power of our number base. The power of the base 
to which a number is to be rounded may be designated the unit 
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measurement to which a given number is to be Ktpressed, 
To round off a number, we proceed as follows: 

1. Idenltjy Ikt gwm numhcr briaitm tht mxl lean md next Ughtr 
rmtid mmbm in th givm tmit on tht mmltr sedt. Thus, to the 
nearest 100, 7438 would be between 7400 and 7500. To the 
nearest 1000, 7438 would be between 7000 and 8000. 

2. Aisign lo Ih ghtn numh<T the value oj the rounded number to 
which the given number is nearer. Thus, to the nearest 1000, 7438 
would be assigned the value 7000 because 7438 is nearer to 7000 
than to 8000, but 7538 would be aligned the value 8000. 

3. If a number ts midway between two rounded numbers, assign lo 
the given number the value oJ the greater rounded number. Thus, 4500 
is midway between 4000 and 5000. In this case, to the nearest 
1000, the value of 4500 would be e,<pressed as 5000. 

The student who is learning how to round off whole numbers 
should follow the procedure given above. After he has developed 
more insight into the process, the following rules for rounding 
off whole numbers may be formulated: 

1 . Use a zero to replace each figure dropped m rounding off a number. 

2. When the first figure to be dropped is 5 or more, increase by 1 
the next figure to the left. 

3. When the first figure to be dropped ts less than 5, drop that figure 
and all figures to the right of that figure. 

The number of figures to be retained in a number to be 
rounded off depends upon (he use to be made of the round 
number. For most purposes, the t>vo figures to the left in the 
number should give the degree of precision needed in the round 
number. For quick approximation, the first figure to the left in 
the number should be adequate for this purpose. 

Diagnosis in Addition 

We may assume that the student in the junior high school 
Icnows that addition is the process of finding the total number 
when two or more similar groups are joined. In order to perform 
the addition process with skill and competency, the student must: 

1. Know the basic facts 

2. Be able to add by endings 


151 



3. Know how to carT>- 

4. Know that only figures in like places can be added 

5. Be able to cheek the sum for accuracy and to me approxi- 
mation to prove that ills answer is sensible. 

The reader may not be familiar with the meaning of adding 
by endings. In this form of addition, it is necessary to add a 
two*placc number and a onc-placc niim?xrr in one y 
mental response. In the example on the right, the basic ^ 

fact used is 7 + 6 = 13. Tlicn the remainder of the 3 

addition in the column represents adding by endings. ^ 
The combinations involved arc 13 *r 3 = 16 and 16 + 5 

« 21. The thought pattern to follow In adding downvv^rd in 


the column should be, "13, 16, 21." 

\S'hcn a student hesitates noticeably between consecutive fig- 
ures in adding a column, makes a mark of some kind along the 
figures in a column, or uses his fingers or other objective mcacs 
of counting to find a sum, he is having difiiculty with adding 
by endings. Practice with examples of the types, 4 + 3, 14 + 3, 
24 + 3, or 7 + 6, 17 + 6, and 27 + 6, should help the student 
to discover the relationship between a basic grouping and the 
ending of that grouping in the various decades. Examples should 
be written in sequential form as shown until the student is able 
to make this discovciy*. At practice time these examples should be 
arranged in random order. 


In the example on the right, the sum should be 
found by adding dovmward in the columns and „ 

checked by adding up\N*ard. At the highest Icv’cl of 
operation the student should use round numbers for 
finding the approrimate sum. He should find the sura 
of 42, 1, 2, 1, and 7 to be 53, hence the approximate 
sum would be 5300. Therefore, the answer given is 5281 
sensible. It is apparent that many other sums, such as 
5271 or 5246 would be sensible but not accurate. One purpose 
of using round numbers in approximation of a sum is to detect 
glaring errors, such as giving 4281 or 6281 as the sum of the 
above example. 


In order for approximation to be effective, it must be easy to 
estimate the ansv,-er. When addends have the same number of 


152 



places, the student should find the sum of rounded figures given 
in !))c column on the left in the example. \Vhen addends have 
an unequal number of places, he should find the sum of the 
rounded figures in, at most, two columns on the left. 


Diagnosis m Subtraction 

Just as it usvially can be assumed that the student in the 
advanced grades Jenows the meaning of addition, so it can be 
assumed that he knows the meaning of subtraction. He may 
encounter difiiculty in compound subtraction, as in the example, 

421 4002 

— J 56 o*" — 1739 * ^ student does not understand the principle 

of regrouping the minuend, he should be able to discover the 
procedure to follow by me of the squares which arc part of his 
arithmetic kit. A studj' of a visual representation of a few ex- 
amples should enable itic student to understand how to regroup 
the minuend in compound subtraction The dia- 
gram gives a visual representation of the example 4 0 3 
on the right. The student should explain each step *~V 
in the sequence. The teacher can show die process 
by use of a place-value chart. 


A 


e 


C 



Often a student who knows how to 
find the answer to a number group- 
ing in multiplication, such as 6 X 8, 
is not certain of the facts involving 
the 6’s, 7’s, 8’s, and 9’s. The student 
should supply the missing producu 
in a table of the kind shown. He 
should make study cards for facts 
not known. The study card shown 
for the grouping, 4 X 7. reprints 

the type of study card ” “v , . facts not known. It 

student should make for t P discover 

should be assumed that a knows that 

relationships among the basic facts. 6 X 8 = 48 

Tx 8 = To. then should be certain o he bet, 6 X^^^ 

or (5 -h t)8. Since 10 X 8 = 80, 7 X 
80, or 72. 




laaing oj- 
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carried must be added to a Pj o„c.place numbers 

of Table VII gives the largest factor of 

beginning at 3^- The |,mmn gives the greatest "umber 

each product, and the mi product when multiplying y 
which can be carried to P . , 35 may be found by 

onc-place number. Thus, ^^e, the largest oue-place 

multiplying 6 and 6, or 9 . 9. the largest carry number 

factor of 36 i, 9. When mulfpIymS „ cany to 36 any 

added to 36 is 8, hence it may ro *c sums 

number from 1 to 8. The s ccquire adding by 

of the following examples + 5, 36 + 6. 36 -t- 7. 

'iHe^taLdieUvocoJum^^ 

into two classifications. In the sum bridges the 

bridge the decade, but to the other gr 




Taeix VII. Multiplication Products Beci.vnikc uttii 36 and 
N t'iiBER OF Adding bv Esdiscs utiich May Be Formed 


Greatest 


Product 

Largest 

Factor 

Carry 

Number 

36 

9 

8 

40 

8 

7 

42 

7 

6 

45 

9 

6 

48 

8 

7 

49 

7 

6 

54 

9 

8 

56 

8 

7 

63 

9 

8 

64 

8 

7 

72 

9 

8 

81 

9 

8 


Adding by Endings 
with 

Bridging No Bridging 


5 
0 
0 
4 

6 
6 

3 

4 
2 
2 
1 
0 


3 
7 
6 

4 
1 
0 

5 
3 

6 
5 

7 

8 


decade. The endings 36 -M, 36 -f 2, and 36 4- 3 do not bridge 
the decade. The five other endings, beginning srith 36 ri* 4, 
bridge the decade. The group im'olving bridging usualiy ts the 
rource of more errors than the other group. The student svho 
difficult)- sriih adding the cany number when multipl>'Uig 
h) e numbers 6 to 9, inclusive, should be given special practice 
wth examples svhich may be made from the data in the table- 
ts teacher must be careful not to teach only specif cs. A baric 
fact learned in isolation is an example of leanimg a specific. 


Mullipljing by a Tito- or More-Place Xicmber 

b) 34 is the same as multiplying by the sum o 

^ algorism involring multiplj-ing by i 

t\vo-place number which s' s :> / 

may not be imderstood is the 
placement of the second par- 
tial producL Exploratory 
materials to objectify the 
process should not be used 
unless the multipHcr is a one- 
place number. The student 
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should know lhat multiplying a whole number by 10 is the same 
as annexing a zero to the number. In the illustration the muiU- 
plicrs are 4 anti 30. Since 30 is a multiple of 10, the product of 
56 and 30 is 3 times the product of 560 (ten 56's). Therefore, the 
terminal zero is written. However, for most students in this age 
group, it should not be necessary' to write the ter- 
minal zeros as place holders m the partial prod- 4 2 3 

ucts. In the example on the right, the zeros in the X2 0 5 

two vacant places in the second partial product 2 115 
have been omitted. The student should under- 8 4 6 
stand that the partial product 846 represents 846 
hundreds. 

The students tvho show average or above average ability in 
dealing with numbers should be taught to approxi- 
mate the product. The method to use can be 736 

illustrated in the example on the right. Round off X243 

the multiplier as 200. Multiply 200 X 700, giving 2 208 
a product of 140,000. Since 736 is greater than 2944 
700 and 243 is greater than 200, the product of 736 ^ 

and 243 must be greater than the product of 700 178,848 

and 200, or 140,000. An approximation of the 
kind given will help the pupil to detect errors resulting from 

misplacement of a partial product, as illustrated 

in the example on the right. To approximate the { 586 

answer, the student should think, “200 X 600 is ' X204 ‘ 
120,000.’’ The approximate answer should prove j 2 344 
to the student that the answer given to the example .'LLZL. 
is not sensible. The function of checking an answer i^l4,064_^ 
by use of round numbers by the method shown is 
twofold: First, to help able pupils to detect glaring errors of 
computation and second, to enrich the student’s background of 
methods for dealing intelligently vvith numbers. 

Checking Multiplication 

The most widely used check for multiplication is to go over 
the work. In the upper grades, the student who is making average 
or better achievement in arithmetic should be taught how to 
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cKea n>uUipr,caUon by ..... 'cache, 

method to check the accuracy of computation -actinc 

subtraciion. It seems absurd to P^i'^jul,\han the 

out 9’s as the application of the check is 
process iuelf. On the other hand, casting out 9 s .5 a scry g 

*ttiking'by'casting out nines in a number is based on tte 

in that nlmber.The ex^of 9. ^ 

resulting from disiding a number by 9.'I^us, m 3^ 
nines (9^) is 2, but in 36 the excess of nines (9^6) is . 
excess of nines in a number may be found by adding ' 
of the number and dividing the sum by 9 as svcll i« by = 

the number by 9. In the number 36, the sum of the digi ^ 

Of course 9 is a multiple of 9, hence there is no exc^ 
in 36. If a number is divisible by 9, the sum of dipts >5 
a muldple of 9. In the number 38. the sum of the ■; 

is tl and in the number 11 the sum of the digits (1 + / * 

also the remainder from dhiding 38 by 9 is 2. If a num 
not di\*isible by 9, the sum of the digits of that number is nei 
9 nor a multiple of 9. If the sum is any one-place 
except 9, that sum is the excess of nines in the number, 11^ 
sum is a t>vo*place number, such as 22, the excess of the 
in that numb« or the sum of its digits \N-ill be the excess o 
nines in the given number. Thus, in the number 7384, the su^ 
of the digits (7 d- 3 -f- 8 + 4) is 22. The sura of the 
22 is 4 which is the excess of 9’s in 22 and also in the num 
7384. In the number 7326, the sum of the digits is 18, a multip c 
of 9; therefore, the excess of 9’s in 7326 is zero. 

Any two-place number is 10 times the value of the figure in 
tens’ place plus the ^*alue of the figure in ones’ place. Thus, 
is equal to 10 X 4 -h 6. If we represent the tens’ digit by t nn 
the units’ digit by u, any two-place number may be represent 
as lOf + u. The value of lOf -h u may be expressed as 9f + ^ "h “• 
The term 9/ is a multiple of 9, therefore, the remainder from 
diN-iding 9/ -h t + « b>' 9 is t -fi u, which represents the sum 
of the digits. 

The product of the excesses of nines in two numbers multiplied 
is equal to the excess of tunes in the product of the numbers. 
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734 

X43 

31,562 

i 


We shall assume the truth of this theorem as its proof is beyond 
the scope of junior high school Excess of 9's 

mathematics. In the e-xample on the 
right, the numbers circled represent 
the excess of 9's in the mo numbers 
multiplied. The product of the ex- 
cesses is 35 and the excess of ^n m ^ 

35 is 8 (see number in square). The LJ 

excess of 9’s in the certain that 

of the example ts 8 , therefore check by 

die example ts correct. -jbe 

casting out 9’s, tt of checking by 

r^tg'om sh"tiplV nnd check the produet by this 
method in the following examples. ^ 

^ 

CUins OU, 9's M Atwap n Valid 

Casting out nines number 31,562 could be 

misplacing a figure in a pr^ ;„„gtments of these digits and 
written as 31,652 or any ® 204 X 586 on page 157 

die answer srould ^'ck. I " h bgures of the second 

the answer g.ven was ,aces. The number 586 

partial product were ""'ten ro j 204 

L multiplied by *e incorrect pmduet, 

and 24 is 180, a mulnple oi /, » 

14,064, checks by casting ,he method of finding 

After the student becomes famth shortcuts to 

the excess of 9’s m a f 934, he would add 7 an 

use. To find the excess ^ Juf in 9 is aero. He would 

and drop the j 4 , The excess of 9’s m 

skip the 9 and add 3 ana ^ight, the excess 

72,934 is 7. In the '«“P' necessary to 

of 9’s in 342 is ^ause the product of 


342 

_X138 

46,296 
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9’s in the product must also be zero if the 

sum of the digits 4, 6. 2, and 6 is Lro'^Very prob- 

is 9, hence the excess of nines m the product is ^ 

ably the answer is correct. The student who ° 

casting out 9’s not only has a practical social apphcat 
bet but also learns an interesdng property of ‘he numb- - 
which is one iess than the base of our “untber systemjte 
feature is not to be minimized in a program which stresses gr 
and understanding in arithmetic. 


Division with a One-Place Divisor 

There are very few educational problems which can te 
answered with complete assurance that the uuswee 
correct. It cannot be maintained that the long form of i 
with a one-place divisor is the only method to teach, cspeci 
in a program which stresses meaning and understanding. Un 
other hand, all published experiments in this field have s 
that the long form is superior to the short form. In the ^ 
form all work is displayed, but in the short form only the , 

is written. In three different research investigations, Grossnic 
showed that the long form is superior to the short form.^ 
published investigation has ever shown that the short form is 
good as or superior to the long form, even for students at 
high school or college level. 

Many teachers in junior and senior high school believe ^ ^ 
the student at these levels should use the short form of divisi^ 
when the divisor is a onc-placc number. It should be understo 
that there must be carrying from one partial dividend to 
next partial dividend in order to have so-called “long division- 
Long division is neither possible nor desirable in the examp > 

* GrcssnicUc, Fojter E. “An Experiment •vsith a One-Figure Divisor 
and Long Division,” ElannOaij SthoU Jwrral. 34:496-506; 590-599. Chicago. 
University of Chicago Press, 

“Appraising the Prograim for Teaching Division,” National ElmenUtJ 

Prwipal. 16:361—368. 

■ ' ■ “The Incidence of Error in Divuion with a One-FIgtire Divisor, 
jKirnal ej Edjcettonal Renarch. 29:509-511, 
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25506, because each partial divideod is seen. On the other hand, 
it is possible and usual ly desirable to use this form of division 
in the example, 35^2, because there is uneven division (re- 
mainders) when dividing the 7 and the 3, and the products are 
unseen. The >vriters recommend that all students learn to use 
the long form to divide by a one-place number in uneven division. 
A student later may be encouraged to use shortcut procedures 
and thereby Icam the short form. Many students at the junior 
or senior high school level can learn to use the short form 
successfully. 

The problem of the form of the algorism centers on the relative 
merits of meaningful and mechanical processes. The method 
used does little to alter the student's understanding of the 
process. On the other hand, the ability to approximate a quo- 
tient to sec if it is sensible shows growth in ability to deal with 
division. It is more important from the standpoint of growth in 
ability to deal with number for the student to be certain that 
an answer is sensible than to worry about the method used in 
performing the algorism to get the answer. 

A recent study^ showed that the conventional way of dividing 
is not the best method from the standpoint of teaching meaning 
and understanding of the process. The experi- 
mental evidence proved that the method based s]237 20 

on subtraction was more effective for slow 160 

learners than the conventional method. Thus, 77 5 

in the example shown, the student would find 
the quotient to be the sum of 20 + 5 -h 4, or 37 4 

29, with a remainder of 5. Most students at the 3^ 

junior high school level should be able to oper- 5 

ate at a more mature level than shown. 


Chicking the Quotient by Approximation 

The example on the next page illustrates a common type 
of error in division. The student may use the conventional 


'Van Engen, Henry and G.bb, E. G. C.W Fu^Cion, Assoac,^ mth 

Dinsien. Cedar Falh, Iowa: State Tesebrrn tWfcge, 
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Check: 

65 

X7_ 

455 , 

+J. 

4553 


form of checking by multiplying quo- ‘ r-||j 
tient by divisor and adding remainder 7)4Pau 

to that product and not detect the error . 

shown in the illustration. On the other , 

hand, the student should use approxi- ■ 

mate numbers to estimate the answer. : 

He should think of 4553 as 4600. Then 
his thought pattern would be as follows; 

“The quotient must be more than 600 
but less than 700.” Then the given 
anssver, 65 r3, is not sensible. The method used m 
is predominantly a mechanical process. The es imation > 
that the answer is sensible represents a level y, 

thinking which most students in the upper grades should 

to attain. . _ 

In light of experimental evidence, it seems prudent to 

student use the form which has been demonstrated consisKny 

to be the superior form for performing the algonsm. hot P“'T 
of differentiating the curriculum, superior studenU shm 
encouraged to use the short form. Regardless of the methM > 
most students in the upper grades should be instructed to 
round numbers to approximate the quotient. The slow 
should not be expected to master this procedure, except “ 

easy examples. All students but the slow learne rs should be a 
to see that the quotient of the example, 8)5136, must be 
600 and 700. A program which fails to develop the student 
ability to deal with this phase of division does not emphasize 
growth in literacy in the use of number. 

Most students who have completed the intermediate gra 
know how to divide by a one-place divisor and how to 
the work by multiplying quotient by divisor and adding 
remainder to that product. In the upper grades, the student 
should not merely revdew the method by solving more division 
examples, but also he should develop skill in using round num- 
bers to check quotient figures by making an approximation oi 
the true quotient. He should show growth in ability to use the 
dhdsion process by gaining confidence that the answer is both 
correct and sensible. 
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Using a Diagnostic Test in Division hy a Tm-Ptace Dimsor 

A dia.^ostic test of the kind shotvn on page 133 will show 


Methods oj Estimating the Quotient 


r of Estimating me 

r 

d«irn«ed a? the 

According to the apparent m ’ regardless of the 

of a two-place f idr fi^re of the divisors 34 

figure in ones place. ® 3 se.by^ne method, the guide 

and 37 is 3. According „ i„ ones’ place is 5 

figure remains unchange . by one when the figure 

or less, but the gu.de Jn figure of the divisor 

in ones’ place is 6 or ^ dMsor 36 is 4. 

35 is 3, but the 6“"*' dividing by a two-place 
The student who has „ 5 s by using a divisor 

number should begin to ^ J^ve materials to find the 

of 10. If necessary, h' «'’‘7 “ ^ b as 40 or 43 and then 

number of lO’s in a given "U-nten ,bould soon discover 

.henumberof20’s n.hemnienumbe^_ ^ ^ 

that the number of 20 s 

as the number of Js in 6 q„„dent. the mm. 

From the standpoint of « lent when the 

difficult part consists „„rd,> as in the «amP^ 

estimated quotient has to be ™ ^be estimated quo- 

3771^. Excluding be three more than the true 

fient by h.^’;k3^, 

33:401-413. ‘O'* 



• laTiM There the estimated quotient is 5 
quotient, as m 28)183. there in 

(2118), but the true quotient is 6, or three les . 

mated figure. If the estimated quoMnt rnust 

find the true quotient, the estimate figu method, 

When the student is taught to use *= be 

he svill find that the estimated quo tient somet 

decreased, as in the example 34'5W, 

mated quotient must be increased, as in the 

The student should use judgment in estimat ’ P 
when the estimated quotient is ^9, by firet mu ’P ^ ® ^ 
divisor by 10. In the example, 287183, ‘he est|matcd quouen 
the apparent method is 9, but 10 X 28 . ^ 

cannot be 9 times as large as 28. The student should «T ^ °r , 
For divisors 13 to 19 in the teens and for ^ , ,,ble 

in the twenties, the slow-leaming student should maKc 
for a given divisor and use it to discover the 
estimated quotients for these divisors frequently nc^ ^ 

corrected one or more times to find the^ true ' jgs 

percentage of corrections for the divisors in the omer ^ 
is considerably smaller than for the divisors mentione to 
lO’s and 20’s, This is true because of the relative values o 
figures in ones’ and tens’ places in a two-place divisor. ^ 
value of the figure in tens’ place increases in a two-place 
the relative value of the figure in ones’ place decreases, 
relative value of the 6 ones to 1 ten in the number 16 
greater than the relative value of the 6 ones to 7 tei^ tu 
number 76. The per cent of estimations which will be incorrec 
for the divisor 16 is much greater than for the divisor 76. 
larly, the per cent of estimations which need to be correctea 
the divisors in the tens and twendes ^viU be greater th^ 
corresponding per cent of esdmations for the divisors m 
higher decades. 

Part of the table for the divisor 17 is shown. Thus at a glance 
th e stu dent can see that the quotient of 
177^ is between 2 and 3. If a student has 
difficulty in finding the quotient for divisors 
in other decades, this method should be 
used. The method is long and not efficient, 
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1 X 17 = ’7 

2 X 17 = I* 

3 X 17 = 51 

10 X 17 = '70 



1 

17 

2 

34 

4 

68 

5 

85 

8 

136 

10 

170 


but the slow learner will understand it. This 
is more important than learning by rote a more efficient proc 
erwhich will soon be forgotten after a sho« penod of dtsuse. 

A table of the kind shown on the nght requires 

less time to construct than a complete table for a 
divisor, as 17. The values 1, 2, 4, and 8 
cessive doubles. Thus, the tabular value fot 8 mil 
be twice the tabular value for 4, or 2 X 68. The 
student should know 10 timm f " 

10 X 17 = 170. Then the value of 5 times the 
divUor will be half the tabular value of 10 times 
that number. . . • findine the 

Regardless of the melh J estimated quotient often 

quotient for the divisors . quotient. The 

has to be coireeted by first finding 10 times 

student should approinmate ’ qj course, 5 times the 

die divisor and then 5 times the „ flie 

divisor will be half the pr^uct of W urn 

divisor is 16, trio-- xt’Jmate in die example, 

5X16 will ^ 160 , or 80. ^ gQ and that one 

skill in dividing by a two-p'ace the answer 

hers to check the quotient. He ™ use round numbers 

before he finds the true ’ 5 j ,4 student knows the 

to check the answer he '“"“•^retherhe uses die apparen 
algorism, it is no longer impo ^ modificauon o 

method, the stauld be able to 6'^^= 

either method or of both. example, 4672™’ 

whether or not the “ 2800. The quotient must b 

die student should thirft of 2753 as 28 ^ ^ 46 

bemeen 10 and 100 because 10 X ^^u,cen 40 

t'”So. Now he should ‘ would be 70; if *e 

and 50. If the divisor were 4 . * ^ ,i„lc more than 5 • 
divisor were 50, *= '.'.•>^^004 70. Any ansiver wnthin 
The quotient must be b j 65 



that range would be sensible. It is entirely satisfactory for pur 
poses of approximation to have the student make only one 
estimation of the approximate value of the quotient. In that c^e 
he could either estimate the number of 40’s in 2800 or the 
number of 50’s in 2800. Therefore, the student should be able 
to approximate the true quotient to be less than 70 or more 
than 50. 


Checking Armvers in Division 

One widely used method of checking the accuracy of the work 
in diwsion is to multiply divisor and quotient and add the 
remainder to that product. Another check is to go over the work. 
Casting out 9’s may be used, especially for purposes of enrich- 
ment of the curriculum for the superior 
students. If this check is used, the final 
remainder first should be subtracted 
from the diridend. The resulting num- 
ber is a multiple of the divisor. In the 
example on die right, the quotient is 
5 r7. If 7 is subtracted from 187, the 
answer, 180, is a multiple of 36. Then 
the check for casting out 9’s is the same 
in division as for an example in mul- 
tiplication. 

Grossnlckle* made an intensive study of errors made by a 
group of 221 pupils as they learned how to divide by a two-place 
divisor. These pupils made a total of 1 13 different kinds of errors, 
but only those errors were'persistent which resulted from esti- 
mation and from faulty answers to combinations. TTie study 
showed that nearly all errors were due to chance and they could 
be corrected by a careful analysis of a pupil’s work. A close 
scrutiny of a student’s own work, supplemented by his use of 
checking the work should enable the student to attain a 
minimum satisfactory achiev'ement in division \vith a two-place 
divisor. 


5r7 

36^187“ 

180 

7 


Checks 

Excess of 9’s 

36 

0 

X5 

X5 

180 

0 


♦ GroraidUe, Fmct E. “Comtaacy of Error in Learning Division vath a Two- 
r.gure D.^TSQr," cj Ed-jcati^ Reuarth. 33 : 189 - 391 . 
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Division with a Thrte-PIact Divisor 

Division is a complex process since ir involve 
other three processes. Because of its complexity and 

three-place divisor is limited , ^ of division with a 

school. The infrequent soci .-gj-hin" of the process, 

thrce-placc divisor justifies . things "about division; 

The student should 

(1) the meaning of the prMC ’ ' ,hc quotient. The 

Hrst quotient figure; and (3) clement which 

placement of the first quotien ^ 

is new to the student when h ^^hen dealing with 

divisor. He icarned f*'' ^ ^ ^ t,. |„ estimation 

a one-place divisor and When the divisor is a 

of the quotient with ^ c-,„re is the figure in hundreds 

three-place number, the S3mt manner as the 

place. This guide figure is treaM m 

guide figure of a two-place donor. 


Phcmtnl of thr Quotient Figure 

\.^.U 


‘lacmem oj me 

Either of two °''^‘^,;I';J"p,at^Xfe"qnud'"' 

the student should ^ ,.g,^e of the divi- ^ 

figure by use of the ungro P thought ^ 

dfnd. In the e.xamp e on * ^ 314)982 

pattern for finding the q j, 55 -,5 [css 

as follows: “In 982 there are 98 „ ,o,.M of 982 ones 

titan 314, change 98 h,. same as the nnm r o 

?s1n"ror3.1v""3L™»’r.ac9>n.hcquo.irn.. 
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According to the second plan, the 10. 

is found by multiplying the diviMr by 1 ^ therefore, 

In the example given ^ f "14 = 3140’ therefore, 

the quotient must be at least 1. But 10 X at „,,mber The 

dre Client must be less than 10, or a one-place numb= • J 
numler of 314-s in 982 is the same as the "umber o^ s mj. 
or 3, which is svritte n m ones place m the q ^ _ 

example, aiB^lW. the student should th.nk, ^ 

2150 and 100 X 215 = 21,500, then the quotient “ 

than 10 but less than 100, hence the quotient I""'' “ ® . 
place number. To find the figure in tens’ place m the q 

thinlt 2M l, or 5.” ^ , „„mV>er 

The student should form the habit of checking c 
of places in the quotient by multipl>dng the 
dinsor by 10 dr a power of 10 to see that the 
answer is sensible. Then the type of frequent 
error illustrated by the example on the right 
can be eliminated. In this example, the student 
should see that the quotient must be more than 
100 because 100 X 243 = 24,300, which is less 
than 82,625. 



Method of Estimation for a Three-Place Divisor 


The student should use the apparent method of estimatioj'^^ 
the quotient when the divisor is a three-place number unti 
learns the process. This is the procedure foUow’ed ss’hen 
divisor is a two-place number. From that point, he may disco 
a method which is a modification of the apparent and 
by-one methods, or use some other indmdual method. After 


understands the process and the means for verifying an 


ans>vcr 


by approximation, the method to use to perform the algori^ 
is of minor significance. Of course, he learns to correct 
estimated quotient as he did when dividing by a two-pl2^® 
divisor. In the example, 365)1672, the student sees that 
quotient is less than 10 because 10 X 365 is greater than 1672. 
He estimates 3716 which is 5, but 5 is too large, hence the 
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estimated figure is made one less, or 4. One of the great advan- 
tages of the apparent method of estimation is the uniform 
procedure of decreasing the estimated figure to find the true 
quotient figure when the estimated figure is incorrect. 

Many teachers do not know how to introduce division by a 
three-place divisor to the sJow-learning student. Two different 
solutions may be given to this problem. One plan is to delete 
this material from the curriculum for the slow learner because 
he wilt have, at most, a very limited need for this type of division. 
The other plan is to have the student use a method of division 
which he understands although it may not be as efficient as the 


conventional method. If be is not able to 
estimate the quotient figure for a divisor, 
he should make a table similar to the tabic 
for 230 as shown on the right In initial 
learning of the subject, the c-xampfes must 
be carefully graded so as to present a 
minimum of difficulty in learning, and 
should be limited to one-place quotients. 


2 X 230 = 460 

3 X 230 =* 690 

4 X 230 * 920 

5 X 230 « 1150 


9 X 230 « 2070 


e. Discovery of Relofionshlps omong Processes 


The teacher who stresses meaning and understanding of 
number will provide many opportunities for students to discover 
relationships between addition and subtraction and betueen 
multiplication and division. The 
student should be able to identify 
tile two examples in addition and 
the two in subtraction which can be 
made from the numbers in box A. 

In (lie same way he should disco'Tr 
that two examples in multiplication 
and two in division can be made from the numbers in box B. 

By impection Ihc student should bo able IQ rank the example! 
given bcloiv in order of the size of the sums without adding. 


16 

24 

40 


12 


IdO 


Q. 125 
+236 


b. 125 c. 125 
+426 +103 


6. 125 e. 125 

+370 +7'<5 
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Then he should add the numbers to see if his ^ 

examples was eorreet. A modification of 

sists in ranking the examples according to the size 

numbers before finding the missing numbers: 


1. a. 500 b. 500 

-138 -346 

? ? 

2. a. 500 b. 500 

■> ? 

l82 250 


500 

•250 

d. 

500 

-107 

e. 500 
-435 



7 

? 

500 

7 

d. 

500 

? 

e. 500 

7 

"m 


IbS 

'm 


Then the student should solve the examples to check his 
One of the principles under subtraction on page 143 stat^ 
if either of two numbers is subtracted from their sum, ^ ^ 
mainder would be the other number. The Ae, 

should be able to form this generalization from a study ol 
examples given above. , 

In the examples below, the student should be able to ra ^ 
examples according to the size of the products before multip yinS 

a. 45 b. 45 c. 45 d. 45 e. 45 

X12 X20 X31 


The superior students should be able to form the generalization 
which applies to this series. This generalization may be 
as follows; If different examples have equal multiplicands ut 
unequal multipliers, the larger the multiplier, the larger w’ill ® 
the product. 

The following scries of examples represent the type that may 
be used to help the student discover the relationship among 
divisor, dividend, and quotient. He should rank these examples 
in the order of the size of the missing numbers before solving 
for these numbers. 


1. a. 60')360 

b. 90')360 c. 30)360 

d. 180)360 e 

40 

90 10 

120 

II 

d 

b. 5360 c. ?)360 

d. ?)360 e 
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Thc'^c examples illustrate the mathemat.cal pnncple, gnen 
on page 144, which states that if the product oC two numbers 
and ^e of the numbers are given, the other 

sslUli 

the larger the divisor, the ^ “'Ser will be the 

in row 1, or the larger the student 

divisor as shown in ro . ^ ,^0 multiplication 

discover relationships of t 

examples or in the algebra. If two variables 

study of vanatton in 'b' their ratm 

(numbers winch ^ ,l,ere is a correspond- 

rcinains constant. As one . [„ ,be multiplication cx- 

ing increase in the other ‘^b„onsto« ratio The 

araplcs given above, muliipllers and the prod- 

two variables in the ,h„c is a corresponding increase 

nets. As the multiplier tnereases, there 

in the product. product is constant. 

Two variables vary nroduct increases in value, the 

IVhen one of the factors of t p examples in 

other factor decreases ' T^„efore, the student who is 

division represent tins , relationships among numbers 

helped in making disctiverjes about r mathematics 

is being prepared for furtto smd -n , , 

An acceptable P™f ability of students to do 

difTcrcnccs will explore the potentia 
further study in mathematics. 

.■ T1.U .ppllrt ontr >» P""'" 

j T«n5« for Discussion 

Questions, Problems, and P or whok 

Whatcenn. laws cast ot Iho banc f- ■“ 
a. oalliar . plan f« wsU"e » a ..«arn,. 

=t'oi;;;:;capla„.on.-r^*S-^— 



5. Express the following numbers in scienlific notation: a. 7^50.000 

b. .0000045 c. 9 billion. „™,,Ded num- 

6. Illustrate grouped numbeis, ungrtsuped numbers, a ^ 

ben. Show that an ungrouped number becomes a groups 

as the ungrouped number is vmttcn. _ ^,.a«irc- 

7. State in which of the following problems the division repr 
ment and in which, partition: 


a. How many gallons in 12 quarts? ^ j » ? 

b. How many 5-cent stamps can be purchased with a dollar. 

c. How many yards in 15 feel? 

d. A car used 4 gallons of gasoline in a trip of 60 miles. ^ 
average number of imles per gallon? 

8. Give two principles which govern addition and also two principles which 

characterize subtraction. Give illustrations of each principle- _ 

9. Give three basic principles which characterize multiplication an ivisio 

Illustrate each principle with whole numbers. ^ _ . 

10. ^Vhat is meant by the reciprocal of a number? Give illustrations o 


use of reciprocal numbers. «■ 

11. ^Vhat arc round numbers? Write the rules which govern roun tog 
numben. 


a. Round off to the nearest thousand: 72,560, 34,490, 1500. 

b. Round off to the nearest hundredth: .465, .7449, .995. 


12. What is meant by adding by endings? ^Vhcre b ihb form of addition 
used? Show how you would teach adding by endings. 

13. Makeavisualrcprcsentationt08howlhe$tcpsinsubtracting348Irom5^ 

14. What b meant by teaching specifics? Illustrate the prindplc in addition 
or subtraction. 

15. WTiai b meant by the “excess of nines” in a number? Find the excess 
of nines in 7,348,912. 

16. Many students who arc Icfthanded have a tendency to reverse the digi^ 
in a numbCT, as in writing 42 for 24. Why will checking by casting out 9 s 
not re\‘eal an error resulting from the reversal of the digits in a number? 

17. Write a four-place number, such as 8241, and subtract from it any other 
smaller four-place number made with the digits 8, 2, 4, and 1. Prove that the 
remainder b a multiple of 9. 

18. Show why you would or would not teach divbion with a one-pbcc 
divisor in the short form. 

19. Illustrate the dUTcrence between the apparent method and the increase* 
by-one method of estimation of the quotient, last some of the advantages and 
disadvantages of each method, 

20. Divide 4258 by 58 and chedc the work by casting out 9’s. 

21. Illustrate two different procedures for finding the position of the 
figure in the quotient. 
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22. Show how you would introduce dividing by a thjre-place divisor to slow 
learners. 

23, The areas of different rectangfca arc 60 square inches. Use different 
values to show how a change in one dimension affects the other dimension. 


Suggested Readings 

Beatley, Kalph "Reason and Role in Anthmctic and Algebra, ’’ TAt Mathf 
matict Teachtr, 47:234-244. 

Brueefcner, Leo J. and Orossnicklc, Foster E Mahiig ArUhndie Meaningful, 
Chapters 6, 7, and 8. Philadelphia: The John C Winston Co , 1953 
Clark, John R. and Eads, Laura CtUiftii* Antfmeiie Learning, pp. 59-134. 

Yonkers, N. Y.; World Book Co., 1954. 

Crossnickle, Foster E. “Teaching Arithmetic in the Junior High Sdtool” 
Thi Maihmaties Teeeher. 47:520-527. 

Morton, Robert L. Ttaehng Childiai Anthmttic, Chapters 4 and 5. New York: 
Silver Burdelt Company, 1953. 

Smith, Rolland R. “Meaningful DKisjon,” The Mathemattct Teacher, 43-12-18, 
Spitzer, Herbert F. The Teaching of Anthmette, Chapters 4 and 5. Boston: 
Houghton Mifflin Company, 1954. 

Van Engen, H. “Arithmetic in the Junior-Senior High School,” The Ttackng 
tj 44fitAmriiff, Chapter 6. The Fiftieth Yearbook of the National Society for 
the Study of Education, Part 11 Chicago. University of Chicago Press, 1951. 
Van Engen, If, and Gibb, E. C. General Mental Funeiionj Aisoaated with Dmtm. 
Cedar Falls, Iowa: State Teachers College, 1955. 
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chapter 6 


Growth in Dealing with Common and 
Decimal Fractions 


T he major topics treated in this chapter are. 

a. The need of differentiating instruction in fractions 

b. Teaching the basic operations with common fractions 

c. Teaching the basic operations with decimal 

d. The kinds of problems in common and decimal fractio 


a. The Need of Differentiating Instruction in Fractions 
ICnowletlge oj Fractions Possessed by Students in the Upp^ Grades 

Many students in the junior high school and at higher 
levels have a very fragmentary knowledge of common and eci 
mal fractions as sho^v^ by achievement tests in the su je • 
From a study of the records made by 937 students in the nint 
grade and 925 college freshmen, Guilcr found the per cent o 
students having errors on a test in the four processes w-ith common 
fractions was as follows: 


Process 


Per Cent oJ Group Making Errors 
JVTbIA Grade^ College Freshmen 


Addition of fractions 23.0 44.5 

Subtraction of fractions 42.3 63.5 

Multiplication of fractions 42.5 53.3 

Division of fractions 40.7 57.7 


‘ CuUcr, \S alter S. “DifTicuhies in Fractions Encountered by Ninth Grade 
Pupiti," nrvrrjary Stf-ool Journal. 46 147 Caucago University of Chicago , 

* “Difficulties Encountered by College Freshmen in Fractions,” Jn'jrr. 

ej Edicetional Rttraich. 37: 103. 
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“Lack of comprehension of the process constituted the 

ticularly pronounced difficuUy was encountered in 

fractions. In this category jjj.jnn **j Aonarently many 

division and least difficu ty in ^ exclusively with 

students had learned ^ J li,t|c meaning to them, 

symbolic materials which may student to learn 

Tender such conditions it "jXlermtans with fractions, 
by rote the principles 80'’=™ 6 ^^„,k‘^Due to lack of practice 
hence he did not ^nderstan college students, it 

or disuse of *''= °P'=fi‘“S| h‘d deteriorated considerably, it is 
was also true that the . “ by a short period of well 

tr^rpmale: - determined hy the application of pro- 
cedures based on reliable diagnosis. 

FtWie, no. SU.^ 00 . Holp .» Common Froemos 

All students tommon and dectaal 

instruction in the topics in arithmetic, some o the 

fractions, As in learning ' ^„„ding and greater skill m 

students have much f'-" s,„dents. The task of the 

computing with fractions ^ ^,„dents who U* 

teacher at the start of the year deficiencies. The 

these skiUs and to take step „ each basic process 

results from a diagnostic es the place at svhich the studen 

should enable the teacher to fin th P The proper 

understanding and computmionM ^ ,, o *ould 

- in “rS^rfm eac^ of 

176 is representative oft js divided into two pa^t 

the processes in this need not be regroup 

Part I, the numbers of the nn 


*lbid.,p 114- 
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Diaonootc Test »t Subtraction of Coio.on Fractions 


Part I. Numbers above 

Need Not Be Changed 


a 

b 

c 

d 

e 

f 

1. i 

X 

3 

.■* 

8 

1 

6| 

5 

ii 


'8 

Ii 

2. 5 

5 

6 

OJ- 

12 

Si 

5| 

SS 

1 

1 

2 

1 

2 

3 

4 

11 

ii 

6 

3. § 

7 

¥ 

5 

9i 

5S 

6§ 

1 

i 



ii 

ii 

5 


1 

.1 

6i 

8| 


i 

i 

•fe 


11 



Part II. Numbers above Must Be 

Regrouped 


5. 1 

2 

8 

5 

8 

11 

J. 

li 

li 

il 

li 

_lL 

6. 7i 

54 

si 

u 

12J 

5t% 

ii 


ii. 

ii 

_ii 

ii 

7. 

(>h 



Si 

H 

ll 


11. 

‘'A 


Ji 

e. 7i 

54 


10? 

si 

li 


ii 

11 


il 



in Part II, the numbers in the minuend must be rcgrotiped io 
order to subtract. 

The examples in each row of the test arc similar and involve 
the same structural difiiculty. To illustrate, consider the example* 
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in Part I, row 3. In each of these examples the lowest common 
denominator is the product of the denominator In the next 
row the denominators in each example am unlike, but the 
lowest common denominator is not the product of the denom- 

‘"w°a' student’s test has only one or at most two examples 
or more examples in any row am ® und,* 

:::^:‘rptmtrime^uressh.^^^^ 

correct the errors. themselves as shown 

from a faulty knowledge o ' ^ provide the kinds of 

by Guiler. In that case, the t understand fractions 

experiences that will ' g. learning is an individual 

and how to compute with thOT. 1 S „f 

=,;;^^:nf:::a.:ir^i--cthi,de.^^^^^^^ 

^l-'irrrhoseunderstandmgof.am^ 

outs can be made of -*7 ?^"®Xircireles and five pair of 
for fractions should oonsist eighths. Each 

circles cut into halves, i„ diameter. The student 

circle should be approximately eompasses to draw the 

in the junior high -ho-” die different fractional 

pattern and then cut the 01^“ ,he circles to show 

parts. He should use a cirele with a chord cqud 

Uiirds and sixths, or lay envelope or a small box i 

to the radius of the circle. 

suitable for storing the ^ 

Chicago: Univ-enity of Chicago 1 / / 



The student tvho has squares and octangular strips for his to, 
as suggested on page 146, may use these materials P j 

kit for decimal fracUons. The directions for preparaM 
these squares stated that one side of the oaktag s ou 
and theother side should be blank. The blank side oj the^quar 
ruled to represent hundreds may be used to opresent on«,^tn^ 
blank side of the strip ruled to represent tens may ^ 

represent tenths. Either side of the individual ^ 

used to represent ones or hundredths. Any student w 
does not understand decimal fractions or ho^v to pe o 
algorisms with them should make a set of squares as 
on pages 146-147. He should use these matenals to disc 
relationships among decimal fractions and whole num ers. 


The studenU >ne Ihe ports of their freettoo kit to review the meaning of froc 
The flonnel boord demomtrotion verifies the students* octivity. 



Afeanings of Fractions 

A fraction conveys four diffcicnt meanings-. (1) a 

students in the upper high school 

these meanings of fractions. All sludenB n the junmr g 

have had experience with halves, not so 

socially useful fractions. The rano f of , 

well understood as the " J-t “umber is of 

fraction is essential m finding P division. Thus, 

another number. Every guenon ■ children, this 

if three apples are to a A „„dent n-ho 

situadon can be represented y indicaied division will 

docs not understand that a tract ^5 „„ cquiva- 

not understand how to decimal equivalent of any 

lent decimal fraction. To j„ided by the denom- 

common fraction, as i, the regrouped as 

of the topic will appear later i 


Dijennliating the Curriculum 

Some teachers are j°,,cr7r arlth^^^ f'”' “ S'"" 

sanctions differentiated These teachers require t c 

grade, such as the seventh fractions as is required 

, dowhamerstodealwiththesamcw^hi^^^ 
of students who arc average or ^ advanced ^adcs, 

To do a satisfactory job in ^ "„„.ia,ed. This is true 
the curriculum in f-u.ions -n^* ^ „,pieal cla^ w-i* 

because of the great range i rj,jp,r^mlation of the curri 
different phases of ? firs' by difrercn.ianng the 

iu.hisphaseofworhcan^nch.e^^_^^^^^^^_^^^^_^^^^ 



,.bicct matter and second. difTerentiating^thc 
dealing with fractioas. In most classes at J differ- 

level, both of these means should be used to prov.de for d.her 
enccs in the students’ baeltgrounds in fractions 

The slow learners should deal almost cxclusi y 
fractions which are used in socially significant 
tions of this kind to be added or ^^nd 

of units of measurement. It is not possible 
have a sensible answer. It would no. make se|« to ^dd tn 
fractions ^ and J if each fraction represents the ^ 

lengths of two pcnclU, as pencil A is half os long M ^ 
and pencil C is J as long as pencil D. Most of our uni 
urcs and weights arc divided binarily, or to the base 2 ^ 

of 2, as shown by the number of subdivisions of an in , 
gallon, or a pound. Therefore, most social applications in ao 
tion and subtraction of common fractions will involve frac 
having denominators of 2 or a posver of 2, as 4, 8, an 
the fractions to be added or subtracted have denominators 
this kind, the largest denominator always can be use as 
common denominator for unlike fractions. Selecting the 
denominator in this way should help the slow learners to a 
subtract fractions of this type with litUc difficulty. On the o 
hand, students who show saiisfactoiy achievement in the topi 
should be able to master the work in addition and subtraction 
of common fractions as found in a modem textbook in arithmetic. 

The second way to differentiate the curriculum in fractions is 
to vary the method of presentation among groups of different 
levels of ability. The slow learner may find it necessary to use 
exploratory or vasual materials to find answers to examples an 
problems involving fractions. The superior student should wor 
chiefly with symbolic materials. He, too, should discover man> 
mathematical relationships among fractions w’hich the slow 
learner would not be able to disa)ver or understand. Therefore, 
at the junior high school level, the teacher of a heterogeneous 
class of 30 or more students should form at least two or three 
groups within the class of average ability %vhen dealing 'rith 
common and decimal fractions. The students should be grouped 
according to their achievement and understanding of fractions 
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A 


1 


3 


■=- 

a 

a 

a 

a 


a 

m 

m 


- ' 


. :ncasurcd by .bj«., by 

tests found in 50^ homogeneous, but at least 

The students in the groups mil not be horn g 

the range of backgrounds in factions of the whole class, 

great as the range of backgroun infractions, 

As more groups are formed on the ni^n that particular 

the more homogeneous each group mil become in 


muslration cj D-Jrr«« m o-nai.| Cmps 

An illustration of the d,e"’me'’an 1 ng tf reduction 

different groups is shown in ® ^ fraction to higher 

of a fraction to nland 

terms. All students of “he equal parts larger, 

to lower terms means to mak ^ in the fractions 

This makes the number of parts . ^ fraction to higher 

I = §, The reverse is true in chan^ p^rts ,s 

terms. In this case, it means * ^ f ^qual parts larger. The 

made smaller. This makes. mnuniberulq^j^^^^^ 

teacher should use a The use of cut-outs abo 

student .0 make these ^ relationship between die 

should enable him to i, divided and the sac of 

number of parts into " 'T .udents should see .ha. a 

by the same number without changing 




Most students at the junior high school level understand these 
two basic generalizations. Those students who do not understand 
these principles should use objective and visual materials for 
discovering these generalizations. The superior student should 
also understand why it is possible to multiply or divide bo 
terms of a fraction by the same number without changing t e 
value of the fraction. He should understand that multiplying or 
dividing each term of a fraction by the same 3X3 s 
number, as 3 in the illustration, is the same as - ^ “ Tz 

multiplying or dividing the fraction by 1. The 
student should have learned that when a num- 9 3 ^ 3 

ber is cither multiplied or divided by 1, the ^2 4-3 ^ 

answer is equal to that number. On the other 
hand, when 1 is added to a number or subtracted from a number, 
the answer has a different value from that number. The same 


number may not be added to or subtracted from 
both terms of a fraction without changing the 
value of that fraction. The student can verify 
the principle as shown by the examples on the 
right. The symbol, means “not equal.” Few 
students in junior high school, or in higher 
grades, understand that the same number may 
not be added to or subtracted from both terms 




of a fraction without changing the value of the fraction. The 
reason is not due to the difficulty of the mathematical principle 
involved. Very probably the teacher had never given the student 
the opportunity to discover the relationship between operations 
with integers and fractions. 


b. Teaching the Basic Operations with Common Fractions 

Classification of Fractions in Addition and Subtraction 

Fractions to be added or subtracted may be classified according 
to their denominators as follows: 

A. Like fractions, as ^ ^ 

B, Unlike but similar fractions in which the largest denomi- 
nator is a common denominator, as ri* ^ 
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C. Unlike and dissimilar fractions 

(1 ) The product of the denominators is the lowest common 

denominator, as ^ J lowpqt 

(2) The product of the denominators is not the lowest 

common denominator, as j + b- 
Promthe standpoint 

some unit of or sixteenth of a given unit, 

as the nearest half, fractions of this unit to 

such as an inch or a pound Then the or 

be added or subtracted wi the fractions will 

factors of 16, such as 8, , • ^ of the denomi- 

have either like denominators, ^he slow learners should 

nators will he a common j „hieh the fractions 

be able to add or “r^foond classifications. The 

are representative of the firet subtract in all 

other group of fractions are representative of al 

types of examples m which th j ,i,rir fractional 

three dasslfications. Tlie slow a„s„crs in addition and 

cut-outs and visua,! learners should have an enriched 

subtraction of fractions. The enable them to deal pre- 

background in fractions which 
dominantly with symbols. 

JJiffmnl Pmiduresjor Slow and Fail Ua<nn 
The dl.erenee, 

^Sitrerdcms sUd^.- - f--" 


Finally, these students sno^ a ^ 
However, the students w fractions 

background of the solution 

should be able to g>ve richt and 

with symbols as shown on the ngn 

then check the work- 


-y- = il 
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The student tvho develops the ability to quanummely 

with fractions is able to m^e a quick 

fraction with the fraction i- the frac- 

each fraction is greater than a half, hence the ° , 

tions must be greater than a thL two 

fractions to be added; therefore, them the 

wholes. The sum. If. is more than 1 and less than 2. hence 

answer is sensible. 

The superior student also should be able to in = ^ ^ 

problem Involving the two fracUons. The 
to include mixed numbers as well as proper fractio . ^ 

be able to make a problem involving fractional P“« °f P°““ ' 
inches, miles, or gallons. The student who “ 
problems involving social applications of the addition o 
has not reached the stage of mastery which the supenor 
should attain at the junior high school level. 


Subtraction of Mixed Numbers 

There is no apparent reason why a student ^ 7| 

should not be able to subtract in examples of ^ , i 

the type sho%sn on the right when he kno%vs ± — — * 

hmv to add unlike but similar fractions. He 
woiild not discover the algorism for subtracting in exarop ^ 
with mixed numbers in which regrouping is needed w o 
having instruction in the procedure to fol- ^ gi 

low. The examples on the right represent , ^ ^ 2 

the kind of examples in which the minuend i 

must be regrouped in order to complete the ^ . 

subtraction. The slow learner should use objective and 
materials to find the answers to these examples. Eventually* ® 
should reach the lo’cl of abstraction in dealing with quantities in 
which he operates with symbols. 

The method to use with different groups can be illustrated m 
the solution of the following problem: 

A piece of cloth if yards long is cut from a piece 3f yards 
long. \NTiai is the length of the piece remaining? 
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AOOO0=BQQ0e 3i=2f 

D oa)=oa 'f='i 

First, the student should solve the problem by using his cut- 
outs, by use of a ruler, or by some other objective means. Next 
he should identify the steps in a tisual represcntaiion. Line A 
represents 3^ and B shows ibis number regrouped as 2f . Line C 
shows subtracted from 2^ and D shows the remainder of 1$, 
or 1 The fast learner should give the symbolic solution shown 
above. He should be able to tell why the answer is sensibly 
His thought pattern might be as follows: “If 2 were subtraclM 
from the answer would be 1^. but the remainder to the 
example must be more than I^. If 1 were subtracted from 3, 
the ans\ver would be 2, but the remainder to the example must 


be less than 2.” 

The student who has developed insight into number might ^ 
able to give other thought patterns for checking the 
Finally, he should be able to make one or more similar 
involving the social application of these numbers. p 
could involve a unit of distance, weight, time, or capaci 


Unlike and Dissimilar Fractions 

The social applications invoKang addition ^ 
fractions which arc dissimilar arc very' imit , j-qjjjJjj 
reason that, for the slow leamen. tlw 
these two processes should be confined to i 
The denominators of two dissimilar fraclions m. ) ^ 

respect to each other, or there map be a 

two denominators. Two numbers am P™' numbers 

other if I is the only integer which '™ } and i 

without a remainder. The denonunato numbers, 

are prime to each other, a. arc any uvo consecume 



Thedeno— orthefracaonsiandih^^^^^^ 

of 2. The lowest common dcnominato ( • ^ 

having denominamrs i i 

uct of the denominators. The L.C. . ^ common 

1 is 30 , the product of the denominators When th 

factor of two or more fractions The product 

the lowest common denominator of the j._oniinator, but 

of the denominators will always be a comm „ multi- 

this product will he the L.C.D. only when 
plied are prime with respect to each ot er. j j2 or 

inator of die fractions i and i is 24, but the L.C.D. is 14, 
the product divided by the common factor. . . .. fme- 

I„ dealing with addition and subtraction of 
tions, the teacher should keep in mind two things .jeadons 

of this kind. First, these fractions have limited ^ ers. 

and are not part of the minimum program for si j 

Second, the mathematical phase of the process shou , . 

The student should use approximation to determine wn 

not an answer is sensible. uvrtive and 

The teacher should use a minimum amount - or 

visual materials in dealing with examples involving a /i-vel, 
subtracting dissimilar fractions at the junior high schoo 
The student should have learned in the intermediate gr 
ho\v to add two fractions of the kind shown on the right. ^ 

He should have been taught always to see if the larger ^ , 

denominator of two unlike fractions is a common de- 

nominator. If the denominators are related, as in the 
fractions ^ and §, the larger denominator is a common^ eno 
inator. If the fractions arc dissimilar, the larger denominator 
not a common denominator. . 

In an exercise of the kind which follows, the examp ^ 
which the L.C.D. will be the product of the denominators 
be selected. Then the student should give the L.C.D. for 
other examples. 


o. h 


b i -i 

"• 2» S 


e. ^ 


The student should discover that the L.C.D. in examples o, h, 
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and d will be the product of the denominators of each example, 
respectively because 1 is the only common factor of the numbei^ 
IT erch group. In example e. 3 is the highest factor of each 
number, before, the product of the denotn.nato^, M, will be 
3 times as large as the L.C.D., or 18. In e the prt^uc of 8 and 
12, or 96, will be 4 times as large as the L.C.U., or ar. 


Adding Thu or Men Factions 


When an example eontains thr« or mom frac- 
tions to be added, the student should select th 
Uest denominator to see whether it ■> a oomt-n 
denominator. In example A, the larg ^ 

la^« denominamris no" a by 

2 :bylr 4 “:n'uTulTcommon denominator is found. 


3 


Mullipticalion oj Fractions ^ 

The most widely used form of “f‘’^2°The student 

Hndlng a fractional part of a ,hem is to find 

has learned that division has ^ number is divided. This 

the size of equal paru ” “ ' pan of a number, as 

usage is the same as finding fractional part of 

§ of 15. Therefore, Hading the 7^' "am" process as dividing 
a number by multiplication involva h nf 

the number by tlie drnu™7 or by multiplication, 
i of 20 may be found by by a number is the 

as i X 20. Thus, it is seen that ro ^nigpUer. Inversely, 

same as dividing by 7 = „„l.iplying by the reciprocal 

dividing by a number . sdtc sauiea 

of the divisor. Thus, 4 v 3 - 4 X S ^ ,3 mos 

Although finding a of fractions, the alpnsm^ 

tvidely used form of . , s,ep to understand m muIU- 

not easy to understand, ■nee implying a fraction by a wh 
plication effractions consists .n mulop J 



, U u ^ V a it is Dossibic to find the answer 

number. In the example, 3 X 4 , ^ • -j-hc slow learner 

by use of objective matenals ” ^ ^ - 0.3 are equal to I. 
should use his cut-outs to discover that thr 4 

or 2i Then he learr« tha^t e satnc answ as 

addition, zs i + i + t - ‘K ° ’ 

3X3 „ 1 

= #, or 2i. 


The fast learner should multiply the given 
that the answer is sensible. He should know that t e ^ 
niust be less than 3 (3 ones) and greater than 2 2 ’ 

is less than t and greater than ^u:^rtWc 

The slow learner first should use disks or J 

materials to find a fractional part of a number, as 3 ® nver 
should find the answer by use of objective materials and disc ^ 
that the same result can be found by multiplying, as 5 0 

^ ^ ^ or 4. In the same way he should find § of 12 and 

then disco%'cr that finding any fractional part of a numl^r may 
be solved by expressing the example in the form for muUip i 

tion of fracdons, as ^ of 15 — . He should understand tha 

the ans^^’e^ to the given example must be less than 15 because 
the multiplier is less than 1 . 


Alalhemalical Principles Involved in AfuUipljing by a Fraction 

At the junior Hgh school level, the superior student in arith 
meiic should be led to discover the mathematical princip 
involved in multiplying by a fraction. He should know that 
multiplication is a shorten^ form of addition of like numbers, 
therefore, he should understand the algorism for multiplying ® 
fraction by a whole number, as 4 X §. Since the order in whic 
two numbers arc multiplied does not affect the product, the 
student should understand how to use multiplication to find 3 
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fractional port of n numlicr. ni J of 12 or 3 of?. The Ino mathc- 
ntntical principles involved in 

between 3 X i and 3 of 3 and Ix-tween n X 12 and 4)12 are. 
1 Tlie order in whieli numbers arc multiplied does not alfect 

.l,epi:;:,ct.Thus, 3 X land.i X ’ I''-™/ ^^Itn 
The notation for the process is more easily understood if written 

3X1 1X3 

in the fonn — - — or - • 

lions are performed to find a fractional part 
not affect the product. The order of 
the processes is reversed in the two 
examples shown. In A, 3 times the 
number (20) is divided into 4 equal 
parts. In B, one-fourth of the vtiluc 
of the number is found by 
and then this quotient is multiplied 
by 3. Example B illustrates the prin- 
ciple that an indicated prod“et can 
be divided by a number by dwiding 
only one factor by that number. 

iU.,/h>toi;en 0/ n Fmrimn a Fraciion 

may also be used xhen the 

3 ones svhich can be w ^ numera- 

product found by multiply S j 

mrs, 3 and 2, will be the "“"'Xly the 
fraction in the answer,^ denom- 

produet found by in the answer. 

inators, 1 and 5, wm 


3 X 20 ^1^-15 


3 X^ _ ,5 
* 


3X2 _ 
J 

3X2 

1 Xi 



The diagram shows that J of i is f. From a 
tion of the kind shown, the student should know that th 
of the example is J. Now he should find the answer by mui 
plication. Since he has already learned to multiply in P 

of the type, ^ ^ he should experience no diflSculty in mul 

tiplying two fractions of the type J X J or f X s’- nrooer 
The student should understand why the product of two p H 
fractions, such as ^ X f , is less than either fraction, c s 
undentand that 1 times a number is equal to that » 

therefore, 1 X \ will be f. When \ is to be ' 

number less than 1 , the product will be less than 4 . 
interchanging the fractions to be multiplied will give a p 
less than the other fraction, or The fast learners in arithme 1 
should be able to make the following generalizations: ^ 

1. The product of two proper fractions is less than ci cr 
fraction. 

2. The product of an improper fraction having a value greater 
than 1 and a proper fraction will be greater than the prop^^ 
fraction, but less than the improper fraction. 

3. The product of t%vo improp>cr fractions, each greater than 
1 , will be greater than either fraction. 


Multiplying Thee Fractions 

The student in the upper grades may need to multiply 
three or more fractions when finding the volume of a prism* 
He should understand that the same procedure is followed for 
multiplying three fractions as applies to multiplying two fraO' 
tions. Mixed numbers having a value less than 10 should he 
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changed to improper fractions. In the c.-taraple, 2 X 4 X 5, tt 

is polible to multiply any two numbers, ^ 2 

multiply that product by 5, but it is ‘”“7“' 

♦ TtiMrinlv both 2 and 4 by 5 without changing the value of the 

In the example, ^ X 4 ^ B» .... he multiplied m 

rnyorL"umarway^<^^<-f^^^ 

to those given below, «h= «ude"t sh'udd 

discover that the Jd simplify the computation, 

of the numbers m an example 

..iXtX! ..•>=txt -tX’** 

flmt; then in c, the "Irnumben are multiplied 

tiplied fiist; in d, the order , don. The function of an 

udll not affect the ease enable the student to see 

exercise of thU kind is twofold, 

that the principles which he f^etions; and second, to 

tiplicatlon of integers =>1” ^ di^^ecr relationships among 
provide opportunities for ^ diat an exercise of this kind 

Quantities. It should be i„ arithmetic, 

i, provided only for the fast lea 


Cancellation 

CanccUation should nottemug.1 

as a new topic or ^ 

fractions are multiplied a 

fraction in the answer is red 


2x1 


_iL 

" 24 



6 


lowest terms by dividing l>oth of its 
terms by 3. In B, numerator 3 and , i V 5 5 

denominator 6 are divided by 3 ^ ^ | ^ 8 

before the fractions arc multiplied. ^ ^ 4 X 

Cancellation is used in this example. * 

Cancellation is based on the follow- ^ jf 

ing principle: Tlie product of two *'''“‘=‘1°^ both are 

the terms of the fractions arc multiplied and formed 

divided by the same number, or if the ' .J^bind the 

before the fractions arc multiplied. In examples o ^ 
teacher should emphasize the principle governing 
indicated product. This principle states that to ^ oducl is 
cated product by a number, only one factor of t c pr 
divided by that number. In example B above, on y on 
in each indicated product is divided by 3. In effect cance^^ 
is a term used to represent the principle of reduction 
product in multiplication of fractions. The teacher s ou 
the student use the term division to designate the operation* ^ ^ ^ 
cancellation is a meaningless mechanical operation w c 
trick to use for simplifying computation with fractions. 


Types oj Examples in Division oj Fractions 

The three i^tjcs of examples in division of fractions are. 

1. Dividing a whole number by a fraction 

2. Dividing a fraction by a fraction 

3. Dividing a fraction by a whole number. 

7. Dividing a iVhole J^'vmber by a Fraction 

Division by a fractional divisor hzis limited social apphc^tiot^ 
For this reason it is doubtful if this topic should be included lO 
a minimum program in arithmetic for all students in the junior 
high school. 

The student who is able to understand the work in dividiOa 
by a fraction should have a v’ariet^’ of meaningful experienc^ 
to help him master the process. The student readily understands 
how to divide by a unit fraction. If a problem calls for finding 
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how many halves there are in 3 apples, the student shodd know 
that there arc two halves in 1 apple and ,n 3 apples thm wi 

be 6 halves. This same anstver can be found by mvertmg t 
uc O uaivv. O ^ 1 - 3 X = 6, and multiplying 

divisor m the example, 3 . 2 ' i ’ 

‘“ifle": “notTrit fraction, as S, the student needs 

|-7ard‘’p!eces that can be cut from 6 yards, the following pro- 
“1“?hf rudem sholteasure the number of i yards there 

are in a string 6 yards long. -uiective materials to find 

2. He should use cut-outs or other objective m 

the answers •!__ tKcit piveni to find the 

3. He should use a drawing similar to that given, 

answer. 



4. He should discover "t^'d'lh^crc ^ot.dt 
long. Since each piece “ ^ ’^es as quarter-j-ard pieces, or 
only one-third as many rjard 

8 pieces in this case. . „i,:_ between multiplication .and 

5. He should see the relati J*, a v 8 = 6, then 6 4- f 
division of fractions. He knows that t X 

must be 8. , . , „ .hat a number may be divided 

6. The student should r , be divisor. Tlic rteiproeal 

by multiplying it by the reap ^ be divided 

of a frae&n is the fraction .nverted, 

by } by multiplying by a- ,i,, answer is sensible. If <1 

' 7 * He should understand «hy dbimr is less 

divided by 1, tlie ^“““'"‘.TL^ater than 6. Tlie student must 
than 1, the quotient must he greater 



understand that division in the ^ '^^'bi'found 

how many times as lat^e 6 is as f. The anstver can be 

either by subtraction or by division. 

men he measured the number of 4-yarf leng 
6 yards long, he subtracted f yard from 6 y-^^s 8 
student experiences the seven different B" „tyactory 

a whole number by a fraction, he should have ^ 

understanding of the process. Many students at the J 
school level will not understand the mathematica r 
inverting the di^dsor and multiplying. 


Why We Invert the Divisor and Aiultiply 

The example, 6 -t- 3 . “n be written in the more 
division notation as, If the divisor, were 1 , c ^ . 

would be easy. The product of a fraction and n . 

inverted is 1 . Thus, J X | = 1 . In the example, t)6, d % 
multiplied by ^ to give a product of 1, then 6 also mus 
multiplied by ^ to' keep the value of the example the 
The example may be written as sho%vn: 

tx X 6 = ^orS. 

Since multiplying a fractional divisor by its redprocal alway’S 
gives a product of 1, the work may be shortened by multipIy^nS 
the dividend by the reciprocal of the divisor. From this fact " 
derive the rule that to divide by a Jraction., invert the divisor ^ 
multiply. Dukcr suggested that a meaningful and understanda 
rule for the learner may be stated as follows: “In order to 
by a fraction we multiply the dividend by the reciprocal of the 
diNTsor.” * 

The mathematical principles involved in inverting a fractional 
dhdsor and multiplying in a division example are: 

1 . The product of a fraction and the fraction inverted is 1 * 

2. Both divisor and dividend may be multiplied by the same 
number without changing the value of the example. 

• Dulcr, S. “ RationaUziflg Divinon erf Fractions,” TTu Artihmrtu Ttaeh^- 1 ^22. 
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3. Inverting a fractional divisor and muitiplying by it makes 
the effective divisor 1. 


A Fractional Divisor 

A fractional 

improper fraction. The student should first learn to 

Sr^m;Sw^-^r£.amiaednomberbe.m 

two most familiar tnet ® ^ 1 , 0 , h divisor and dividend 

then multiplying and (2) y P . and then dividing the 


(1) 6 d- i = f X « 


6X4 
' I X 3 




(2) 6- 


24 -5- 3 ^ 
4-^4 


or 8. 


The preponderance 

the teaching of this method. T understanding of die 

this method may be ‘h? .W'';, hfdlvisor and muluply '«*- 

process. Frequently, pupils 'm« ,„chen accept the 

Lt understanding 

principle of meaningf fr-iriional divisor. •«<» in 

ns applied to ‘11™°" ^ Hem are three phases of mean, g 
Brownell* suggesmd that them^ 
arithmetic, as quoted o 

■ OranUeUc.FoimE. IK" , .r' 7».~I tf 

>57:17-19. . ..,s7«„I.Art.l»ne.leMe»l"*'"'"l"' 

• Brownell, \\»llkaJ« ^ .qc 

38:<84. * 



The essential meaninqs of arithmetic, apart from such uses 

involved, for example, in mensuration arc: 

1. Meanings of svhole numlxtrs, common 

per cents, together with understanding of the number s> 

2 . Undemard'mg“of“the functions of the basic operations of 
addition, subtraction, multiplication, and dinsion. 

3. Understanding of the mtionalc of computauons, ll 

used, the placement of the partial products, of quoticn 
figures, and the like. 


The writers agree with Brownell on items 1 and 2. T cm 
views arc not in complete agreement with item 3. Thc> wou 
modify item 3 to agree with their views in regard to 
in arithmetic. A pupil need not understand the basis of a o t c 
sequential steps in a process, such as division by a t\vo-p ace 
number or by a fractional divisor. ^ . 

In such a difficult process as division by a fractional divisor, 
meaning implies that a student should be able to state whet er 
or not an answer is sensible. Many students in Grades 6 an 
will profit little from instruction aimed at teaching the ration c 
of a difficult process, such as the use of a fractional divisor y 
the inversion method. It is possible, however, to teach the student 
to discover a method of finding the answer and to decide if t e 
aaswer is reasonable. In the example, 6 -4- §, the quotient is 
The student should know that this answer is sensible because he 
can discover the answer through use of exploratory materials. 
Also 6 divided by ^ is 12 and 6 divided by 1 is 6. Since the 
divisor, is greater than \ but less than I, the quotient must 
be less than 12 but greater than 6, The answer 9 is within this 
range; therefore, 9 is a sensible answer. 

In the example, § 5 = f, the quotient is sensible because 

a smaller number is divided by a larger number, hence the 
quotient must be less than 1. ^'hlen a fraction is divided by a 
fraction, the answer can be checked to see if it is sensible by the 
following three generalizations which a student in the junior 
high school should understand: 

1. When a number is diWded by itself the quotient is 1. 

2. \\lien a larger number is divided by a smaller number, the 
quotient is greater than 1. 
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3. When a smaller number is divided by a larger number, 
the quotient is less than 1. 

A fourth generalization applies in particular to dividing an 
integer or a mixed number by a proper fraction In an example 
of this kind, the quotient is greater than the dividend becaus 
divisor is less than 1. The student should discover this principle 
from meaningful experiences of the kind shown on page 193. 

Clucking to Sec if the Anstver Is Sensihk 

The student has the es^ntial •■n<i'”“''‘*7/‘’Vt'sThe"is 

the given examples; 


O-i d- I 

b. 3 d- I 

c. I d- ij 

d. 2i d- 1§ 


a. The quotient must be less than 1. 
(Principle 3) 

b. The quotient must be greater than 3. 
(Principle 4) 

c. The quotient must be less than 1. 
(Principle 3) 

d. The quotient must be more than 1. 
(Principle 2) 


in each example above, the student jh-M j-* 
frequently a mechanical Sensible. If the answer 

he should check to he should look for the 

does not agree with a seustble cheek, 

source of error. , rationalization and 

Meaning in arithmeuc does not mply 

no mechanization,” bn. ^„‘„7when part of a difR^U 

a minimum of ■"^‘^‘'J.n.cal opemuo 

algorism is performed mecham^y. ^ After the 

and multiplying. Hs important to ascertain 

use of that ntechanistic d .,1 .hese b-jc 

that the answer IS basis for such a rauonal chec . 

principles of division provides tbe 



The Common Denomimlor Method 

Some teachers use the common denominator ^ 

dividing by a fraction because they assume that d.vtsmn by tte 
method is easier for the student to understand than d‘™ton y 
die inversion method. In the program of * 

meuc in New York City, the common denorr^tor 
tried recendy on a wide experimental basis. The results p 
that the plan created so much confusion in the student s 
that the method was completely abandoned. When a smallCT 
fracdon was divided by a larger fraction, as shotvn, often me 
student did not know if he should divide 2 by 3 or 3 y • ° 


I 1- -i ^ 3 . - - 

S-2-6-6 6.S.6 


_ i ; 

1 


make this method effective, the student should be able to 
mate if the quotient is to be more than 1 or less than 1. The 
algorism of inverting the divisor and multiplying is easier for the 
student than finding the common denominator of the fractions 
and then dividing. In view of the fact that the common denom- 
inator method proved incfFcctivc in the experimental prograna 
in New York City and that the method in any case should be 
supplemented by a sensible check on the answer, the inversion 
method which is the most widely used of all methods is recom- 
mended for dividing by a fraction. 


2. Dividing a Fraction a Fraction 

There arc few social applications of diriding a proper fraction 
by another proper fraction, especially dividing a smaller fraction 
by a large fraction, as ^ However, there arc social appli' 
cations of dividing an integer or a mixed number by a mixed 
number. Usually, the easiest way to divide mixed numbers is to 
change them to improper fractions, hence the student must know 
how to diridc a fraction by a fraction. 

The student should learn to dtridc by a fraction by inverting 
the fraction and multiplj’ing. As pointed out before, it is difficult 
19B 



to make this operation mathematically meaningful to many 
students in the junior high school. Therefore, emphasis ,s placed 
on knmving that an answer is sen- ^ a _ 1 v i - 4 or I 
sible. The solution on the right J. “5 

shows how to divide a proper frac- 

don by a proper fraction. To a great extent this is a 
operaLn. The student who understands the meaning of division 
o? fractions should be able » ~ “'l^g 

Itthe'r orT. 1 aXt s^mibie tn division of fractioru 
consists in the application of the three generalizations given 
pages 196-197. 

3. Dividing a Fractivn by a Wholt Nnmbtr 

Of the three “ 

a fraction by an integer t .y it is smaller than 

example, as J -r 2. TOe st „ gnding half of it. Therefore, 
into two equal parts is the Mm cpding half of a number, 

dividing a number by 2 is j by\ or i X i- From 

Thus, J d- 2 is «h= diLver that a frac- 

illustrations of this kind the yr by multiplying by the 

tlon may be divided by a^i integer is 1 divided 

reciprocal of the integer. _ nf 4 is 

by that number. Thus, the ''“‘P dividing a fraction 

The fast learner " dividing whole numbers. 

by an integer follows the sarn p f ^vision consists in 

He learned that the ^'’^hus, finding i of 12 i. 

finding a 4 d-iding 12 by 4 u to 

S“multi;ryi:"g 12 by™ 7 “’^"wT§ 

'r4ru&v;'’:Stipi^^^ 



At the junior high school level, the student who develops 
insight into number should discover that a fraction may 
divided by a whole number by ttvo different procedures. Either 
the numerator of the fraction may be divided by the integer, a 
4 ^ 2 = I, or the denominator of the fraction may be multipiie 
by the integer, as J -e 2 = f . Since dividing a fraction by a 
whole number means to make the parts of the fraction smal , 
every fraction can be divided by an integer by multiplying tne 

4 __ ^ 2 

denominator by the integer. Thus, ^ -j- 2 = ^~x~2 "" ° ^ 


Complex Fractions for Enrichment 

The fast learner can have his understanding of fractmns 
enriched by a meaningful treatment of complex fraclions. ^ 

example, f 4- 2, may be uTitten in the fraction form as 

A complex fraction has a fraction in either the numerator or the 
denominator or in both. Fractions of this kind appear in algebra 
and in per cent as shown on page 201. The comple.x fraction 
shoNsm has f as its numerator. The student should have discovered 
from examples of the type, 3 X §, that, when a fraction is multi- 
plied by a number equal to the denominator of the fraction, the 
product wU be the numerator of the fraction. In the example 
3 X §, the product is 2 which is the numerator of the fraction 3- 
The student should know that both numerator and denominator 
of a fraction may be multiplied by the same number without 
changing the value of the fraction. This principle applies to 
complex fraclions. The application of this principle makes it 

possible to simplify a complex fraction. In the example, -j, 

if both terms of the complex fraction are multiplied by 4 (the 
denominator of the fraction, f), the complex fraction is changed 
to the equivalent fraction %. 'niereforc, f -t- 2 = §. 

The fast learner needs to know how to solve complex fractions 
when he expresses certain per cents as equivalent common frac- 
lions. One of the casi«i ways to change a per cent to a common 
fraction is to drop the per cent s>Tnbol and divide the number 
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by 100. To illustrate, 25% = or i- Similarly, 12i% - 

1 9 — U 

This complex fraction can be 
100 ^ 2 X 12^ ^ I 

simplified by multiplying both of its 2 X 100 200' 

terms by 2 as shown on the right. An 
example involving dividing a fraction 
by an integer, as § h- 4, should be solved by two methods. 

I ,, ULi^^^ori; f ■s-4 = §Xi = A.ori 
OnV st!dfntl benefiting from an enriched program in arithme- 
tic, however, should deal with comple.v fractions. 

Disccvmns RMiomhp^ among OperaUom milt Frnctwm 

On page .69 the teacher found tj. M 

ijrdeXrwi’.~" v-vr 

similar purposes. The student should use p- i 1 -71 

the three fractions in box A and make ^ 1 ^ a 

two examples in addition and the corre- 
sponding examples in subtraction. ^ ^ teacher should 

of the examples in - ^he'student should discover if 

not indicate the process to ' , . multiplied in order to 

the first two numbers must be added or mu p 

give the third number. -rhool who have a good 

' Most students in the little difficulty 

background in multiplication of fraettons, 
making two examples in mulnphcanj 
from the numbers in ho* ■ . 

more difficult for these 

the corresponding example m dtvmon 

In that case, the teacher sh^di^- 

example with integers as t 

The principle '“‘“ ^ b^renum- 

of two numbers is dn id > ber 

ber, the quotient will be the 



t 

s. 

9 

make a division 

E 





number. Using the numben in B, ^ the ^ 

numbers, f, is divided by one number, as 4, quotm 
be the other number, or f. Only the very 
able to diseover how to svrite the corresponding «ampk 
divUion from an exampk in multiplication of fractions, as 
the exampk, § X 4 = 2- 


c Teaching the Basic Operations with Decimal Fractions 
Meaning 0} Dicimal Fractions 

Most of the students at the junior high school level 
the meaning of a decimal expressed as tenths or hundr^tns. 
The student who docs not understand how a part of a umt can 
be expressed as a decimal fraction should use his squa^ ^ 
described on page 147. He should discover that the toge blame 
square is equal to 10 equal strips, and that each strip is 
to one-tenth of the whole. One-tenth may be written as .1 or 
From the use of his kit materials he should discover that 1 
or 1.0, Then the teacher should have a student demonstrate me 
same fact by use of markers in place-value pockets. In a simu^ 
manner the student should learn to express a unit as hundredths 
by using his Idl materials and also markers in a place-value 
pocket. The diagram shows how to use the squares to represent 
the number 1.38. 

When the student understands the meaning of tenths an 
hundredths from use of his objective materials and visual repre- 
sentations of these places, he should discover that the next sub- 
division of a decimal fraction would be thousandths. If the 
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student is unshle fa make this discovery, be should revjciv the 
study of the meaning of tenths and hundredths by further use 
of objective and visuaJ materials. The student tvho docs not 
develop enough insight into the structure of our number s>*stcm 
to discover the meaning of thousandths in reJation to onc^ 
tenths, and hundredths will derive little benefit from performing 
operations with decimals expressed in more than two places. His 
decimal usages most probably WIl be confined to their applica- 
tion with money. 

The student should discover the relationship between the 
names of the places to the left of ones’ place and the names of 
Chc corresponding places to the right of ones’ place. The position 
of a place on the number scale should be determined from die 
ones’ place and not from the decimal point. In the number 
304.25<), the 3 should be identified on die number scale as 2 
places to the left of ones’ place and not as 3 places to the left 
of the decimal point. The 6 is 3 places to the right of both ones’ 
place and the decimal point, but the ones’ place should be used 
as the point of reference from which to identify the position of 
a figure in a number. One place to the left of ones’ place identifies 
tens and one place to the right of ones’ place identifies teiiths. 
Similarly, two places to the left represents hundreds and two 
places to the rigbi represents hundredths. From the illustrations 
it is seen that the decimal point identifies ones’ place. The point 
should not be used to indicate the place from which to identify 
the value of a position. 

P/acs JWue Understandings Jot Superior Students 

An cxccncnt type of problem for the superior student is one 
in which he compares the value of a digit expressed in different 
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positions in a numlicr, as the 2’s in 292, or in 2.02. The \aluc 
of the 2 in hundreds’ place in the number 292 is 100 times the 
value of the 2 in ones’ place. The relationship is the same when 
comparing the values of the 2’s in 2.02. The value of the 2 m 
ones’ place is 100 times the value of the 2 in hundredths’ place. 
There is more difficulty involved when the values of two different 
digits arc compared, such as 2 and 4 in the numbers 24 or 4.02. 
In the junior high school, only tlic very superior students in 
arithmetic are able to express the relationship between the values 
of the digits 2 and 4 in an example of the type 2.14. Many 
students who can express the relationship between the values o 
the digits 2 and 4 in the number 214 cannot give the ratio o 
the two values in the number 2.14. This proves that the students 
do not have a clear concept of the role of the decimal point in a 
number.® 

The point identifies the ones’ place, but It docs not affect the 
relationship between the values of any two digits in a number. 
Thus, the value of 1 in each of the numbers 1034, 10.34, and 
.1034 is 250 times the value of the 4 in these numbers. 

The student should express the ratio of the digit having the 
greater value to the digit having the smaller value and then in 
the reverse order. In the number, 272, the value of the 2 m 
hundreds’ place is 100 times the value of the 2 in ones’ place. 
Therefore, the value of the 2 in ones’ place is of the value 
of the 2 in hundreds’ place. The student should discover that 
moving a digit to the left multiplies the digit by the power of 
10 for each place the figure is moved. The relationship between 
multiplication and division applies in this situation. The student 
should have learned that multiplying by a number is the same 
as dividing by the reciprocal of the number. Therefore, if o^ie 
digit in a number has a value 250 times the value of another 
digit, as is true of the digits 1 and 4 in the number 1254, the 
ratio of the values of these digits in the reverse order is 2 ^- 
The teacher should provide exercises of this kind for enrichment 
purposes for those who excel in number. These students develop 
deeper insight into number than others. 

» See Johnson, T. J. “The Use of a Rukr in Teaching Place Value in Number?,” 
The Matkmaties Teaeher. 45:266. 
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Social Afplicalions of Decimals 


Tlic teacher should have the class make collections of us« of 
decimals found in newspapers and mngartnes, and m other 

m be used for display purpmes and to arrange them effecmel, 
on the bulletin heard. 

averaBL‘’o7Ihrieyd' ^ 

averages of pitchers, ranlunss of teams, jhe 
points scored per Same o^ understand that 

statisucs found m sports. rvnresscd as thrcc-placc 

batting averages and team stan mg ■ P 
decimals, rounded off from “ ^'^/"^unner a, a whole 
that a decimal is rounded o illustration to 

dcdl:^[l “in. does no. alfec. the operation which 

occurred in 1949. In t a > determine the batting 

hatting average to four dec. P contenders were 

champion in the 
Kell and Williams whose records 


liatler 

Kell 

Williams 


At Bat 
522 
566 


Hits Baltins Averase 
179 .3429 

J94 .3428 


• - ijaamie it was necessary to 

For the first time in /'"''™iln:imal places » dclemi"' 
carry the batting average o . that Kell wo 

batting champion. F™- .^thousandth. The teacher 
the batting championship by students m the 

should capitali2e on the intcr^ interpret 


should capitalize - - jo,,. jearner ... r 

use of decimals in sport . Often „„<,„s.and 


useordcc.ma.su. he, 

decimals as used m sports, 
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the mathematical relationships involved in decimal 
There are many American youths who know the significance 
“300 hitter,” but they may never understand much abou 
mathematical interpretation to be given to the simple ex- 


pression .juu. ^ . . _ 

A list of current uses of dcdmals will show that frequent y 
group name without the zeros as place holders will be used W 
express a large number. The number, 4,500,000, can be 
as 4.5 million. Of course, the number also can be expressed 3S 
4500 thousand. When dealing with millions and billions, it is 
predominantly group names instead of zeros that are used W 
express numbers. At a recent date leading newspapers stat 
that our population was 167.4 million. The student must 
to interpret and to write this number with figures. The num ^ » 
167.4 million, means 167 million, or 167,000,000, and .4 million 
which is .4 of 1,000,000, or 400,000. Therefore, 167.4 million 
is the same as 167,400,000. In newspapers the group name of a 
large number is used predominantly in place of zeros because 
many readers are unable to distinguish beisvcen millions an 
billions when zeros are used as place holders in large numbers. 
It is much caster for the reader to get the correct concept of the 
meaning of the quantity $7.5 billion when written in that form 
than as $7,500,000,000. 


Addition and Subtraction of Decimals 

The ease wth which computation may be made with decimal 
fractions represents one of the great contributions of the decimal 
number system. Buckingham described this fact succinctly as 
follows: 

In the handling of numbers the dream of the algorist was to 
free men from a machine. . . . For centuries the algorist’s dream 
came true only in the domain of the natural numbers. At the 
frontier between whole numbers and fractions his conquest of 
arithmetical illiteracy ended. 

Then came the great sixteenth century and with it, among 
other things, the discovery of dedmals. By this discovery the 
“front” between the dommn of whole numbOT and fractions was 
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olililcralcd. The alijorist had completed his work. His notation 
emhraeed the inconceivably larpe and the 
The formi which he bequeathed to humanity held good through 
It the ” aim of fractions_a, they led already been found to hold 
in the realm of integers.'* 

Tito student adds or subtracts decimals as he adds "Subtracts 
Intecers He has learned that only like quantities with mlegem 
can^bc added or subtracted. This principle applies 

to If a student knows that 

decimals as he did with whole ^ how to 

only numbers in like places^^mb^^^^^ ^ 

approsimalc an answer, , ; assumed that the 

"■‘IdeaTrho -e of ro«rd drrtWr « shtnvn^in A 
should not he tolerated. "“”^„„onls of some 

or subtracted usually h“7d 

kind, all measurements to . , , 1,0 given 

pressed to the same ‘*'8''"' ° ’Jf^Jossed as tenths, hundredths, 
example, all numbers mu numbers should be 

or thousandths. Throretitmll^, .hejumta^^ . 

rounded off to the least p written as shown in 

tenths. The example ,ho student should 

B. At the junior high so as to express 

be instructed to fill m the ,he most precise 

each number to the same example conta.ntng the 

measurement, namely, shown in C. 

ragged decimals '"""^rpetuate the use ^ 

Many standard have Mped to keep .h.s 

of ragged decimals. 

obsolete material m ^ of an e.xamplc 

The student approxima ^ ,n 

»hicH contains, ore 

e HR /tri/W****®* 

»• Buckingham, B. R. tim / 

Boston: Ginn and Company, 207 


A 

4.3 

1.56 

0.385 


4.3 

1.6 

0.4 


C 

4.300 

1.560 

0.385 



D, by rounding off the numbers to the nearest tenth D 

or to the first place in which significant figures are 403 
written. The approximate sum would be 1.1. The true 29 

value of the sum is 1.200. If mi.\cd decimals, as 42.5, .543 

are added, the student should round off the numbers MS 

to be added in the same manner as when dealing with 1 .200 

integers. Then he should find the approximate sum. 

In the discussion of D above, it was suggested that the true 
value of the sum is 1.200 and not 1.2. Each of the numbers is 
expressed as thousandths, therefore the sum must be expresse 
as thousandths. If the sum is given as 1.2, the maximum error in 
measurement is 100 times as great as the maximum error in t e 
number 1.200. 


Multiplying a Decimal by an Integer 

The student should have learned that the decimal point 
identifies ones’ place, and that the point docs not affect the 
method of computation within a process. Therefore, the algorism 
of multiplication of decimals is the same as multiplication of 
integers except for the identiBcation of ones’ place in the prodimt 
which is the equivalent of the placement of the point in 
product. The slow learner can use his kit material 
to objectify multipljing a decimal by a whole 
number, as in the examples on the right. He also 
can find the ans^v•e^ by addition and by use of 
common fractions. From varied experiences of 
this kind with objective and symbolic materials, 
he should understand how to multiply a decimal by an integer. 

Most of the members of a class at the junior high school level 
should be able to approximate the answer in multipl>'ing a 
decimal by an integer to determine the position of the point in 
the product. Then the work can be checked by appl>'ing a rule, 
such as pointing off as many places in the product as there are 
decimal places in the number multiplied. In example A given 
above, the student should think, “.4 is a little less than a half 
or .5, so the product must be a little less than 1.5. The answer 
must be 1.2.” In B, the thought pattern would be, “1.8 is a litde 
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point 

in the 

A 

B 

.4 

1.8 

X3 

2<2 

1.2 

3.6 



less than 2, so the product must be less than 4.” In an 
example of the type shown on the right, the student .075 
should think, “.075 is a little less than .1, hence the 
product must be less than .5. The answer must be .375 .4/5 

When a student deals with deeimals in this manner, he 
shows that he understands their t-alue. 


MvUiplying by a Poiver of 70 

The student should discover that multiplying a dccim j by 10 
or any power of 10 is the same as moving the decimal point 
as maly places to the right as the pot«r of 10 

At the beginning, the Student shou he XlO 

write the work in the long form “ ^ 

should be able to generalize about the posiuon of *e 
decimal point in the product when ^ ''P'” , 0(,o is 
power of 10. The ii Tdecimal. 

needed in division a whole number by mul- 

When a decimal divisor is ch g dividend also must be 

tiplying the divisor by a P°"'' Therefore the student must 
multiplied by **'' ^me povv „„„ 

be able to multiply a decimal > , product a 

know by what power of 10 to . ,000 X .045 

whole number. Thus, the stu e j ,,, ^ ,q 0 order to 

= 45 and that it is necessary to multiply ■ 
have the product equal to 314. 


Multiplying an Inltgrr by a Decimal 


Multiplying an inicgn gi 

the^unior high t 

of 45 miles pi.,ce, hence the point 

decimal point idMti ^ jn diis example, he 

does not affect the b, more than 45 

should see that the distame 

miles and less than SO ml ^ 75 p„,„ 

must be the correct • 


45 

0.5 

225 


57.5 



similar illustrations the student should be to d^cover that 
there are as many decimal places in the product as there 

decimal places in the multiplier. r,„„rl„ct 

The student learned that interchanging the factors of a p 
does not affect the product. He also learned hovv to ^ 

decimal by an integer. Therefore, he should be able to multiply 
3 X .5 and from that he should know that .5X3 would hav 

same product. v 1 S bv 

The student can check the given example, 45 X i 

expressing 1.5 as its equivalent mixed number and then mu * 
tiplying 45 by ij. A decimal fraction has an indicated denom- 
inator of a power of 10- Thus, the decimal fraction, . 3 , can 
expressed as a common fraction as Similarly, the decim 
fraction, .03, can be expressed as a common fraction, as 
By use of common fractions, the answer of the given cxamp e wi 
prove that the product of 45 and 1.5 must be 67.5. Thus, a 
students at the junior high school level should find the^ 
of the decimal point in the product of an integer multipUe Y 
a decimal by three different means. 

1. Apply the principle that interchanging the factors of a 

product does not affect the product. ^ , 

2. Express the decimal as an equivalent common fraction an 
then multiply. 

3. Estimate the approximate product, especially when e 
multiplier is a mixed decimal. 


Multiplying a Decimal by a Decimal 


A 

B 

4.2 

.6 

XI. 2 

X.3 

5.04 

.18 


C 

.3 

X.2 

.06 


Examples A, B, and C represent 
the three basic types of examples 
found in multiplying a decimal by 
a decimal. The product is easiest to 
estimate in type A. In A, the product 
must be slightly more than 4 (1 X 4), 

hence the only sensible answer is 5.04. The use of common 
fractions should enable the student to understand that the 
product of tenths and tenths is hundredths as shown in types 
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B and C. From similar exorcises the student should discover that 
I& numJrr a/ *ciW phe: in Hi prcJucI is iqna! to th^m oj lhs 
“of Ln,nl plL in Hu nn^iiss 

high school level, students who have a ‘ J 

standing multiplication of decimals should be able 

“tud^m who develops a high degree of insight into the 
meTtLror'hUumber^temsl^o^^^^^^^^^^^ 

•%''T^e%;^uct of ones and hundredth. U hundredths, as 

4 X .03 = .>2. . . , of any place has the 

6. The product of ones and the value oi a > i 
value of that place. 

At the completion of i^apiaM^aiue of products 

smdent should be abetoundmtandjhe^P^,^^ 

of the type shown. In the P P understo^ m an 
ones and ones ts j, n.ay no. be understo^ 

example of the type, ^ X \ ’ ,5 ,l,e latter e.xamplc. 

in an example of ■>>' and the product is 18 o^ 
6 ones arc multiplied by number may be regrouprf 

which is an ongrouped num^. 1 h ^ua,s may be 

as 1 ten and 8 ones. In a ,he siipenor 

regrouped. I. should a in which he locates 

student will be able to profit from a inossnni shi 
the position of the P”'"' L.om, such as the prod« 

product of the place ,,,„,arial of this Imd is fo 

of tenlhs and tenths is superior siiiden. so iW 

enrichment purposes to challe g and abo 

of die principles "liicti go 

s>-stcm. 



Dividing a Decimal by an Integer 

There are four types of examples in division of decimals. They 


are as follows: oVT? 

1. Dividing a decimal by an integer, as 

2. Dividing two whole numbers with a decimal 1 q 

as 5)2; 12)18 . < eVg 

3. Dividing a whole number by a decimal^ lyz-ifo 

4. Dividing a decimal by a decimal, as -SblZ; 3. ) ■ 

In types 1 and 2, the divisor is a whole number ■ VP 
3 and 4 the divisor is a decimal. Type 1 is easiest for the student 


to understand. 2 

Examples X, Y, and Z represent X Y 

the three basie types of examples 2.3 -Oo 

found in dividing a decimal by a 2)4.6 2).12 

whole number. In Y, the 1 tenth 

must be regrouped as 10 hundredths, making a total ot 
hundredths. In Z, 5 tenths must be regrouped as 4 tenths and 
10 hundredths in order to complete the necessary division. 
Diagrams A, B, and C show how the student should use his 
decimal squares to find the answer to examples X, Y, and Z. 

The first row in each diagram shows the number to be divide . 
In diagrams B and C. the numbers represented must be re- 
grouped. The second and third rows show the number in the 
first row divided into two equal parts. 
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The teacher should make a visual representation of an example 
on the chalkboard as shoivn below Each student 
to tell the steps involved in the representation. Here we ha 
shown .5 divided into two equal parts. of 

Next, the student should make a 
the examples which he solved with his squares. The 
*11 tave^o use objective materiaU for = 
fast learners. As soon as a student is ^ 

answer, he should has an under- 

rsltof^e pr:— awe to siate that the quotient 
will be slightly less than 2. 

Dividing Tm UUgers ivilh a Dec, mat Quotient 

There are two a 

dividing an integer by ^ fraction as a 

quotient. They are. ( ^ P | ^pressing the ratio of a 
decimal fraction, as j; - -5, anu v ' C ^ j 5 -pijj smdent 

commor^ 


TENTHS 


^^^^y^fessannHoSEl 


rruTHS I HUNOaeu mi- 



TENTHS 


tenths 



its decimal equivalent. He has learned that every fraction is an 
indicated division. The fraction f means that 2 is to be tvi e 
by 5. The diagram shows how the student finds the dccima va 
of the fraction f by the use of objective materials. He discovers 
that 2 ones cannot be divided as ones, hence the ones are re 
grouped as tenths. When the 2 ones arc regrouped as 20 tenths 
or 2.0, the example is the same as dividing a decimal by art 
integer. Diagram A shows 2 ones which are regrouped in B as 
20 tenths. In C, the tenths arc then divided into 5 equal parts 
with 4 tenths in each part. Therefore, f is equal to 4 tenths, 
or .4. This fact can be shown wth symbols as given below. 

I = 5W= S^ZOT I = .4 

The student uses objective and visual materials for finding the 
decimal equivalent of common fractions until he is able to 
operate with understanding vdth symbols. He understands the 
process when he is able to state the steps involved. 

The student should use his exploratory materials to find the 
ratio of a larger whole number to a smaller whole number. First 
he should express the numbers as a common fraction and then 
find the ratio between numerator and denominator. He should 
use small numbers to objectify the process. He should not use 
manipulative materials to objectify such large numbers as m 
the example, 20)75. 
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The three fractions on the right represent ^ ® ^ 

different levels of difficulty in changing a com- 5 3 9 

mon fraction to a decimal fraction. In A, the 

numerator of the fraction must be regrouped only once to find 

ffie dectaal equivalent of the fracdon. In B, the 1 of Ac nu„. 

orator must be regrouped as 10 ten As and 

dredths in order to find Ae exact decimal value of the fracuo 4 

XyTetcStrstut£exp^r«A^ 

to two decimal places, roun mileaee per gallon 

owner of a car wishes to know Ae m Ae 

of gasoline be satisfactory. On the 

nearest mile or tenth of a m expressed to this 

other hand, the average ""'“8' P ® *e mileage in a 

accuracy would be consumption of a motor 

scientifically conducted test of g illustraUons of 

car. Batting averages - f,^rth place. Therefore, 

three-place decimals rounded off f ,he 

the teacher should be sure ranno. be found 

conclusion that a d«™al wht^ 
always should be expressed to the near 


ifpeatin^ Decimals 

The fast learners Should he 

inrichmcnt of the same, as in Ae quotient 

vhich Ac figures in Ae quotiOT sequence, as in Ae 

„ .333-, or rt-ey in Ais quotient . e^ 

luotient 77 T - •>‘'2®”— se^ence. This sequence from 

'ended will repeat in *' is called the /oi»/ of A 

one appearance to j? divide to find Ae^n.^ 

repeating decimal. The «uden^^^^ ^ and t 
of Ae figures in the decima 215 



Then from a study of the sequence of the digits in the quouent 
he should be able to write the period for the J P 

fractions having a denominator of 7. ™ ^ „ 5 i„g 

challenging to write the decimal value of ’’gjyjf 

the period given before for the fraction ^ and the P"*^ 
for the fraction ?. The superior student should be a 
cover the period of a repeating decimal of proper 
a denominator of 11. The period of the fraction * 
this fact the student should be able to write the period for tne 
Other fractions in this family. 


Dividing by a Decimal 

Grossnidde'' gave a test including the four types of e.xamples 
in division of decimals to 761 students distributed about equal y 
in grades 6-9, inclusive. From the results of the test, the per 
cent of error and the index of difficulty of each type of example 
were found to be as follows: 

Per Cent cj Index oj 
Typt cJ ExmpU T old Errors Diffisrilljr 


1. Dividing a decimal byanimeger 14.1 

2. Dividing integers with decimal In 

quotient 17.0 

3. Dividing an integer by a decimal 44.4 

4. Dividing a decimal by a decimal 23.6 


0.272 

0.781 

1.029 

0.389 


The index of difficulty was found by dividing the number o 
errors made on each part of the four classifications by the product 
of the number of students and the number of examples on that 
part. The data show that dividing an integer by a decimal, ^ 
.3^, was the most difficult type of example in division of deci- 
mals. Just as a student finds it difficult to divide an integer by 
a common fraction, so he finds it difficult to divide an integer 
by a decimal fraction. It is very difficult, if not impossible, to 
make a visualization of thb operation. A visualization shows the 
steps of an algorism in terms of the structure of the number 

•• Grossnlckle, Foster E. "Type of Errors in Division of Decimals,” Elffnentary 
School Jotnnal. 42:190. Chicago: University of Chicago Press. 
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.5 


.5 


.5 


system. Any operation whieh cannot be visualized is difficult, 
SpecTally for the slow learner. It .s easy to -ahe a faph. 
representation which will show the anstver f * 

tvoe 5JS The diagram shotvs dte answer of this esamplc, but 
to iagram does not help to student 
for divitog 3 by .5. 

is an iUuslration. An illustraiion sho ■$ ans\vcr and 

steps in the algorism; a f ^ 

the steps in the eurriculum for 

ized, that process should not be P®” dividing a decimal 

the slow learner. It is possible “ ” „ it is almost 

by an integer and an “"“"’f:;"'? ’ 

impossible to visualize dividing y a ^ 

A number of different student should 

decimal. In initial learning ® P multiplying by a power 
make the divisor a ^ *= 

of 10. It follows that the divide . procedure 

same power of 10 There " Fiist, mulUplying both 
should be used in dividing by o'* ,he divisor 

divisor and dividend by ® . nrjjjciple which the student 

an integer applies a Integer, the number of 

understands. Second, if t J decimals as given on page 212 
kinds of examples in division o ^ js an 

is reduced from four ty^s o decimals involves dividing 

integer, an example in integer by another integer, 

either a decimal by with his kit ma.erial 

The student can objecufy both division of decimals is 

and both types can be a whole number by 

greatly simplified when • ' ^ ^ „„cr of 10. 

multiplying divisor and dividen y 


Every fraction is an indicated division, and every division 
example may be expressed as a common fraction. The example, 
. 573 , can be \mtten in the common fraction form as Now 
it is easy for the student to see that multiplying both terms of 
the fraction by 10 will mtdtc the 

divisor a whole number. The student = 22 = 5^30 

should write the steps in the solution 10 .5 5 

as shown. A student will not be able 

to understand how to make the divisor a whole number until 
he knows how to multiply by a power of 10 and by what power 
of 10 a decimal must be muhiplicd to have the product equal 
to an integer formed by the digits of the decimal. 

One of the attributes of meaningful learning in arithmetic is 
growth in dealing with numerical quantities. The student who 
must continue to rewrite an example in division of decimals w 
as to make the divisor an integer docs not exhibit growth m 
dealing with this process. He should develop insight into^ the 
multiplication process and discover that moving the decimal 
point towards the right in both divisor and dividend is the same 
as multiplying both numbers by a power of 10. 

Then he may use the shortcut procedure demon- 
strated in the example on the right. A caret often 
is used to show the shift of the decimal -points in 
the example. Frequently, each shortcut is a me- 
chanical operation, hence it does not necessarily 
represent growth in the student’s ability to deal with quantities. 
The student should estimate the approximate quotient. In the 
example, .15). 135, he should see that 15 hundredths is a little 
larger than 13 hundredths, hence the quotient must be a little 
less than 1, therefore, .9 is a sensible answer. A student who is 
unable to determine whether or not an answer to an example 
in division of decimals is sensible has not reached the level of 
master)* to be anticipated of most students at the completion of 
the elementary school. When a student attains mastery of opera- 
tions with dirision of decimals, he kno^vs that: 

1. Decimals are dirided in the same manner as whole numbers 

2. The decimal point identifies ones* place 
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3. Both divisor and dividend may be multiplied by a power 
of 10 to make the divisor an integer, which is the same as 
moving the decimal point towards the right in both num- 
bers, without changing the value of the sample 

4. He should estimate the answer to see whether or not it is 

In most'Les he should ostimatt the answer and ehea hU 
estimation by some other procedure. The P"*'™ " 
mation can be illustrated in the three examples pveu below. 


A 

.ejiT 


c 

25]^ 


In A. the student should think, “.8 is a litde less than 1, so 

InTtr ^ ^ 

‘1n“he1ho:.d"thlnk, -.2 is a Utde less than half of 25, so 
the quotient must be a little less t ^ ,q gee that the 

For enrichment for fast is^olpply the “sub- 

point in the quotient IS p ace number of 

tractive principle.” .-oua! to the number of decimal 

decimal places in the quotien decimal places in 

places in the dividend mmu of the principle which 

U.e divisor. This is the inye.se J numbers, 

governs the number of P>“^“ U.e product of two numbers 
The number of decimal places i ; j pbees in these 

is equal to die sum of *o ™",fp,ac=s ‘ho P™"“' 
numbers. Thus, there are >^0 “““ ^ 

of .15 and 2.5 as shown in A. fth 

product, .375, with 
given, the missing factor is found by 
dividing the product j 5 

factor. In B, the given factOT 
and the missing factor is ■ • 
number of decimal P'i'O® ^ 

quotient is found by subtracting the 


2.5 0 

X.15 i2ploai} 
"^375 (3 


2.5 

•liT^ 
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number of decimal places in_ the 

divisor from the number of decimal ^ .15 

places in the dividend, or 2 from 3 2.5).375 

is 1. Similarly in C, the number of 

decimal places in the quotient is 

found by subtracting 1 from 3, which gives 2 A 

this kind is desirable for enrichment purposes. As initial mst 

tion, the process is too difficult for most students to learn 

means of finding the position of the point in the quotient. 


Discovering Relationships between Related Processes with Decimals 

The same testing procedures that were used %vith integers and 
common fractions for discovering the relationship between 
process and its inverse should be used with decimal^ ractio 
Samples of the types of examples to be used for this purpos 
arc shown belotv. 


,4 ,8 1,2 


Addition 

(and Subtraction) 

The student should be able to make the four examples which 
can be made with the numbers in each box. He should be a e 
to discover the process to apply to two of the numbers in ea 
box to give an answer equal to the third number. When ^ 
discovers how to make one example, he should be able to make 
the three remaining examples. 


.2 .3 I .06 

Multiplication 
(and Division) 


d. The Kinds of Problems in Common and Decimal Fractions 

The Three Types oj Problems in Fractions 

The three different usages of common and decimal fractions 
in problems are: 

1. Finding a fractional part of a number, as in the problem* 
Find the cost of pound of salted nuts at $1.60 a pound. 
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2. Finding the ratio of two numbcK, as in the probiem: A 
team won 1 5 of the 20 games it played. What part of the number 
of games played did that team win? 

3. Finding a number when a fractional part of it is given as 
in the problem; A team won 12 games which was j of the 
number of games played. How many games did that team play . 

These th?ee types of problems correspond to the three usages 

of per cent discussed in Chapter 7. 

The third type of problem, in which the given number repre 
senl a Ltional parrof theunltnown number, --^1 y " 
for most students in the upper grades. A diagram s g 
relationship between the given number and 
often helps the student in finding " 

diagram for problem 3 given above is shown below. 


12 




n 





Games played 


The student should see that 3 and then 4 

12 games, hence 1 of the parts p nj ]6 games. In 

parts would represent 4 timra to find 

this case the student h be as 

the missing number, me soiuo 
follows: _ 12 

1 of the number of gamm ^ ^ 

Atahigher level of unde— g,—^^ 

to find the missing number by d B 221 




fraction. The solution is based on the following mathematical 
principle which he should understand. 

If tht product oj tivo rambirs and one of the numbers are giien, 
other number is found by dividing the product by the given number 

In the above problem, the product of two numbers is 12 ana 
one of the numbers is J. The example may be umtten ns 
12 = a of ?. The missing number can be found by dividing 12 
by J. Since the divisor is less than 1, the quotient must be larger 

than 12, the dividend. . 

The highest level of operation consists in making a formula 
to express the relationship among the three elements involving 
fractional usages in problems. If represents the fractional part, 
/ the fraction, and b the base, the fractional formula become 
p = bj. This formula corresponds to the percentage formula 
which Isp = br. Buckingham” used the term derivative to d«ig- 
natc the fractional part represented by p in the formula given 
above. He suggested the letter d to represent the derivative md 
then the formula would become rf = It is evident that 
of these formulas should be used tmtil the student has- a good 
background in solving for a missing letter in a formula or an 
equation. The experience of the writers bears out that most 
students in the junior high school do not know which numbers 
in a problem should be substituted for given letters in the per- 
centage formula or in similar formulas. Therefore, the fractional 
formula should not be used until the student becomes familiar 
with solving problems involving each type of fractional usage. 
This formula may be used at the upper level of the junior high 
school to synthesize the work in dealing with the thi«e fractional 
usages in verbal problems. 


Questions, Problems, and Topics for Discussion 

1. tVhat mintmum mateiiab should comprise a student’s arithmetic kit for 
dealing with common and dcomal factions? 

2. Formulate criteria for determining the kinds of fractions to be taught 
in addition and subtraction in a course of minimum essentials in arithmetic 
at the junior high school Icvel. 


Bockinghazo, B. R. t>p. p. 281. 
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5 1 . 

8. SimpliTy the following complex fractions 


3. Illustrate several wa>-s of differentiating the curriculum in common 

'” 4 ." Make sampta of all diffe.eot types of esampta possible '"'“'''‘“S 
tt™ like fractions. The term fracUons ineludes mixed nnmbeis at well as proper 

^T'hMte samples of all different types of examples pooible involving sub- 
traction of two unlike but similar fractions and muted mtmtets 

6 mat are prime nomben> Write all of the pttme number, from to 100. 

1. What is meant by eaneellslion 1" 
the basic mathematical prinetples which eovern the ope, at, on kno 

cancellation? i i i ]i H- k 

Ji ? 3’ IM' i' 

0. State at least ftve diffetent ways to find dte amwer .0 an example in 
which a whole number is dividtri by a „d 

to. \Vhat is the mathematical reason for « g 

then multiplying? expressing them with a 

n. Show how to divide two 'rXrdtvId.ng fractions 
conmton denominator. Appraise this m , „ „„ be differentiated 

12. Shotv how the eurrieulum in dnoston of fraenon. 

for slow learners. . 

13. Write four examples using the nombas gtven ^ 

in the box. . . _ to 

14. What is the value of a 2 1™"" “ f pi,ee? 

the left of ones' place? five places ^he t« f ^ ,b, 

15. Write with liguies the nomto tepro ^ ,c,enldt 

same number expressed as » • 

notation. . j-ITm-nt uses of decimals in situations having 

1 6. Make a list of at least s.x d.lferent uses o 

social significance. 1 m of a modern school should not inclu e 

17. Give reasons why the eumeulum Ufa mo 

work with ragged decimal.. hundiedtha; b. Tenths 

16. Give the products of the d- Tens and thon«.ndths. 


by the denominator, or 4." Appraise 
learning in finding how to exprest . 
fraction. 


-reorient deeima, 



22. Enumsratc appro-clmatcly four different wait to divide by a decimal. 
Appraise each method and indicate the method you consider best. 

23. Write four examples using the numbers given 
in the box. 

24. \Vhat arc the three uses of fractions? Give 
problems to illustrate these three uses. 

25. Write the following in numbers: 

o. 7.5 millions c 9.65 millions 

b. 3.8 biliions d. 7.28 billions 

26. Write as indicated: 

Q. 9,650,000,000 as billions; as millions, 
b. 34,800,000 as millions; as thousands. 
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chapter 7 

Per Cent and Its Applications 


-THIS chapter deals with the following topics: 

I a. Teaching the meaning of per cent 

b. Finding a per cent of a f ,l,cr number 

c. Finding what per cent one number « ^ 

d. Finding a number when a per eent o g 

e. Social applications of per cent 

f. Compound interest. 


o. Teaching the Meaning 


of Per Cent 


Inlrodmlion 0 / Per Cent in Grade 7 


iniroaucuon vj i a 

Most modern textbooks in MO's the topic 

treatment of per cent in the seven .j, ,^5 sixth grade, 

of per cent and some of its t^s P . would demand 

There is no inherent J from the sixth grade to 
that its presentation should be deferred to the 

the seventh grade. However P- ^ 

seventh grade in order to h^ d,e subject is pm- 

rcadiness for the topic than B pt® have the 

sented at a lower grade level. It ^xs a good 

treatment of per cent mcantugful un to s.odent 

background in both common anddeej f^^^xins 

will probably have a better per cent in the stx.h 

if the time previously devoted to teachin. pe 



grade is spent in enriching his knowledge of common and 

decimal fractions. , . 

There is no new mathematical principle to be Ic^ 
cent. However, the language of per cent is new. Tims F 
cent may be expressed as a decimal fraction, .25, as a co 
fraction, J, or as 25%. The number of errors 
in dealing with per cent would seem to indicate that the P 
cither is difficult or it is not understood. 

A point of minor significance pertains to the wnling o 
term expressed by the symbol %. This term may be expressea 
as one word' as percent or as per cent. Both forms are correct an 
are used, but the term per cent is more conventional. The 
ment Printing Office expresses the term as one word. On t c 
other hand, the terms per cent and percentage arc not synonomous. 
Students frequently fail to understand the difference between 
the Uvo terms. A percentage is a quantity which results ffot” 
finding a per cent of a number. If it is necessary to find 5% o 
$300, the resulting amount, or $15, is a percentage. The rale is 
a per cent as indicated by the per cent symbol. A per cent 
symbol or sign is never used to identify a percentage. 


The Meaning of Per Cent 

The teacher should introduce the work in per cent by having 
the students express the ratio of the number of games w’on to 
the number of games played in the current year by a local 
baseball team or some other popular sport. A seventh-grade 
teacher capitalized effectively on a sporting event to introduce 
per cent. Tbe lesson w'as taught- the day following the close of a 
World Series betu'een the Yankees and the Dodgers in which 
the Yankees won 4 games of the 7 games played. The teacher 
asked the students to write on the chalkboard the number of 
games each team won and the number each played. The written 
statements were as follows: 
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Then the teacher asked if anyone could twite the same facts 
in shorter form. An alert member of the class recogniaed that 
the fact written in each statement could be expressed as a frac- 
tion. The fraction, expressed the ratio of the number of gan,« 
won to the number of games played. The ratio was read t 
mean “4 out of 7” and similarly, the fraction, „ was read cor- 

rltoVlO games played, a teacher should 
have the class rr^aS T^ul^' Ha:e 

'threla« Ld ’the number of games a team would s™ at tto 
rate if it played 20 Ser of 

100 games, respectively. "^'"'J' layed, the students 

games each team would win ou g expressed in several 

should be told that the /a ,eam wins 70 

ways, one of which is as a per ^ number of 

games out of 100 games played, we may P 
lames won as 70 per r»t (%) of the games played. 


Using i/ii Hundred Board 


using me nuTUiicu 

A Wmf ioeri/ (see page 246) b consists 

showing the meaning of per board will hold 10 

of a board enclosed by a sq^re frame. ^1^ , 

rows of 10 disks or t^hips. ^ to represent 

student may pick up the correct „ 

any given per cent of *e " j ,o,al number 

the board, 1 chip will represent pe expressed 

Thus, one chip out of the group of 100 chip 
as follow: . f »hc total 

A, a common tract, on, o Tfc" ^^ 

A- ::,%of the total 

As a per cent, :„6-rnreted to 

Each of these numerical relationships is to 

mean, “1 out of 100.” y,; of the 100 chps 

The student will disc^er J 2%. and 10 chips 

represents 1 %, then 2 chips would P 



would represent 10%. In the latter case 

discover that 10 chips represent of 1^= ^ jo 

Therefore, 10 chips out of 100 chips may be expressed as 
-L 1 10 or 10%. Similarly, the per cent value of other 

Common fractions, such as halves, fourths, and tenths, may be 


identified from the hundred board. 

In the first stage of the development of the concept o p 
cent, the student should use disks on the hundred board to 
identify or to reproduce per cents. Next, he should identify per 
cents by use of visual materials. The teacher should have ^ti e 
chalkboard and mark off tOO squares and then represent different 
per cents on the board. The students should be able to read 
each per cent indicated. When the student reads a per cent rom 
the drawing, he identifies the number represented. 

The next step in the sequential development of the process 
should consist in having the student reproduce a given per cent. 
In this case, the teacher should have the students represent a ew 
per cents on the board. Each student should have cross-ru e 
paper so as to form 100 squares. He should then reproduce differ" 
ent per cents. The amounts to be represented should be expresse 
in various ways to show the ratio between two quantities. For 
example, the student should be able to represent as per 
such ratios as 3 out of 100, .19, and In this way e 

icams that per cent is another way of writing the fractiona 


relationship between two quantities. 


Thee Dijferenl Usages of Per Cent 

There are three different usages of per cents in problems which 
we will discuss in the following pages. These usages are fre- 
quently known as the Three Cases of Per Cent. There is no 
particular advantage for designating these usages as cases. They 
may be illustrated as follows: 

1. Finding a per cent of a number, as 3% of 40 = ? 

2. Finding what per cent one number is of another number, 
as 3 = ?% of 5 

3. Finding a number when a per cent of that number is given, 
as 3 «= 57o of ? 
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The itudcnt should understand that he met the same three 
types of problems in dealing svith common and decimal fractions. 
Representatives of the three usages in common fractions arc. 

1. Finding a fractional part of a number, as i of 20 = ? 

2. Finding what fractional part one number is of another 

number ns 20 «= ? par* of 30 , . . • .sc 

3 Finding a number when a fractional part of it is given, as 

4 = Sof? 

Today very few textbooks m anthmetic ,'Xbe 

per cen^before the seventh grade. mthW usa^^^^^ 

introduced untillhe eighth gra Second the topic 

Fi.t. the topic has limited 

is difTicuU for the student to understan 

experience with per cent. By e background 

grade, the student has a “ „„,s Introducing the 

with the other two applications p -j^ce the learning 
third usage in the eighth grade should reduce 
difficulty of the topic for the student. 


Use oj Per Cents in Newspapers 


use OJ t'er urms i« -- 

The teacher should have " ait 'nU" Thl: 
uses of per cents f”""'* m thej 

applications of , jy of advertisements of mer- 

usage of per cent. Ordinard) a st dy ^ ^ oent. 

chandisc will provide ,he price of an article 

If there is a sales tax in a Thus, a ssveater is 

may be listed as a given amount p^ Advertisements of 

advertised for $15.50 plus = without the federal tax. 

jewelry often give of per cent involves finding 

In all of these cases, the application o v 

a per cent of a number. invol\-cs finding what per cent 

The second usage of per be found m 

ZlntaSS- — cotre^ 



I„ case of advertisemenu of special sal«, the f“™er price and 
the reduced price of an article frequentiy are given. 
of the advertisement may be cunous to find the p 
reduction in the cost of the article. The fo! otvmg ‘nb'e 
appeared in a newspaper advertisement of imported ncckw 


Formerly 

$6.50 

5.00 

3.50 

2.50 


Now 

$5.00 

4.00 

3.00 

2.00 


The prospective customer should be interested to know in 
which case the per cent of reduction is greatest. 

The third usage of per cent generally can be found in diueren 
parts of a daily newspaper. A diamond ring may be 
to sell for $440 which would include a federal tax of 10%. 
buyer would be interested to know the cost of the ring wit ou 


lax. , . 

Making problems involving the uses of per cents as found m 
newspapers constitutes a good class exercise. An advertisement 
may give the cost of a gold fountain pen as $15 plus a federal 
tax of 10% and a state tax of 2%. The student should use these 
data to make a problem. 

An assignment for the superior student should be to find illus- 
trations of the uses of per cent from any part of a newspaper 
except those in the financial section and in advertisements. An 
item stated that the increase in cost of operation of the schools 
in a city for the next year would be $250,000. This increase 
represented an increase of 5 per cent in the school costs. From 
these facts it would be possible to make a problem involving 
the third usage of per cent. 


b. Finding a Per Cent of a Number 
Develop'wg the Meaning oj the Operation 

It is common practice among teachers to introduce a process 
to a class at the lc\’cl of operation which characterizes the adult 
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usage of the process. Frequently, the student is unabk to under- 
stand the procedure and is obliged to learn by rote. The teacher 
should provide learning situations that svill enable the stutot 
to discover the procedure to use in a given operauon. The 
method for finding a per cent of a number tjpifies the point 
issue. The teacher may have the student express the given per 
cent. as hundrcdtlis and use this dcamal as a multiplier. This 
process may be meaningful to some of the students but to many 
ofTmTt is a mechanical rule used for finding an answer to a 

given problem or example. 

The teacher should have the student B P 

100, such as 6% of 100. By „,her per cents 

is able to find the P"""‘“Se. Similar y, he , 

of 100, or the tor. until he discovers >>-« i„ 

given number is the “ 'j' ^““umber to be multiplied 
finding a percentage, the The teacher 

when the given per cent »$ multiple of 100, as 

should ehLge the base from > 00 J some_ mul«plc^^_ 

200, and then have the studenu u bj^^ 
the answer to on example, such a « or there 

ways. Either there should be two According to 

should be tsvo chips on each space 

the first plan, ''’V‘“‘‘'"^'T' uie second plan, he would find 
making a total of 6 chip . y • , ^ having two chips 

tha. 3 per cent means 3 '^ttacher slould have 

each, thus making a total o .^„cssing the per cent as a 
the class find the percentage f j fraction. To find 3% 

common fraction and then ^ as followsi 

of 200, the student should svork the examp 


I. of 200 = X 200 ■ 


II. 


.03 X 200 « 200 

X.03 
6.00 


i. ici rliscover that either 
From the illustrations the i„ finding the answer. 

common or decimal fractinmnmy ,ace decimal, it 

Since per cent means hundicdtns o 



easier and quicker in naany examples to «press the pven per 
cent as hundredths and then to multiply the given base > 


The teacher may wish to use exploratory materials fo"- 
a per cent of a number less than 100, as 50. This number can 
be represented on a hundred board by leaving every other space 
vacant. If the example involves Bnding 6% of 50, the stu c 
has learned that 6% of 100 means 6 spaces on the board, nc 
counts the first 6 spaces and finds that there arc 3 c ips o 
these spaces. Then he uses both common and decimal 
to find the percentage. Enriched experiences of this kind shou 
enable the student to understand the meaning of finding a per 


cent of a number and the algorism of the process. 

W'hen a student encounters an example of the type, 12% o 
45, there should be no attempt to objectify the solution. a 
student is ready to solve an example of this degree of difficu t> , 
he should be able to deal intelligently with symbols- If he ^ 
not understand the process, he should be given examples w c 
arc eas>' to objectify. 


Using Per Cents Less than 1 Per Cent 

The number of social applications for finding a per cent less 
than 1 per cent of a number is limited. It may be necessaiy' to 
find a fractional part of one per cent in computing interest or 
in finding a commission on a transaction. Since the number o 
social applications is limited, the student should learn to use a 
procedure which \rill enable him to check on the reasonableness 
of his answer. 

Either of two methods may be used to find a fractional pari 
of one per cent of a number: (1) find 1 per cent of the number 
and then multiply that percentage by the given fraction or (2) 
express the fractional per cent as a decimal and then use the 
same method as that which is used in finding any given per cent 
of a number. The writers recommend the first of these two pro- 
cedures because the use of this method enables the student to 
ch'‘ck on the reasonableness of the anssver more easily than by 
the uv: of the second method. 
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A teacher gave the following problem to a group of 67 sopho- 
mores in college: 

A carco of 150,000 bushcb of wheat, valued at $2 a bushel, w as 
instedl” the rmi of i% of its value. How utueh was the .usurauee 
premium? 

There were only 36 correct 
the students found the premium to be 53,750 
changed4%to,25.App.ent,*^ 

Then they multiplied $300,000, me placement 

Most of the incorrect answers rcsul jy not know 

of the decimal point in die amw^. The d*", ^ ,ol25 or as 
if the decimal value of a% ^ ° ; |yj„g $300,000 by cither 

.00125. The answer found by ^ ^ , .,„clcnts On the 

of these two ratios would seem s«n ^ 

other hand, there was not one incOTCct « at the 

who solved the “" iputg , ha' percentage by I 

rate of 1 per cent and then mul p ) g ^ number by 

The student should be Ja know that this is the 

dividing the number by 100. places to the 

same as moving or ^ mentally. Then he finds 

left in the number. He can do thu part men.^ 7 

the fractional part of the 1% ^ materials to show how 

The teacher should not use 0 3 ^ number, but the 

to find a fractional part of P „f a fractional 

hundred board can be used . Jrjd board represents 1%, 
part of 1 per cent. If 1 chip on a hundrad^^^ 
then half a chip would represe J / jame as 2 

then that 1 chip out uf a graup ^ .0 objectify die 

per cent. Exploratory involving these per cm u 

uses of these small per cents. I^ble ,„me s_ 

arc beyond the scope ‘’'."""^,1, „mbolic materials, 1’' *°“' 
If a student is unable to dra'"'* „hieh has such a lim ued 
not be required to master su J p^aal pad °f P*^"^ „nt 

social application as ^ find a fractional per 

of a number. Show -‘--^"astery of the process by this 
of a number, but do not reqm 

slow student. 233 



A Social Applicalion of Finding a Fractional Per Cent of a Number 

An example of one of the social applications of a fraction^ 
part of 1 per cent consists in finding the cost of excess 
which a passenger transports on an airliner. FrequenUy, 
passenger is allowed to transport free 40 pounds of baggage. 
For each pound of baggage in excess of 40 pounds, the charge « 
of the fare. If a passenger has 50 pounds of baggage ana 
the fare is $48, the cost of transporting the baggage is 10 times 
of $48. Since 1% of $48 is 48(1, of $48 is 24(1; then 
10 X 24(^, or $2.40, is the extra cost for the baggage. 

The method shown is the procedure used for instructioi^ 
purposes for the class. In order to provide enrichment for e 
superior students, the teacher should encourage the fast learners 
to solve the problem in one or more ways. Some of the students 
may change i% to its decimal equivalent, .005, and 
$48 by this ratio. The product, 24f5, would then be multip i 
by 10. One or more of the students may multiply .005 by 1 i 
giving a product of .05. Then .05 X $48 would be the cost for 
transporting the baggage. The student giving this solution shoul 
understand the principle that the order in which factors are 
multiplied does not affect the product. Finding different solutions 
to problems challenges superior students. 

c. Finding What Per Cent One Number Is of Another Number 
The Meaning of Ratio 

The ratio of two quantities may be expressed as a per cent. 
In the diagram, the ratios of o to b arc §, and 5 . Each ratio 


may be expressed as hundredths and finally as a per 

cent. 

0 

00 

0 b 

c :^ 

Of 0 

0 0 

0 

00 

00 

00 

h 

I 

n 

nr 
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The procedure to follow to find what per cent one numter 
is of another number may be shown by solving the 
problem: A team played 20 games and won 13 of them. What 
per cent of the games played did it win? If 'h' f dent to 
difficulty in solving the problem, the teacher should have hm 
use the hundred board to find the answer. A chp 
to represent a game. If 20 games were p ayrf, 2 '> ^.ps must 
distributed equaUy on the hundred board. One ch.p *en repr^ 
sents 5 spaces. Then the 13 chips to “ 

games wL would represent 65 spaces or 65 f ' 

number of spaces on the board; hence, dte team won 65 per 

oflts games. The same answer can be found 

by expressing as a two-place decima e _ 20)13.00 

ratio of the number of games wort to 20 ^ ^ ^ 

number of games played. This raUo is 20 , ^0 

and this fraction can be expresse^ bun- ^ 

dredths as shown on the right. Then me 

decimal, .65. express the ratio of the 

The difficult part for the ^ „hich of the two 

two given quantities. Often he fraction or which 

numbers should be the '«ch J»metimes direct 

number should be the denomin • number following 

meaning to the student. hirnself the following; 

The student should be taught to asit turns 

What number “ ^ “f^Lpared? 

With what number ^ cent? 

Could dte answer ^ more^-^P^^^,, 

Must the answer be less ^ fraction 

The number to be compared number with which 

expressing the ratio of the tsvonum^^ I ,^r.ion. In 

tte comparison is made ts *' ‘‘“J^ree dtat the number oj 
the above problem, the stu ^ Mth the number of ga 
games won. or 13. is to be compared ^«tn 



played, or 20. The per cent of games won must be Iks than 
?00%. therefore, the student has a cheek m know tha the rau^ 

of the two numbers must be ^ and not 13. in 

unable to express the correct ratio between two quantit 
solving problems which involve finding what per c 
number^ of another number.' This failure results from a a* 
of meaningful experience in dealing with 

of the problem is unfamiliar, hence the student ^ 

determine whether the answer could be more than 100 p 
or whether it would have to be less than 100 per cent, 
best way to help this type of student is to enrich his . 

about a given problem. Either he must have an enne 
ground which sviU enable him to apply mature judgment to 
problem or he must depend upon mechanistic cues as ai s i 
its solution. 


Per Cents Greater than 100 Per Cent 

The student learns that 100 per cent of a thing is aU of it- 
It is difficult for him to understand how there can be more t^ an 
100 per cent of a number. In a recent presidential campaign* 
one of the candidates stated, "The steel mills of this countr>' are 
operating at 110 per cent of capacity.” In finding what per cent 
one number is of another number, the teacher should not have 
the students generalize that the smaller of two numbers is alwa> s 
compared with the larger number. 

A per cent greater than 100 per cent will result only when 
there is a comparison of two amounts or a change in a quanlit>. 
The use of disks taken from a hundred board or chips is effective 
for showing a per cent greater than 100 per cent. Each student 
should form two stacks of disks and find the ratio of the two 
quaniiiies in both orders. Then he should express each ratio as 
a per cent. 

* S« Edward*, Artliur “A Study of Error* in Percentage,” Report oj the 
CmmiiU' on Arithruiu, pp. 635-636. The Twenty-ninth Yearbook of the Nation^ 
Society for the Study of Education Chicago' Uni\-cnity of Chicago Press, lv30. 

Guiler, Waller S. ‘‘Diffumlues Encountered in Percentage by College Freshmen, 
Journal ej Edueeltonel Research. 40.81-95. 
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DOOO DOOOO 

number f buT 0 ^ 80 %, 'and the ratio of tho "™bcr ^ “ 
the number in a is f nr 125%. The Z 

number of disks in each stack so as to enable him 

following generalizations; vvith a larger number, 

1. When a smaller number is “"■?““* ™ . , ® „„n,ber, 

the smaller number is less than 100 P“ ““ ^ f, „„,nber, 

2. Whenalargernumber,s»mparfwttha^-all^^ 

the larger number is greater than p 

number. , one number is 

3, When two equal numbers are comp 
100 per cent of the other numter. ^ insist in 

The next step in the /cr 

interpreting per cents S'”"'' . , ^ar A is only 80% 

mate^ls, such as graphs^In *0 g-" The teacher 

as long as bar B, but bar B is * ™ 20% less tlian 100% 

should have the students see student with 

and that 125% is 25% from 100 per cent 

insight should discover %vhy the diB 8 

are^t the same. In bar A ZZitj/Zo lO equal parts 
parts, but in bar B, the whole is A would 

iince bars A and B are bo* bar B. 
represent a greater number *o" ^ P^ bols. He should 

Finally, the the percent one number ts of 

compare quantities and n 
another number. 

125 % 


75 % 


100 % 



□ 




□ 

□ 



□ 

□ 


□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 

□ 
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o 

o 

o 

o 

o 

o 

o 


o 




H J 

oo 

o 


Finding the Per Cent of Increase or Decrease 


The per cent of increase in the cost of a commodity can be 
1007 o, Iks or greater than 100%, but the per cent of decre^ 
based on the cost can never be 100 per cent, if the article is sold. 
Unless exploratory materials are us^, many students arc unable 
to understand why the change cannot be 100 per cent in both 
increase and decrease in cost. The use of objective materials, such 
as squares or disks on a flannel board, should enable the student 
to discover why the per cent of increase in cost may be unlimited, 
but the per cent of decrease in cost must be less than 100 per cent, 
as long as the article is not given away. 

Let the four squares in A represent the cost of a commodity. 
The student should know that each square represents 25%. 
he docs not sec why this is true, he should space the squares 
equally on a hundred board. Then he will discover that each 
square represents 25 spaces on the board, or 25 per cent of it. 
Columns B, C, and D show the increased costs at different periods 
of time. The per cent of increase from the original amount in A 
as shown in B is 25%, in C it is 75%, and in D it is 100%. The 
student should sec that another increase in cost would produce 
a total increase greater than 100 per cent. 

The five circles in column E represent the original cost of a 
commodity, hence each circle represents 20%. Columns F, O, 
H, and J represent decreased costs at different periods of time. 
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in F is 20%. in G it is 40%. and H it is 60%. and in J it « 80%. 
To have a decrease of 100%. all of the circles Mould have to 
be removed. In that case there tvould be ™ 
commodity. An objective demonstration of this 
enable the student to discover why the selling price of an ar^e 
can never be reduced 100 per cent Sr ^701 

sample given refers to the cost of a commodity. The « 
change may apply to any measurable quanhty, such as popu 

lation, weight, or volume. ei:(rf.r«*nre 

The teacher should have the student 
between the per cent of increa. 

increased cost is of the .Ke'per cent of increase in cost 

and D in the diagram on page 238, ^ pf 

from A to D is 100 per cent, but ^ “ ^^iS, the P- 

the cost in A. When the Wf 1 per cent; however, the 
cent of increase in population is o V P former population, 
population of the city is 200 per cent of its former pop 

d. Finding a Number When o Per Cent of II Is Gi''"’ 

Why This Opercilion Is Difficult 

Some steps in arithmetic are “ha^Kr 3, finding a 

type of instruction given. As was sho a„ inherent 

number when a per cent of d B giv students 

difficulty for most students. i„ high school and 

in the elementary grades, but also d ^ , 

college. Guiler made a study ol tne ^p„ed 

given to 936 students in the in that part of 

Lt nine-tenths of these studenB had of it b 

the test in which a number B found when 

^‘Thelachofeaperience^i^;h„^->;;^^-^ 

tions involving problems dcalin„ problems. One 

largely accountable fo" ‘ Ais category is a ° 


largely accouruauic 1V4S .j,;* eaicgoiy « — 

the criticisms of many Eneeunurul tr 

. See Ooiler, W.l.« S. j”, 'SS/ Um-rn'r 


reality. The person making the problem often knows the answer 
before he formulated the problem as shotvn by the following, 
advertisement states that a rail ticket is offered for $1 5 at 60 /o o 
the regular price. Vl'hat is the regular price? The company 
the regular price, but you as the consumer do not know it. i 
you have intellectual curiosity, you would like to know how muc 
the regular fare would be. Often an adver- 
tisement gives the selling price and the dis- 
count as shown. The prospective customer 
should be interested in the former price 
which was $1 5. The solution of this problem 
represents the third usage of per cent. The 
student cannot have a full mathematical 
understanding of the topic of per cent if one of its uses is ncrt 
developed. It is not a question whether or not the topic shou 
be taught. The vital problems pertain to the manner in whi ^ 
the topic should be taught and when it should be introduced in 
the curriculum. 

Thee Kinds of Problems Representing ike Third Usage of Per Cent 

Three kinds of problems involve the third usage of per cent. 

1. Finding a number when the number given represents the 
per cent given. Illustration: A subscription to a magazine at 
80% of the regular price is $4. What is the regular price? 

80% of regular price = $4, or .8 X ? = 

2. Finding a number when the per cent given must be sub- 
tracted from 100% to represent the number given. Illustration. 
The cost of a radio at 20% off was $24. What >vas the regular 
price of the radio? 

100% — 20% = 80%. 80% of regular price = $24, 

or .8 X ? = $24. 

3. Finding a number when the given per cent must be added 
to 100% to represent the number given. Illustration: The cost 
of a watch including a 10% tax was $55. What was the cost of 
the watch without the tax? 

100% -h 10% = 110%. 110% of cost of watch = $55, 

or 1.1 X ? = $55. 


Dresses now 
$12 

at 20% off 
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It it easily seen that the second and third probicms m toa 
group include an extra step tvhich greatly compltcatea *e 
Sfficulty of these problen«. Many students 
the thitd problem by finding 10% of $55 or $5.50 and the 
subtracting this amount from $55 to find the cost of the natch 
to be $49.50 instead of the actual cost of . 

The purpose of spacing a topic, such o® P ’ 

several grades is to ™e imtructional load 

learning the topic or process and P difficult steps 

of any one grade from "S j:\t L de^^^^ 

in that process. In light of thM nroblenis in the third 

to defer the second and third ‘''P“ ^^.^de level, the 

usage of per cent to the ninth gr understand formulas and 
average student should be * ' 

cquaUons and how to work wi 1^^ ,^5 fonnula 

to use iihzpmtntagefomula,p » formula, 

in solving all problems in dealing ^^nt. In the third 

p = percentage, h = base, and r , dase is missing. 

usage of per cent, the number representing then 

® -.s VVhenthe student has 

The formula for finding the base r' 

the background to ‘I"' “”nt°which he frequently 

a unified concept of the <°P‘P P u^es independently of 

does not get when he new work in per cent 

each other. In light of and 9. A !' P™' 

should be spaced through Grad« . , deal with the 

gram should have the average ‘tndent m ^ dea 

first and second uses of per c ^__ding a nurobe 

with per cents less than pe given number. Fma y, 

when *e given per cent repr«ny^' cen . 

in Grade 9 he ”lVe percentage fe™"-’”’ P “ 

A. this grade level he sho^^ P ^ic formula. 

to solve for any of the tnree 

How to Find ih AftHtai a per cent 

V be used to fin ^ j^;g„ated the molM of 
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analy^s and to o*er may be designated th. producl-jccicr 

““cording to themeUttxl of unimry^alysisdte^^^^^^^^^^^ 

find 1% of the number and then multiply L 

„ find *e missing number. The method may be ■ 
the solution of the following problem: If a radio sold 
at 80% of the regular price, what was the regular pn 

If 80 % of the regular price = $16 _e201 

1 % of the regular price = $.20 ($16 . 80 ^ $■ 

100% of the regular price = $20 (100 X $-20 $ 

The problem can be solved in a simUar manner by ehanp^ 
80% to the equivalent fraction Then the solution wo 


as sho^vn: 

If 3 ^ of the regular price = $16 

of the regular price = $ 4 ($16 -r 4 — $4 

f of the regular price = $20 (5 X $4 — $20) 

The method of unitary analpis ts easy for the student to 
understand, but it b a long procedure. Frequently, 
shorten the solution so that the work takes the undesirable fo^ 
shown on the right. Work of this kind must ' ' T. 

not be tolerated. A per cent represents a part I 80% ^ 5 - 

of a quantity or the ratio of two quantities. 1 % — P , 

It is not possible for 80% to equal $16. It is ^100% ~ ^ _ 

80 per cent of the regular price which is 
equal to $16. 

The product-factor method is bzued on the principle that w en 
the product of two numbers and one of the numbers arc given, 
the other number can be found by dividing the product of the 
two numbers by the given number. Thus, in the expression, 
3 X ? = 12, the product, 12, and one of the factors, 3, arc given. 
The missing factor can be found by dividing 12 by 3. In 
same w’ay the problem given above may be solved as follows. 
80% = .80 = .8 
If .8 X the regular price = $16 
Then, $16 ,8 = the regular price, or $20 

The advantage of this method is twofold. First, the solution 
is easy and direct. Second, the method is an application of a 
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basic mathematical principle which the student should under- 
stand. (See principle No. 5 on page 144.) The teacher can always 
refer to an e.xample of the type. 3 X ? = 12, to have fte studmt 

understand the procedufetofollow.Thestudentshou drecogrnae 

that he would find the missing number by dividing the product 

by the given factor. In the problem under 

product of two factors is $16. The /f “ “r of 

other factor can be found by dividing 16 by -8, ^ ^ [ 

$20 is sensible because 16 is divided by a 

therefore, the quotient must be 

factor is greater than 1, as in problem P § the product 

must be less than the number divided^ In probi™ 

of two numbers is 55 and one of •»' or 50. 

quotient of 55 divided by 1.1 wou jiyioDr is sUehtly greater 

The answer, $50, is sensible I ,[,£ quotient 

than 1. When the divisor is slighdy greater 
must be a litUe less than the number divided. 

Usi of Visual Aids in Solving Ptr Cent Problems of This 

A diagram should be an 

problems dealing with J/of the problem given 

shown is an effective aid in the soiu 

on page 242. . . „iqjiar price is f. 

The ratio of the reduced price to ^ y 5 

a diagram to show this relationship shou^ ^ 
equal parts. Then four of '"ere Par s «tdtl 5, ,he 

price, or $16. Each part o t s.^nbolic solution is on 

whole diagram would repre"" » . OTplo)-inS a "'“al 

a higher level of abstraction than the 


representation. 
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In a problem of this type, if *0 given per cent 
as a common fraction, the student usually 

knov.-ing into how many equal parts he shou iti ^ , 

to represent the relationship between two quanuttes. If a Mode 
is unable to give a Si-mbolic solution to a ^ ;3 

cor\% he should make a Ndsual representation of the a • 
doubtful whether objective materials should be used as 
the solution of problems in this group. Proble^ „ini- 

of this application of per cent are beyond the level o ^ 

mum program for all students. The use of explorato^- 
should be confined to teaching concepts and procedures w 
are part of the minimum program for all students- 


Showing Relationships between Fractions and Per Cents 

The teacher should provide frequent opportuniues for the 
Student to discover relationshif» between fractions and per * 
The following problems show how a problem of each usap i 
fractions may be expressed with per cent or in the reverse form. 
A dedmal fraction may be substituted for a common fracuon. 


I. Kinds of Problems with 
Fracdons 

1- Finding a fractional part of 
a number 

Dick had $4.50 and spent | 
of it for a baseball. How 
much did he spend for the 
ball? 

I of $4-50 =*= 

2. Finding what pan one num- 
ber is of another number 

A team played 20 games and 
won 14 of them. AVhal pan 
of the games pla\ ed did that 
team win? 

14 -5- 20 = 


II. Kinds of Problems with Per 
Cents 

1. rinding a per cent of a 
number 

Dick had $4.50 and spent 

60% of it fof a basebaU. 
How much did he spend 
for the ball? 

m% of $4.50 = 

2. Finding what per cent one 
number is of another num- 
ber 

A team played 20 games 
and w'on 14 of them. \Vhat 
per cent of the games 
played did that team >vm? 
14 « ^%of20 
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3. Finding a number when a 
fractional part of it is given 

A jacket was sold for $24 at 
I of the regular price What 
was the regular price? 

i of - = $24 


3. Finding a number when a 
per cent of it is given 

A jacket was sold for $24 at 
80% of the regular price. 

Whatwastheregular price? 

80% of “ $24 


A .tudent who has had all three usages ^ 
given problems which are repiescntam-e of th VP 

Se should be able to classify Problem nd^.henmbe 

by using both common fractions P“ factions and per 
this type should help him understand how fractions 

cents are interrelated. percentage 

When the student understan s involving 

formula, p = it, he should be given prob e® to mhe 
all three types of per cent by the use 

problem, he should identily the va u equation 

the formula. Substituting these va u equation for the 

would be formed. Then he should solve the equ 

missing value. • .re fi = $24 and t “ S0% 

In problem 3 above, the values gnen^ ^ 

or . 8 . Substituting these values ,n the fortnnla p 
tion and its solution become ^ 


Dividing both terms by .8: 

The regular price of the jaaet was $30. 


See pages 246-247 for a “■"P^^Xresa'S's i" P'" “"‘r 
itains illustrations of soa J learning difficulties 

rts of the test can be us^ to taught. It af®*’ . 

. presentation of each p,^test to be used m 

excellent end test for „ 

mning review work for Grade 245 



Diagnostic Test in Per Cent 


I. Express ihe following in decimal form: 

I. 30% 2. 200% 3. 125% 4. 3.5% 5. 4% 

II. Change the followng to per cents: 

1. .4 2. .52 3. 1.03 4. .025 5 . 3 

III. Change to common fractions c-xpressed in lowest terms: 

1.75% 2. 37^% 3.40% 4.5% 5. 66§% 

IV. Change to per cents: 

1-4 2. f 3. ^ 4. ^ 5. 

V. Find the per cent of the number as indicated: 

a b c 

1 - 4% of 60 = 15% of 80 = 70% of 25 ^ 

2. 3.2% of 95 = 1027o of 560 = 300% of 55 * 

3. i% of 480 = 1}% of 920 = 4% of 1200 = 


If the reMtis of e diognottk test show thot feteediing h neceiiory, 9® 
the bosJc definitions tnJng a hundred boord. 

Drmmitrtam & W. SMf CJlff, Ctly, iff* 



VI. Find what per cent one number is of another number, as 
indicated: 

4 = ?%ofl6 70-?%of35 

2. 15=?%of6 12 = ?%of8 70 .% 

VII. Find the number when the per cent of it is give , 
indicated: 

1 of ^ = 80 1 5% of ? =75 3% of 

2. irO%of? = 55 $60 = 120% of? 600^ 


, 60 
. 150% of? 


If a student has only one “""P'' cLmpIes in- 

should correct the review that particular 

correct in any set of examples, ne 
phase of per cent. 

e. Social Applications of Per Cent 


myioy Usts of Per Cents ^ 

The social applications of P!" somttim« arc used, 

e of many different kinds. Thoug what 

e most common way to This usage ts 

:r cent one number is of ^"’amount of change 

•evalent in sports and m rap certain conditions, wo 

hlch takes place in a dons of per cent mclude 

t the various other famihar fP^;“”;'’be considered as nrtf/r 
iterest and merchandising. " , a5 compound tnlereil^ 

neresi as used in comraetctal marketing goods an 

. savings banks. Mcrchandtsmg „„ 

icludessuchconcepuastm*^' ^ social appl 

,ofi. toss, and used cons.i.u^^^^^t 

ions the understanding ^ p^r cent m P 

lement of difficulty a number or fi-dmS 

^des is either finding =- ^er “ 

rer cent one number is jjnd the ra 

ind either the percentage when the ^47 



or the rate when the percentage and the base ar g 
the exception of instalment bu>-ing, the student should not 
it difficult to identify the given elements. 


Simple Interest 

If you rent a car, you pay for the service which it 
Similarly, if vou rent or borrow money, you should pay lor 
ser^-ice which it renders. The charge for this semcc is know^ 
as interest. Interest is understood to mean simple intcrcs 
distinguish it from compound interest. An individual ma> a\c 
money to rent or lend, or it may be necessary' for him to ren 
or borrow money. In the one case he should receive interest on 
the loan and in the latter situation he should pay interest on e 
money borrowed. A bank is the most familiar institution whicn 
pap interest on money* deposited and charges interest on money 

loaned. - • t 

Applications of finding interest on loans or principals ^ 
familiar usages of finding a per cent of a number. Thus, ^ 
interest on $300 at 2% for 1 year is the same as finding 2% 
of $300, or $6. If the period of time is for 2 years, the inter«t 
would be ttrice as much as for 1 year. Similarly, the interest ^ or 
a half year would be half the interest for 1 year. In initial learning 
of the topic, the student should always be taught to find the 
interest for one year and then multiply that amount by the time 
expressed in years or in the fractional part of a year. Find the 
interest on $500 at 2% for 1 yr. 6 mo. as follows: 


1 yr. 6 mo. = yr. 

2% of $500 = .02 X $500 - $10.00 
1^ X $10 = f X $10 = $15 
The interest on $500 at 2% for yr. is $15. 


In the above illustration, the student identifies $500 as the 
principal, 2% as the rale, and years as the time. From illustra- 
tions of the type given, he should discover that 


interest = principal X rate X lime 
or i ^ p r t 
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The student should undcrsUnd the fotmk, i - P'l. 

ns well as he understands the formula for the 
He should not substitute blindly m the formula, i f , ^ 

interest. The formula should mean to him that P"" P ' 
multiplied by rate and that pereentage is to be multiplied b, 
number representing the time. 

Finding Merest Joe Short Periods oj Time 

Our calendar year is not uel. “Su' orTo! 

because neither 365 nor 366 is a mu ip multiple of 30, 
Banks use a year of 360 days, because 360 is a mult p 

60, and 90. „ interest on loans at 

The most common period for eompu S ^ ,, 

batiks is 30. 60, or 90 mon.hs later, 

made on a certain date and it is ® ,n that interval, 

interest is charged for the actual num I mature 

For example, the interest on a oa 

in 3 months would be m the upi-ot ST»<i« 

It is a common practice to . |j, ,i,c correct values in 

to find interest on a loan by suteti „n„llation should 

the interest formula, i = P''- 'jure may iticrcate the 
simplify the computation, P |„,„est on a fo.m 

difficulty of the process. To tllustra 
of $800 at 6% for 45 days. 

= fri, the formula 




JL ^ ^ = $2 >< 3 ■ 


, _ i,v the c.mcellatio'^' 

The great number of divisiom « the 

□Ifers mttny P°^'’'''‘'” ^[/m.nmn.sl.lrnrss of the fma r 



the interest for 1 year; and (2) mult.p y the yearly 
the time represented by the fractional part ‘ 

fraction to represent the time should be expressed ,n losscst terms. 
Wc may solve the example given above as follows: 

45 da. = >T. = i >T. 


(1) Find the Interest on $800 at 6% for 1 yr. 

.06 X $800 = $48.00 

(2) X $48 = $6, the interest on $800 at 6% for 45 da. 

The answer given is sensible. The student knows that 
yearly interest is $48, hence the interest for J year should be • 
He uses the interest formula to give the sequence of 
the solution. When the fractional part of a year is an irrcducibi 
fraction, such as sometimes it is easier to ^ 

solution by the method employing cancellation than ° . 

procedure. Even though the method used may be difncu t m 
these few cases, the teacher should have the students use a 
un iform procedure for finding interest on short term loans.^V^ cn 
the student thoroughly understands the procedure and is ab c 
to approximate a sensible answer, then he should be permitte 
to use a shortcut procedure, such as substituting in the fo^^ ® 
and then reducing the numbers by cancellation. In initia 
learning, the process which emphasizes meaning and understan 
ing should always be used. 


Interest on Personal Loans 

Banks make different kinds of loans. A personal loan is a loan 
which is not secured by collateral or by other signatures. The 
maximum amount of a personal loan varies from one bank to 
another, but the amount usually is not in excess of $1000 and 
seldom is loaned for more than 6 months. A bank issuing a loan 
of this kind discounts it in advance. If Mr. Brown makes a personal 
loan at a bank for $1000 at 6% for 6 months (180 days), the 
bank will pay him $970 and not $1000. The interest is collected 
in advance and it is called bank discount. Bank discount is collected 
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on personal loans and on loans of a specified period of time, 
such as those having durations of 30, 60, or 90 days. 

From the above discussion it is seen that the difficult part of 
finding simple interest consists in understanding the meaning 
of the terms used in the applications of interest. The mathemMics 
of finding interest involves finding a per cent of a number. The 
technical terms used in the social applications of simple interest 
are not within the experience of most students. The teacher 
should arrange excursions to banks or plan to ave " 

fives of such institutions visit the class to discuss such top cs as 
loans and under what conditions they are ma e. i 

advisable to have the represen.adve of a bank di* nbut -mp te 
cf the different blanks used. Much of the 
social applications of arithmetic in the upper gra 
tional and requires a minimum of computation. 


Concepts Used in Merchandising 


Arithmetic was introduced into the 
primarily to enable the student m .moj^ 

enterprise. This was especially true o . , arising from 
the early settlers of New Amsterdam, r textbooks 

merchandising of goods have been m e i ^ this 

of the United States ever since the first books app 
subject. . had a tra- 

Although concepts used in of the upper grades, 

ditional place in the curriculum m an understanding of 

students in these grades have a more ® _ found in the 

these concepts than of any other ^up ° ^ for this lack of 

social applications of arithmetic. concepts 

understanding of the concepts arc two o second, these 

are not within the experience of most stu of business. It is 

concepts are representative of a spcciaize practices within 

natural that problems dealing with t e would employ 

an enterprise which is unfamiliar to mos 
many meaningless concepts to these stu 

• *:«rial Arithmeiic for the fc B 
•Grossnickle, Foster E. “Concepo in 
Level,” yournal oj Educational Restaren. 30. 
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concepts used in arithmetic arc not understood, the work n to 

subject can never be satisfactory in a program whjch su«« 

meaningful arithmetic. The vital problem of the 

svith these concepts is to tr>- to provide “P<trienccs wlucli s 

enable the student to give meaning and understanding to 

terms. 


Alerchandising Conapts Prestnled in Aritfimelics 

Textbooks tn arithmetic differ greatly in the concepts \vhich 
the student is expected to learn while dealing with the topic o 
merchandising. Any concept taught should agree with t e con 
cept in actual business usage. The following concepts may ^ 
considered as a minimum for this topic: cost, Tnarh-np or margin, 
pToJit, loss, expenses, list price, discount, commission, and insla men 
buying. The term retail is used in business practice to designate 
selling price. An analysis of current textbooks in arithmetic w 
show' that the term selling price is used almost exclusively in 
preference to “retail.” 

It should be evident that the student will have difficulty m 
learning so many concepts which are largely unfamiliar to him 
because he seldom encounters them in his daily affairs. Further- 
more, it is difficult to use exploratory’ materials to objectify their 
meaning. There is no maAcraatical principle or relationship 
which the student can discover in the use of these terms. Each 
term expresses a social application of number which must be 
defined for the student. 

One of the basic formulas for the student to kno^v deals \vith 
selling price, cost, and mark-up or margin. This formula may 
be stated as follows: 

Selling price = cost d- mark-up 
or, Cost = selling price — mark-up 
or. Mark-up = selling price — cost 

Both the teacher and the students should understand that only 
one statement of relationship is necessary. The second and 
third statements given are derived from the first statement by 
subtraction. 
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50 % 


25 7 » 

The graph shows ,he rc.ario^u^,« 
terms mark-up and margin arc ^ark-up is ihe difference 

up should be the preferred usag . expenses 

between selling price and cost, 5^5 arc less than the 

of operation of the are greater than the 

mark-up, there is a profit, if the expe 

mark-up, there is a loss. accepted retail practice 

Teachers should understand “tht P ^ of the 

is to express mark-up, expenses, a p easier 

selling price and not as ^ Ft « aost when taking an 

to use sales price as a base than price and 

inventory. Then, too, “hows that it is easier to see 

not on the cost. The diagram above sh ^ ele- 

the relationship among the ^ ^r, expenses m the 

ments constitutes the * f ,hc business of a newsboy 

operation of a business, as in the c expressed as cither 

who buys and soils papers, "“J 

a per cent of the cost or of he ^f^-^Phematically possible 
organizations there arc i*?'" ^ rofit as a per cent cii e 

to express mark-up, expenses, rr, conform to usi 

the cost or of the selling pnee, expressed as par 

practice these per cents should be exp 

selling price. 


scount and Successive Discounts 

fhe term dumri! or ^“r ,eOT for mraovw 

rked down. Discount J„eouraging a <!“■ ^rratieal 


iven for stimulating ira^-^^r. 

itock, or for many other rea» 


applications of discount involve either finding a per cent of a 
number or finding what per cent one number is of anotne 
number. If the per cent of discount is given, the applicati 
consists in finding a per cent of a number. If the list price an 
the sales price arc given, the application consists in finding 
per cent of discount. 

Sometimes two or more discounts arc given from the list price. 
These discounts arc usually known as successite or chain ducoun s. 
They apply chiefly to wholesale trade and not to retail trade. 
The student should be taught to find the net cost in the same 
manner that he has been taught to find the net cost when on > 
one discount is given. He should find the net cost after deducing 
one discount and continue the process for each succeeding 
discount. ^ . 

Often a student does not understand that the order in whi 
discounts are deducted does not affect the net cost. Thus, d^ 
counts of 20% and 5% have the same x'aluc as discounts of 5% 
and 20%. The student should find the net cost of a given article 
at a cenain list price when two discounts arc allowed by reversing 
the order of the discounts. This procedure will prove to him 
that the order in which the discounts are deducted does not 
affect the net cost, but he may not understand why this is true. 
The mathematical reason can be shown by finding the net cost 
by using the complement of each discount. The method may be 
illustrated by the following problem: 

Find the net cost of a chair listed at $150 less 20% and 10%. 

If 20% of the list price is discount, then 80% of the list price 
W’ould be cost. Similarly, 90% of the list price ^vould be cost. 


Then the net cost would be found as follows: 

.8 X .9 X $150 = $108 
or .9 X .8 X $150 = $108 

The student has learned that the order of multiplying factors 
does not affect the product. He should understand that it w'ill 
make no difference in finding the net cost in which order the 
discounts are deducted. 

On the other hand, he should perform experiments to shoNV 
that successive discounts of 20% and 5% are not the same as one 
discount of 25%, 
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Instalment Buying 

The cost of an article purchased on “ 

usually paid in equal instalmenB at equal interrals, such as 

Zlwyorweckly^'Thernerchant extends crcdt.»^ 

of an article and for this service the j 

The rate charged may purchase price of an 

by a bank. The interest cha^e makes the pu P 
article bought on the instalment plan great 

price of the article. ^;„Hvantaires of instalment buying. 

There are advantages and "I'f -r , 1,5 pros and 

The teacher should have J*”'.'' popular opinion, 
cons of this form of purchasing _,,rrhased on the instal- 

only a small percentage irately one per rent 

ment plan have to be reclaimed. PP _ therefore, the loss 
of these purchases have to be rcc ’ j affecting the 
incurred in this form of credit is insignificant 
rate charged for instalment ere , jojn paid off in 

The established rate of in computing the 

equal instalments varies svith <>>' “ instalment purchaser 

rate. Actually, the ‘*'’= time and each payment is 

is amortized over a fixed pen rfcicrmining the true rate 

partly principal and partly interest- pt ,hc 

of interest, due consideration most g „f determining 

component parts of each paymen in mathematics at 

the true rate is beyond the scope of a »urs 
either the elementary or '''„„d ,0 them that most 

The experience of the vnilers to p ,oqu«d 

students at the junior high ^ „ instalment 

to compute the rate of interest cha^ ^ Tins chaise 

student should find the ^ nod the instalment price, 

is the difference between the cash price 


Finding the Approximate Rale on Instalment 

One method of finding *= 0W^‘-:„st charged 
instalment loan consists in ^^n.” The average amou 
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of the loan may be considered the average of the unpa^ balance 
(the instalment price less the down payment) and the las 
payment. « If the purchaser of an article bought on the instalmcn 
plan owed $80 which was to be paid off in eight monthly 

instalments of $10 each, a $45-Ioan ^ ^ ^ would 

equal in value to the instalment loan. The purchaser owed $80 
for 1 month, $70 for 1 month, and $10 less each succeeding 
month. There is a common difference between succeeding num 
bers in this sequence of numbers, called a number serits. In any 
scries of this type, the average of the numbers is equal to the 
average of the first and last terms. In the series below, I ^ 
average is the sum of the numbers, or 360, divided by 8, or 


80 


70 


60 


50 40 


30 


20 


10 


This same value can be found by adding the first and last terms 

of the series and dividing by 2, or — ^ = 45. A loan of $45 

for 8 months would be the equivalent of a loan of $80 for 1 
month, $70 for 1 month, $60 for 1 month, . . . and $10 for 1 
month. The yearly interest charged for the loan compared w’lth 
the. average amount of the loan, or $45, would give the rate of 
interest charged. The solutions of the following three problems 
show how' to find the approximate rale of interest charged on 
instalment loans. 

1. A television set sells for $240 cash, or $20 down and $20 
a month for 12 months. What is the interest charge on the 
instalment loan? 

The interest charge (carrying charge) is the difference betw’cen 
the cash price and the instalment price, or $20. 

The initial unpaid balance is $240 and the last payment is $20. 
The average of $240 and $20 is $130. $20 $130 = 

or approximately 15%. 

* A closer approximation of the true rate can be found by using the cash price 
instead of the iruialment price. Then the axerage amount of an instalment loan 
svould be the aserage of the cash price less the down payment and the last payment. 
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2 A watch sells for $80 cash or $10 down and $8 a month for 
10 months. Find the Interest chargefor the privtlege of .nstalmen 

buying. • 

L • A loan cQual in value to a loan 

..■S: '5™it » ;.'i — i. .... 

(m+M). The interest charge for 10 months, or f year, ts $10. 

\ 2 / . . rpj, a year would be 

Therefore, the interest charge at „te per 

^’Lrt&:irt^hf^t:-ing$.ahy$.,or 

":::::!f2;foe.e.rch..oos.carw^ 

in 18 equal monthly payments of $25 each, 

of interest on the loan? , . 

ten f$450 - S-IOO). A loan equal in 
The interest charge " 0 = $50 ($4 ^ 

value to the average of $400 and $ » ^ $50 

The interest charged found by dividing $ 

Therefore, the yearly approxiroa«'y 

by li or $33.33. Then $33.33 t- $212.50 

i,„ved was approximately 167o- 

The interest rate cha g ,,, rale of interest on an 

The method of finding the “PP™*'™ f„i,o,vs: 

Instalment loan may bo emnmanzed pnee 

1, Find the average “"P^'^^lur paymient 

lessdownpayment— and thela« go P betuee 

2. Find the interest charge This « ,be time of 

the cash price and the '"’'“^“'"be number of “ /e 

payment is not 1 VO^o. «P4“i„,de the interest charge by 

fractional part of 1 year. ^ a year. 

fraction which as found in d express 

3. Divide the yearly statement 1 and exp 

average of the two amounts nnchment 

the result as a per cent. part of t e e superior 

The above method should hc^ Only 

program for students ^^eps in the mlooon^ 

students are able to understan 251 



approximate rate of interest on an instalment loan can be found 

by use ordiCfcrent formulas. One of these formulas is r = ^ + j) 

in which c is the interest charge, p is the difference between the 
cash price and the down payment, and n is the number o pay 
ments. This formula should not be used until the student ha 
the background to understand Us derivation. 


f. Compound Interest 

Difference between Simple Interest and Compound Interest 

If money is invested at compound interest, the interest when 
due is added to the principal to form a new principal. Interest 
is then paid on the new principal. Most students in the junior 
high school are familiar with the application of compoun 
interest to either a savings account in a bank or to a Savings 
Bond. Interest on accounts in savings banks usually is com- 
pounded either quarterly or semiannually. The period of tune 
from the date when interest on an account is due to the next 
similar date is called the conversion period of compound interest. 
There are four conversion periods per year when interest is 
compounded quarterly. 

The purchaser of a Savings Bond pays three-fourths of the face 
value of the bond. Thus, a $100-bond of this kind costs $75. 
After a period of 8 years 1 1 months, the value of the bond is equal 
to its face value, or $100. The $25 in excess of the purchase price is 
the accumulation of interest at 3^%, compounded semiannually* 
The student should find the difference between simple and 
compound interest on a given principal compounded annually 
for a period of 3 years. 

*00, interest at end of I yr* 


The work shows the steps 
in finding the amount of 
$100 at 4% interest, com- 
pounded annually, for 3 
years. Interest is not paid 
on a fractional part of a 
dollar. 


$104.00, principal at end of 1 
4.1 6, interest at end of 2 yr. 
$108.16, principal at end of 2 yr. 

4.32, interest at end of 3 yr. 
$1 1 2.48, principal at end of 3 yr* 
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The interest on 5100 at 4%, compounded annually, for 3 
years accumulates to 512.48. Atstapk interest 
would be $12, hence the difference nlus- 

compound interest in the given pro cm is ^ anding 
tration it is seen that the compu a interest 

compound interest is time consuming. , interest. In- 

tables have been compiled for n mg e „tes for 

terest tables show the accumulation of $ ^ ^ annually, 

certain periods of time when in.ercst « J,, 

The table below shows die certain 

interest compounded annually, at i amount 

periods of time. The student should ^ny 

of a given principal placed at any of the 

of the years given. interest and compound invest 

The difference between simple . ,^0 amounts from 

can be shown very strikingly bV Ja for a long pcri«i 

two equal principals placed at interest and *e other 

of time if one principal is P'^*^ relates that the Dutch 

principal is at compound interest. History 



..5580 

1.8061 


1.8009 
2 1911 


2.0789 

2.6533 



purchased Manhattan from the Indians in 1626 for $24 
Lm had been invested at 6% simple interest from that date 
until 1950, a period of 324 years, the amount would hate 0 
approximately $490. 

Money invested at 6%, if the interest is compounded ‘‘'''’“‘‘V’ 
doubles itself in approximately 12 years. In a period o X ’ 

the interest would have doubled itself approximately ‘ ’ 

which may be expressed as 2*’. The reader should un ers an 
that a principal of $24 at 6% interest, compounded annual y, 
would amount to an extremely large sum. The amount wou 
be approximately $3,800,000,000. Such is the magic m com- 
pound interest! _ , 

Many more uses are made of comjxjund interest than t - 
already mentioned. Compound interest functions in such socia 
institutions as in life insurance. Social Security, and in si 'mg 
funds for the liquidation or amortization of public or corporate 
debts. 


Life Insurance 

Life insurance is a money protection against loss of income 
due to loss of life. Payment is made for insurance protection 
periodically. Such protection is acquired through the cooperative 
sharing of risks of misfortune by groups on the assumption that 
only a small proportion of the group is likely to experience 
misfortune at the same time. Members of the group contribute 
to a single fund. Corporations functioning as insuring bodies 
compute risks scientifically by various calculations and from 
experience tables. One of the familiar tables of this kind is the 
American Experience Table oj Morlalily ^vhich gi%’es the life experi- 
ence of 100,000 people at age 10 until the age of 96 when these 
people have passed away. 

Today most life insurance companies use the Commissioners 
Standard Ordinary Mortality Table (^O) which is based on the 
experiences of life insurance companies from 1930—40. This table 
gives the life experience of 1,000,000 beginning at age 1 through 
age 99 at which the computations end. Part of this table is 
given on page 261. 
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Tabus IX, Commissioners Standard Ordinary 
Mortauty Table 


Number 
Age Living 


1 

1,000,000 

5 

983,817 

10 

971,804 

20 

951,483 

30 

924,609 

40 

883,342 

50 

810,900 

60 

677,771 

70 

454,548 

80 

181,765 

90 

21,577 

95 

3,011 

99 

125 

The 

column on 


Deaths Deaths 

Each Year per 1000 

5,770 
2,715 
1,914 
2,312 
3,292 
5,459 
9,990 
18,022 
26,955 
23,966 
6,063 
1,193 
125 



Years of 
Expectancy 

62.75 

58.74 
55.47 
46.54 

37.74 
29.25 
21.37 
14.50 

8.99 

5.06 

2.58 

1.63 

.50 


Life expectancy is , a person, on tne . 

at any given age. 44’ years of age, but at age , 

should live to be approximately 64 y 

he should live to be 6PP™’“™‘‘ „„ per 1000 population 
The table shows that the dea* ate p ,a 

lowest at about 10 years of age an „ reachB 

age 40. From that point the rate 1000 W 

a rate of 100 per cent at “8' ^ ber of deaths for any P 
lation is found by dividing ofneople lining at the bcgi 
year by die number of thousandsrfpeop 

of that year. For oxample, “‘“'f ,,,e year there were 81 u, 

deaths is 9990. At *>■' j,0.9 rvill ' 

people living. Hence, 9 

1000, or 12,32. determine ‘b' ,,1 lOOO 

From the table “ P^y „„pany “'“"'jljVaO 
of death at a given age. ye a sum of 5'^’ jjjuming 

persons at age 50, it , jjdi claims during 

$1000) for the P^r''"Ata?rpoUey S''’"”' ^ ,61 

that each of the insured had a pu 261 



is equal to an average of $12.32 for each of the 
would pay this sum, known as the moriahiy cost of the insur 
for that year. 


The Yearly Premium 

In order to understand insurance, it is necessary to know what 
constitutes the premium. The premium is the sum the insure 
pays the company for the policy or contract between the insure 
and the company. In life insurance the premium is genera y 
computed on a yearly basis. The three elements of the premium 
of life insurance are the mortality^ loadingy and reserve. We ave 
found that the mortality cost is determined from a table of t e 
type given on page 261. 

The loading expenses are those costs which result^from t e 
operation of the company. Such items as taxes, agents’ commis- 
sions, and other expenses common to the operation of a large 
business are part of the loading expenses of an insurance 
company. 

The reserve of the premium is the sum of money that is set 
aside each year at compound interest to equal the face of the 
policy at maturity. If at age 30 the insured has a policy which 
will mature in 20 years, enough money each year must be set 
aside at 2^% or 3%, compound interest, to equal the face o 
the policy, or $1000, when the insured becomes 50 years of age. 
If the insured surrenders his policy before it matures, he receives 
a refund from the company of the premiums paid which were 
assigned to reserve plus the accumulation of the reserve at 
compound interest. This amount is called the cash surrender value 
of the policy. 

The cost of the three items in the premium varies sHghdy 
among different insurance companies. Most companies use the 
same table of mortality and compute the reserve at approximately 
the same rate of interest, hence the greatest variation in premiums 
would result from the cost of loading. Approximately 16 cents 
of the premium dollar goes to this item and the remaining 84 
cents is divided proportionately between mortality cost and 
reserve. 
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Kinds of Policies 

There are many kinds of life 
of standard policies are: (I) sfosghS c, ord,no,y bje. (2) 1-™ 
poymenl life-, and (?) mdewmenl. 

A straight life pohey of the mortality 

or when the insured reaches premium for 

table. The owner of the Hicy P jffojtls protection 
the duration of the policy. A po icy nolicies as shown 

at a cheaper rate than the other two types of policies 

by the table below. premiums for a 

The owner of a limited payment po y P ^ 
designated number of year^ mature until the death 

policy is paid up, but the 1“ ‘5>' js recommended lor 

of the insured. A policy of this i premiums while 


r the insured. A policy ol tnis kuiu premiums while 

person under 40 years of age. He M P r retirement 

he is able to earn an income before he retires. A 
the policy would be paid up. r^r death of the 

An endowment policy „umbcr of years, as 20 yea^ 

insured or at the end “f ^ ^ ,nif“Tnwanee policies earned 
It should be understood that all 1 rhing feature of 

by a person mature at his O'f . ^aigs as wdl as m 

an endowment policy IS Its e , . rmphasis on sat mgs, 

provision for protection. Because P „tloinnen 

L. of the reserve makes f P-™"”';®, tries as shown below. 

policy than for either of the othc ,rsT Kmns 

SIOOO roa Diffebe-st m- 

TancE X. Yeakev 


20-Ycar 




At a recent date a large insurance company used t ^ 
given in the table for yearly premiums at different age 
for the three types of policies mentioned. The data shovve 
as the age of the insured increased the difference in the premi 


of the three policies decreased. 

A fourth type of policy is called term insurance. Term 
usually is carried for a limited period of time, such ^ 

No savings feature is considered in term insurance, hence i 
issued for protection only. The premium consists of morta 
cost and loading expenses. There is no cost for reserve. There ore, 
the premium for term insurance is much less than the premium 


of the standard policies discussed above. 

The teacher will find the following filmstrips effective instruc 
tional aids for students studying life insurance in the upper 


grades: 

How Life Insurance Operates 
How U/e Insurance Policies Work 

These filmstrips may be secured from the Institute of Life 
Insurance, 488 Madison Avenue, New York City. 


Fire Insurance 

Fire insurance is one of the most familiar kinds of insurance. 
As the name designates, fire insurance is a money protection 
against the loss of property by fire. The student should under- 
stand the elements which constitute the premium for this km 
of insurance. The two factors affecting the premium are risk and 
loading. There is no prorision for reserve in any kind of insurance 
except for life insurance. 

The risk involved in fire insurance on a building depends upon 
the following: 

1. The kind of structure 

2. The location of the structure 

3. The use of the structure 

4. The surroundings. 

It is apparent that a stone or brick structure with a fire 
resistant roof should have a lower rate of fire insurance than a 
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frame struCurc with a wooden .hingle roof 
on a structure should be lower m » ‘ 

protection than in a rural area wthou jlian a 

family house should have a fee or more 

building of the same structure have a 

families. A house located in a structure 

lower rate of fire insurance than a house of the same stru 

located near a factory making on a fire 

It is possible to make a savings in longer than 

insurance policy by paying the j P as follows: 

one year. The rates for different penods of time 


Period 

2 years 

3 years 

4 years 

5 years 


Rate 

1 J times the rate for 1 year 
2§ times the rate for 1 year 
3i times the rate for 1 year 

4 times the rate for 1 year 


• „ „r 20 oer cent of the ywly 
It is possible to make a savings j instead of 

rate by purchasing a fire in a class should 

five yearly policies. Very «ible for each of the 

able to compute the per cent of savings po 
periods given in the tabic. 

Casually Insurance ™vering losses due lo 

Casualty insurance consists t-mtr®' 

accidents, storms, or similar casualty ' 

automobiles is one of the fan»''ar i„m for eamJ ) 

The student should fr-rlrra'an^h"' ^e n* 
insurance depends “r "fee for a car depend, upo" 
involved in casualty .nsnmn« o ,„c, and the 

faetom as the residence of the tnsu 

made of the car. . .Ljjt ihe risk ol oo!ic>’ 

The student should un ^ as the *^“‘^^,^^<10 000' 

of the face of the policy is one iJoorance 

increases, A familiar form f* ^ „y .ssu.ng 

$5000. Tills means that th 26 



assumes liability in case of personal injury by the car o 
insured to the extent of ?5000 for one person, $10,000 lor mu 
or more persons, and $5000 for property damage. In certain 
parts of this country', the cost of this insurance on^ a se a 
would be approximately $60. To double the liability insurance 
so that the coverage would be $10,000— $20,000 with the coverage 
for property the same, the extra premium would be approxi 
mately $3. For about $2 more ($65), the liability insurance 
could be increased to $25,000-$50,000. These data show t a 
the chance of the company’s paying more than $5000 to one 
person for injury is small. 

In teaching such topics as fire or casualty insurance, t e 
teacher should stress two things; (1) what the elements whic 
affect the premium are and (2) how safety and care can reduce 
the risk involved. As the risk is reduced, the premium also wi 
be reduced. 


Annuities 

An annuity provides a specific income for the life of the person, 
called the annuitant^ who holds the policy. For the payment of a 
given sum, such as $1000, to an insurance company, the annui- 
tant will receive a specified income for life. A person at age 40 
may deposit $1000 and in return the insurance company would 
give him a guaranteed income for life beginning at any specified 
dale. The annuitant may decide that he would prefer to receive 
an income beginning at age 60. During the intervening 20 years 
the $1000 would be drawing compound interest so as to make 
the amount to be paid the annuitant more than the principal* 
Naturally, the yearly income would be greater for the annuitant 
at age 65 than at age 60. 

An annuity is the opposite of life insurance. Life insurance is 
to build an estate, but an annuity is to liquidate an estate. Life 
insurance is to give financial protection to dependents, but an 
annuity is to give financial protection to the annuitant. 

The graph shows the average life cxpicctancy of men and 
women at ages 60, 65, and 70 according to the records of one 
large insurance company. From the graph it is seen that, on the 
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ANNUITANT LIFE EXPECTANCY 



15 20 

° Average Number orYeore ol L.le Evp.Canc, 
average, women live 

Therefore, an annuity to prov ^ 

age, as at 60, would cost a woma ^ ^ person \vho 

Because of individual 1 i^o the 

wUhee .0 live cE inves.menu he needv a 

principal lest he outlive it. If Interest to provide $1200 

Lpilal sum of $40,000 a. 3 c "t .n.er ^ 

a year. By sharing mcomc OTun<y^ a„ .ncome 

persons through annuities, a roa ms^ 

regardless of whether he ^ the capita! sum nerftd 

sl„« both principal and in^^ , about $15,500 for a 
at age 65 to provide $1200 a y 

man and $I 8,500 for a woman. . ^ ft,irement funds, 

The teachers nf many „ake an equal contribution 

Frequently, the teacher and the St buys a 

m Xse J^ds. The "iU^ “ "“by- 

annuity so 

for the rest of hts life- V"'" 
is found in Social Security- 

Social Securily . j Security. I” 

Most wage aarnc- ^‘^^^.1,0 hasu P- S;.,'" 
junior high sehoo ^OTbers of bi. govemnienial 

rof*"-" S wage .-hution of the 

per cent of the matches 

agcnc>' and tn 



The government specifies the maximum amount of > 
wage that is subject to income deduction for Social Secunty. 
At a recent date this wage was §4200, The wage earner con 
tributes to Sodal Security until he is 65 years of age, at w c 
time he is assured of an income for life. The yearly income from 
this source depends upon the number of years he has contn ute 
to the fund and also upon his yearly wage during his pen 
of contribution. 

Questions, Problems, ond Topics for Discussion 

1. isatne some cjcplorator^’ materials which could be used by a student 
help him understand the meaning of per cent. 

2. Show same kind of actirity in which the student should participate^ 
order for him to discover the method to use for finding a per cent of a num 

3. For most students, uhat is the meet difficult part of the solution o a 
problem ui%"olving finding what per cent one number is of another nu • 
What are some of the things which may be done to help the student ovcrco 
this difficulty? 

4. How could you haw a student discover that it Is possible to have an 
increase of 100% in the cost of an article, but that there cannot be a reducuon 
of 100% in the con of an article which is sold? 

5. Show why you would or would not find a fractional part of one P**" 

by expressing the per cent as a three- or more-place decimal and thenmultip y* 
irg the gi%-cn amount by that decimal. 

6. Write three problems which illustrate the three kinds of problems or 
finding a number when a per cent of it is given. 

7. W’rite three problems to illustrate the three usages of per cent. Indicate 
which mage each problem represents. 

8. NNliat is meant by spacing a topic in the curriculum? Indicate how the 
topic of per cent should be spaced in the curriculum. 

9. What is the percentage formula? Under what conditions should this 
formula be us»t 1 in teaching the topic of per cent? 

10. Show why an increase of 10% in waga and then a 10% decrease in 
wages would give a net wage less than the net wage before there was a change 
in the wages. 

11. Make a list of some of the chief social applications of per cents. 

12. A r-s!l /are is sometimes defined as a loan of $500 or less. In a certain 
state a small loan company ts permitted to charge 2j% n month on the first 

* loan and a month on the part of a loan in excess of $300. Using 
ihov rates, find tli* monthly jmercst on a loan of $450 (Answer, $3.25) 

1 3. Make a concepts used in merchandising and define each of 

they terms. 
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,4. Mak. a to of too advaa« 6 - »<> «»“ -"-dvanuga. of la..atao.. 

l“yi»g- „ ,„,,,Ocashot$25do«nand$IOamonlh 

15. A musical mstrumcnl sells for $15 charged for ihe prinlege 

torlSmonlhs. FindthcapprorumateraKofioler rg 25%1 

of instalment buying. . j 55 O ^ month for 9 

16. A used car sells for $600 cash, m $ ^ j ,hc prmlrge of 

monlhs. Find the approaimate rate of interest eh g 

instalment buying. • w life insurance, fire insurance, 

17. What are the elements in the ptemrums for hie iitsn 

and casualty insurance? ^.ffprent rate of fire insurance 

, 8 . Why Should the owner ^ he ntoref 

on his household goods than on Ihe house ,„„„d 

19. A man wrote to an insuiantt ^ , ,d„„id be giten a lefuod 

my car for 1 5 years and I have not had an h,„ the refund? 

of part of my premiums." Do lou thmk the company g 
Should he be given the refund? ^ ^ c....i.r;tv. a. The rate of deduciwW 


hould he be given me rciuuuf - , c-a.e.p;tv a me _ 

20. Find the following data about Social S > ■ c. Ihe 

assigned to the fund h. The nmannum 'Oge „ „ce« 

minimum number of quarters ^„„,c,pant ma) reeene monthly 

beneftt. at age 65 d. The maxtmum benefit a pameip 
from this source. 
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Chapter 8 


Instructional Units in Mathematics 


I N preceding chapters it has been shown that learning is a 
groiMh process, that learning proceeds best when it takes place 
in social situations that arc meaningful to the learners, and that 
learning proceeds best when the learners understand what 
are learning and it makes sense to them. They should be givco 
the opportunity to diKover meanings and relationships and to 
make and apply generalizations. Methods and materials of 
instrucuon must be adapted to the level of ability and develop- 
ment of the learner. In the selection of content and activities, 
special consideration should be given to the differences in the 
needs, interests, and background of experiences of the students. 
In this chapter the follounng topics are discussed: 
a. The nature of instructional units 
• b. Building units 
c. Subject-matter units 

d. Enriching learning through c.\pericnce units 
c. Illustrative experience units. 


a. The Nature of Instructional Units 

Poinis cj I ieiv as to the Nature of Units 

In current literature on methodology we find numerous 
expressions that are used to identify different kinds of units of 
in«truction. TTic most imjxjrtani of these are subject-matter units, 
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process units, experience units, c'ompletely 

daily page by page assignment based on a tex 
L, of liL with modern conceptions of how learn, ng 
A^Brntont ^as said. -I. would In, difficult ^-=_an ednea^ 

tional practice so grossly ineflecme, ^ ,ext 

interfere with learning, P®*' . u characteristic of 

followed by a formal quiz. Yet this p 
instruction in many classrooms. 

SubjechAiattn Units 

Subject-matter units are matter itsdf. 

arranged around a central core wit ^ a theme, 

The core may be some mathematical units are: 

or a center of interest. Illustrations of subject 

1. How to divide by decimals 

2. How to compute interest 

3. The history of our number sy*'"" 

4. How to make and interpret graphs. 

Proass Units 

Process units focus on jhe ^''^P^^'p^cesses. Smith' h« 
and habits of thinking, that is, ^P„ght processes used 

identified three of the "ms. .mP»™"‘;“®fcom the other, m 
in daily life which are basically different, 

their nature. . -Tiv of developing instructio 

However, in spite of the desjmbd^od h i'' 

units that emphasize thought p 

research has b«n undertaken atag_^thn possible ways 

It Is important that an ""‘■'1’“" „„ contribute to eP 

in which instruction in ma c Interest in this P 

wayx of thinking in s-ial situanom^.'"^ uadcn.andinp « 

shown by current emphasis on <5“' 

w. n. 

Century.Crofts, Inc., 1W2. ,hc ^ ^ 

cusston of the procedure* W ' . «. 

iSntUh. B. O . Stanley. 'V.. , „50. 

mnl. Oiapter 23. Yonkcr*. N. Y.. « 



well as on the improvement of problem solving. Routine drill 
on number operations is of no value as such in the improvement 
of significant thought processes. 


Enterprises and Organized School Experiences 

Enterprises are undertakings, usually outside the classroo > 
through which students come into direct contact with 
tivc aspects of social institutions similar to those foun m i 
outside the school and participate in their activities. Usua y t 
arc a part of the organized life of the school. Illustrations 
enterprises arc the following: 

1. Operating the school savings bank 

2. Establishing a school credit union 

3. Planning the school activity budget 

4. Laying out a school playground or athletic field 

5. Making a surv'cy of fire hazards in the school and com 

muniiy . 

6. Participation in a bond drive to raise funds for a new sc oo 

building. . 

A valuable form of learning experience Is found in the schoo s 
of Winnclka, Illinois. There the teachers have encouraged l c 
formation by students of three different kinds of simple corpioratc 
school'ccnicrcd organizations — public, private, and cooper 
alive.* An example of a public organization is a mutual insurance 
company which insures the students against accidental breakage 
of dishes in the lunchroom. An example of private corporation JS 
a school credit union organized and incorporated under the !as''S 
of the school community to encourage savings, to provide sma 
loans, and to afford experience in the control of credit. An 
example of a cooperative organization is a company that manu- 
factures and distrifjutcs school supplies and opicratcs an c-xchangc 
of such articles and divides profits among shareholders. Evidently 
the faculty in Winneika is convinced that such experiences have 
real educative value. Other organizations similar in nature arc 
cstabH«hcd from time to lime as the possibility of valuable 

* S R «int}i Littl« Corporatjota,” Th/ Cltofixg 
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educative experience arte. f 

known example of group partidpation y >oi 
conduct of productive enterprises. 4H clubs are another. 

Experience Units 

Experience units consist 

organized around some pupil P™ utiUzed in the activities 

useful subject-matter and maieri achieve 

undertake^ by the group » inherent 

a purpose, or to satisfy a need. fnne- 

in the process of experiencing nracticc in cooperative 

tional use of the baste tools of ''“''"‘"S’ ^ of insight", 

group action, and the devciopmen j ^ of experience 

LerLts, attitudes, and appreciattons. Illustranons 

units are the following: ^ople play and 

1. How Is arithmetic used in the games 

in their sports? . a.uomobilc? 

2. What is the cost of 'rcommuni.y? 

3. How do banks help m and K 

4. In what ways arc people p ,| ,|,e level of their 

In experience units all a-dan's r as a 

mathematical development or J' way m t^ 
group, each one contributing t^h ^ .aptitudes. This 

5 his interests, oWh»,«-,r‘Lror'xptring and des.lop.ng the 
approach is a vcr>' valuable > individual student 

many aspects of the petsonali.y of the 

Common EUmrnts in ^ ^ 

Oarchil study will ""m.e: 

overlap among these fou stressed m su J pj- 

involved in all types, but iw ^ im-ohed m nf 

units. Thought given to the 

units but special consi ‘ ^^s 5 C-i in process un* 

particular kinds of though p process unit 

ii , -nutter is invoU-«t P ^ 


xs;d:;nimugi.tp^---'S;,. jn 

hat subject matter bin^s^^ „ on mch 

mits and in so-called enw ^ 



learning and kinds of social behavior, although subject matter 
and thought processes necessarily operate in these type 
instructional units. r 

In the ideal instructional unit there is a rombination 
subject-matter learning and of thought processes used in ^ . 
solving, critical evaluation, and generalizing which wi ^ ^ 
real value to the learner and aid him in integrating his leanung. 
Integration is aided when the learner sees sense and v ue 
what he is studying and in the thought and behavior pattern 
that arc stressed within his learning activities. 

These experiences may be cither direct or vicarious, Litt e is 
gained by attempting to classify any given unit under some 
particular category. Actually the title of an instructional uni 
cannot be depended on to identify the kind of unit it is. A uni 
can be classified as to type only by observing what takes p ace 
in the classroom in the course of its development. 

Both textbooks and direct experience have a place side by si c 
in the modern mathematics program. Modern textbooks try to 
relate mathematics to life experiences and to suggest aspects o 
community life to explore to socialize and Nitalize instruction. 
Teachers should make use of the suggestions given in textbooks 
and supplement them freely with their own ideas. In this way 
interest is likely to be aroused and maintained, and purposes 
emerge so that the learner will go on from there himself. 

In the followng discussion we shall illustrate ttvo kinds^ o 
instructional units, one that focuses on the systematic teaching 
of the technical subject matter of mathematics, the other that 
utilizes primarily the experience approach. 

b. Building Units 

Various Ways oj Buildirtg Units 

Units may be built in a number of different way's. The most 
N'aluablc type of unit in terms of the richness of its possible out- 
comes is one that is chosen for study' cooperatively' by* the teachers 
and pupils on the basis of the needs, interests, and purposes of 
the students. Tlic pupils set their ow'n goals, participate in the 
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of aviation, how discounts help to rcouee 

"t:trcrr:deve.opedintc™sora^fle.hlep^nea^^^^^^ 

of topics to bn JmTthentftic, the pupils have 

“died, ‘HOW ban. -e -he 

Units can be chosen Misled matenals. 

in courses of Study, resource , material from 

Resource units often supply a ^ selected, especially 

which suitable topics an ^ situations specifically 

when they have been prepared 

in mind. contents are often organized as units. 

In modern textbooks the nature, the teacher finds it 

However, because of their ge ^ in,o the unit 

necessary to supplement thte being dis- 

local illustrations and . are given for local research 

enssed. In some -"'boo. sugg «on»- ,an thus be 
by students on ^ more able s.udents and 

furnished as a means of providing 

"oTfi"m in -bo-inb^Jb-tirh number uperadom “U 

These could ^^caching materials and p ^ ^ 

is:Tb;"sho^^ 

view of topics previously « 

/terns. .rCeahWrrrd,V.cfrrh-n.o«||«^^^ 



1. The readiness of the students for the topic 
development of their mathematical skills 

2. The setting up of the objectives 

3. Possible ways of approach to be used in 


and the level of 


introducing the 


unit 


4 . An outline of the subject-matter content 

5. Availability of necessary materials, such as 
sources, pamphlets, visual aids, displays, apparatus, an c 

6. Possible use of community resources ^ 

1 . Provisions for a variety of pupil activity, including pro 
solving, constructions, excursions, creative work, fid "'O*' » 
experiments, and practice materials 

8. Methods of evaluating the outcomes of the work, o >3 
nosing difficulties, and remedying deficiencies. 


Mathematical Themes Basic in Instructional Units 

The authors have found that their students recognize the value 
of some sort of guide or checklist to assist them in the selectio ^ 
of the contents of subject-matter units. The following hst o 
twelve basic themes is very helpful as a basis for enriching an^^ 
extending the contents of all types of instructional units. ° 
the themes arc related directly to the mathematical phase of 
subject and six of them to the social phase. 


Tjiemes Basic in Unit Construction 

1. Themes stressing the mathematical phase of arithmetic 

a. Arithmetic is based on a number system invented by ni^n 
and developed by him to a high state of perfection, whic 
enables him to deal in an orderly way with quantitative 
aspects of the environment, 

b. To reduce the labor in\'olvcd in counting, man first 
invented methods of computation and, more recently, higWy 
efficient mechanical computing devices. 

c. Man has dev’ised units of measurement which enable hiiu 
to deal with quantitatis^ aspects of the environment in 
a precise way. 
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d. Ma.hen...ical language afford, “an “act ^ 
workable s)M,m for the expression of ideas 

forces to his oiira ends. ^ are the 

..rrstri-x^r-:* 

eously, man uses his •"*''' 5 .; „|,h them; science 

rai-:tes“t::r-"^ 

e. 5mSligcnt -Y’^^ d^p-d'o^hf 

enables any indh 

field; tnathematical ^ ’ ;„f„rmationheniay ha . 

---r-tTldlnbuildinga^^^^^^ 

^L' *e' uorrof the smd^ ^ ^0 topic, 
units, the " ,heniatic3l aspeers 

all important ma 



c. Subject-Matter Units 

Units for Teaching Technical Subject Matter 

The subject matter of mathematics should be 
relatively large units of related elements, for instance, 
by decimals. In accordance with the “growth r g . 

teacher should break down the process into a senes ol c 
graded sub-types beginning with the simplest com ma i 
skills and ending with the most complex type of e-xamp ^ 
is to be taught. The sub-units in a unit for per cent m ra 
level may be listed as follows: 

1. The meaning of per cent developed through manipulah® 
and visual activities 

2. Changing fractions to per cents (easy types) 

3. Finding a per cent of a number 

4. Expressing hundredths as fractions, decimals, and 

5. Finding a per cent of a number, using fractional 

6. Finding what per cent one number is of another (t e p 
cent is a whole number) 

7. Per cents greater than 100 

8. Finding per cents of reduction and change 

9. Rounding off per cents. 

Usually the textbook in use \vill provide the necessary instruc 
tional materials and practice exercises, except for concrete 
materials that the teacher must supply. Instructional procedur^ 
should emphasize the social utility of what is to be learned an^ 
basic meaning and understandings as described in Chapter • 
The teacher should conduct the w’ork in such a way that 
students will do the reflective thinking that will lead them to 
discover meanings and relationships and arrive at basic pnn 
ciplcs of procedure. 


Steps in Teaching a New Step in a Process 

The sequence to be followed in teaching any new w’ork in a 
number operation so as to make it mathematically meaningful 
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and socially significant to the class as a whole may be bnefiy 

Stated as follows: . _^n^rete 

1 . Present the simplest step in the new , 

social situation in which the nerf f “have 
its social use will be evident to t e ca 

arisen in some class activity or m be a 

some other curriculum area, such as science or music, 
logical next step in an instructional uni . j^^-oived and 

2. Have the pupils indi^te^ejj 

write it as an example. examples they have 

difficulty is and how the example ‘<'>*“7 

already learned to work in the same by drawing on 

3. Have the pupils ways o/working the 

past experience or by devising ^-anine to the step- Very 
example. The ,he pupih^ that approximate 

often procedures will be g» indicates a high degree 

closely the algorism to be taught. This 

of readiness for the new work. algorism to be 

4. Develop now in a ,he mathematical 

learned so that the Ph'''*’''" „ concrete materials, pictures, 

meaning of the steps to visualise the meaning of 

diagrams, and '■isu^'l supplement the baekgrou^ 

the various steps in the mlmion to su^P provides the 

given in The -od'rn ^ repre- 

cssential background and c p 

sentatlon is included. brec or four illustrative svorW-^^ 

^ Have the pupils go o . nfoecdure used. 

JdehrfsimilL Samples and«pH^ 

Tve each of the Sution Show them how to 

s-o that all can see the steps „«iel 
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7. Retcach the steps to those pupils 

work the model examples correctly. They arc likely 

concrete work than was given originally. „„„rtiinitv to 

8. On subsequent days give the pupils the °PP 

apply the new step in a variety of ways in soc/"' 
wider the variety of applications, the more likely 
new step will be mastered. Give additional prac 
increase skill and proficiency. Try to have pupils « J 
using inefficient procedures learn to use increasingly ma 
methods of thinking as they proceed. .umiieh 

Control and proficiency of skills should be dcvclope 
use in social situations, practice in a variety of 
repetitivc drill. Generalizations and relationships wit 
processes should be developed to aid the learner to org 
what he is studying and to integrate it with what he a r 
has learned. 


Subject-Matter Units Dealing loith Social Applications oj 
Mathematics 


A similar procedure should be followed whenever the 

I source of subiect matter in the study of such teC nic 


is the main source of subject matter in the study 
mathematical topics as applications of per cents, intui i 
geometry, and elements of algebra. In connection with the 
of such topics as insurance, taxation, banking, and the 
teacher should emphasize critical reflective thinking about t 
subjects and assist the students to evaluate current practices. 
course the teacher may choose to limit the work to the study o 
brief explanations and discussions in the textbook and the so u 
tion of verbal problems that usually appear in them. ^ 

procedure is of limited value as a learning experience, s 
content may have little appeal to the students and not be relate 
to their experiences, may be sketchy and not well organize , 
and perhaps contain concepts that they are not able to grasp. 

Two illustrative outlines of subject matter suitable for 
structional units are given below. The first of these units, Our 
Number System, will require the students to consult various 


sources for the needed information, an excellent means 
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de%'e]oping study skilJs and the ability to read and organize 
niathematical materials. The second unit is an adaptation of a 
scries of sub-units that appear in a chapter of a seventh grade 
textbook dealing with the topic, Mathematics of the Horae. 

I. Our Number System 

1 . Early devices used in counting and grouping 

2. Systems of notation — past and present 

3. Principles underlying our number system, including place 
value, symbols used to express values, the base of 10, and 
0 as place holder 

4. The operation of the number system in number processes, 
as in carrying in addition or regrouping m subtraction 

5. Various functions and special meanings of zero 

6. Common fractions an addition to our number system, and 
their various meanings and uses 

7. Decimal fractions - a recent extension of our number 
system involving the use of places to the right of one’s 
place 



8. Approximation and the rounding ofT of numbers 

9. The number scale and rational numbers 

10. Positive and negative numbers - a further extension o 
our number system 

11. Radical expressions — square root ^ ^ 

12. Other number systems and systems of notation, meju i S 
scientific notation through use of exponents, as, >S 
year = 9.46 X 10*’ Km. 

II. Mathematics of the Home 

1. Planning the family budget 

2. The cost of the food we cat 

3. Keeping a cash account 

4. Cost of operating a car 

5. The farmer’s share of the food dollar 

6. How we measure food value 

7. It’s cheaper to buy in quantity 

8. Finding the cost of the electricity used to operate app i* 
ances 

9. Finding the cost of water consumption 

10. Finding the cost of various ways of heating the home. 


d. Enriching Learning through Experience Units 
Steps in the Development oj Experience Units 

When the study of mathematics deals with problems that are 
related to the needs of the students and topics that they recognize 
are of value, the instructional program will be considerably 
different in nature from the procedures just described. Emphasis 
is then placed on learning through experiences in which not 
only the specific mathematical skills and concepts arc involved 
but also their social applications. The sequence of steps^ that 
are involved in the selection and development of experience units 
may be stated briefly as on the following pages. 

* An excellent analysis of the development of enriched instructional units is 
in Burton, \S. H. CuidaMe of Learning Aeltmius, Chapters 13 and 14. New Yor 
Appleton-Century-Crofts, Inc , 1952. 
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1. The teacher first systematicallystudies the needs, interests, 
and stages of development of the pupils so as to identify socially 
significant problems or topics, the consideration of which will 
in the teacher’s opinion be likely to contribute to the well- 
rounded grow’th of the students and make possible a wide 
variety of learning experiences. 

2. The attention of the class then Is brought sharply to a focus 
on the selected area. This may be accomplished by considering 
with tliem some need or problem that has arisen which is of 
concern to the pupils. The topic may also grow out of some 
situation arranged by the teacher to bring the subject before the 
children. The problem and its significance are clarified by dis- 
cussion and pre]iminar>' exploration. The issues and topics to be 
considered arc then tentatively listed as they are formulated by 
the pupils or as they grow out of the teacher’s suggestions. As 
the unit develops, new problems arise that are then added to 
the list. 

3. Plans are next set up through group discussion for securing 
any information that may be needed. The activities selected may 
involve investigation, research, e.xiensive reading, experimenta- 
tion, interv'iewing, construction work, and similar procedures, 
conducted cither by individuals or by groups. Special attention 
is given by the teacficr to the wide range of diflerences among 
the pupils so chat each one has responsibilities that are interesting 
to him and that at the same time present a challenge. 

4. The desired information then is gathered on a cooperative 
basis. The teacher tries lo direct all activities along productive 
lines through careful stimulation and guidance. At this stage the 
progress being made by the various pupils is checked each day 
by brief reports to the class, and standards are developed against 
which to check the work. A wealth of related reading matter 
is made available. When necessary to clarify meanings, experi- 
ences are prov'ided which bring the pupils into direct contact 
vvith community resources through excursions and field trips. 
Use may also be made of visual aids of various kinds, such as 
motion pictures, slides, exhibits, pictures, and drawings. Local 
illustrative materials are brought in to add concreteness to the 
work*. 
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5. The information gathered and the results of any actm i 
engaged in by the pupils are then organized in preparation o 
class discussion. The pre,scntation may be made in the form ot or 
or written reports, exhibits, constructions, dramatizations, wor 
of art, models, and various other products of creative 
Evaluation of the product is done continuously by chccKing 
contributions against emerging standards dcs^eloped by teac 
and pupils together. , 

6. The results of study and investigation arc then prMcnt 
to the class, considered by the pupils, and necessary cone 
drawn. Plans for any future action to be taken as a result o 
work done by the pupils are then discussed. 

7- The outcomes of the unit are finally evaluated by the pupJ s 
in terms of the goals achieved and by the teacher in terms o 
major educational objectives. 

The steps listed above should be regarded as general gui ^ 
only for teaching through experience units and should not 
followed as a pattern. The activities carried on by any c 
should de%'clop naturally as the work progresses and they w 
likely differ in many respects from the activities of any other class. 


e. Illustrative Experience Units 


Units of experience of the most valuable tj-pcs grow out of t e 
cooperative organization by teacher and students of a plan o 
attack on some problem of social significance that is vital to tnc 
students if in the opinion of the teacher its consideration 
likely lead to valuable kinds of individual and group learnings, 
The possible outcomes of these units include not only the learning 
of a body of important information about the matter being 
considered, but also a wide variety of wholesome interests, atti 
ludes, appreciations, social insights, and understandings. These 
units also lead to the development of good study habits and help 
the pupils to devise methods of attacking future problems. The 
experience of working together with others in the study and 
solution of vital problems and of accepting responsibility fnf 
assignments by the group contributes to the dev'clopmcnl of 
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social qualities and abilities that are universally regarded as 
fundamental to life in a democratic society. 

Within these units (here is such a wide variety of activities 
possible that all of the students can find ways in which each of 
them can make worthwhile contributions to the group according 
to his interests, abilities, and special talents. An anal>'sis of the 
major kinds of activities that may take place in units of ex- 
perience is given below: 

1. Problem solving activities involving 

a. The formulation of a problem 

fa. Consideration of the scope and significance of the 
problem 

c. Planning a method of attack 

d. The assignment of tasks to individuals or groups 

e. The iocatian and gathering of necessary information 
from persons and printed sources 

f. Research and experimentation needed to get new data 

g. The assembling, o^anizing, and presenting of findings 
h# Drawing conclusions and making decisions 

I. Taking steps to carry out decisions. 

2. Construction activities, such as 

a. Making graphs, charts, and diagrams 

b. Making working models of various kinds, designs 

c. Preparing exhibits, displays 

d. Carrying on experiments 

e. Constructing equipment, tools, utensils 

f. Participating in surveys, drives, campaigns 

g. Buying, selling, building, collecting, etc. 

h. Exploring meanings by manipulating and grouping 
objective materials. 

3. Appreciation activities, such as 

a. Viewing slides, films, pictures 

b. Reading stories, books, articles, bulletins 

c. Hearing radio programs 

d. Viewing plays, dramatizations, performances 

e. Hearing talks by local people, experts 

f. Looking at exhibits, displays. 
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4. Creative activities, such as 
o. Painting, drawing 

b. Making murals, decorating 

c. Writing original imaginative materials 

d. Planning improvements 

e. Suggesting original novel solutions 

f. Inventing new methods, means, and materials 

g. Dramatizing, performing. 

5. Excursions, to such places as 

a. Places of business, banks, stores 

b. Industries, factories, warehouses 

c. Farms, dairies, orchards, etc. 

d. Transportation centers and facilities 

e. Libraries, museums, art centers 
i. Historical spots 

g. Hospitals, medical centers 

h. Housing projects, slum areas 

i. Governmental buildings, post office. 

6. Practice activities, such as 

o. Using reading skills 

b. Using language skills, both oral and written 

c. Using number and computational skills 

d. Locating and using sources of information 

e. Using tools, equipment, apparatus 

f. Applying algebraic and geometric concepts. 

The activities to be carried on in connection with any unit 
of experience wnll of course depend on the nature of the problem 
or topic being coasidcred, the steps necessary to deal with if 
fully, the experiences that the children should have to make it 
meaningful to them, the richness and variety of the instructiona 
materials available, and the accessibility of places and institu- 
tions in the community for getting first-hand direct contacts. 

Outline of an Experience Unit 

The following outline suggests the essential elements of a 
unit that should be included in a plan for the work of a class. 
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Generalized Outline of a Proposed Experience Unit 

1. Tide of the unit, stated cleariy and in such a way as to 
create interest. 

2. Overview of the unit. 

A general statement of the purpose and scope of the unit. 

3. Objectives to be achieved. 

4. Outline of subject matter to be included in the unit. 

5. Possible approaches to the unit, 

(Several should be given) 

6. Probable activities to be undertaken during the unit. 

a. Problem solving activities 

b. Concrete and constructive experiences 

c. Appreciative experiences 

d. Creative experiences 

e. Excursions 

f. Practice experiences 

g. Experiences in democratic living, other than those given 
above. 

7. Possible culminating activities. 

8. Methods of evaluating outcomes. 

(At least tlirec specific procedures should be illustrated in 
connection with this unit.) 

9. Materials and community resources to be used. 

Q. Materials, objects, etc. 

b. Community resources. 

10. Bibliography. 

An excellent jJJustrauon of an instructional unit emphasizing 
learning through experience is the activities of a group of 
junior high school students who made a study of methods oj 
reducing Ike expenses oJ Ike kome^ an e-xcellent application of what 
they had learned about per cent. The following overview of the 
unit describes the work of the class: 

1. Overview . 

This unit grew out of a discussion of the meatung of a Thought 
for the Day’ written on the blackboard. The quotation was from 
the worJiS of John Wesley, ‘Earn all you can; save all you can; 
give all you can.’ Ac first the pu|Mls, some of whom came from 
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very poor homes, saw liule connection between 
Gradually the idea emerged that saving can also .Lressed 
so as to get one’s money's worjh The idea 
that, with careful planning and thrifty buying, V 
be saved no matter how Hulc is earned. ^ nlanning 

The class first dealt briefly with the question, “ heir 

help us to spend wisely? The pupils agreed to w uh h 

parents the expenses of the home and the f ' 

Lo discussed ways in which they earned money “"'' how ‘hey 
spent it. Then, because of the many problems n the tome^ 
revealed by this study, it was deeidcd to investigate ^ .g 
reducing the major expenses of the home; 
expenses, including heat, light, water, and tclcpho ' . „eous 

expenditures for food, clothing, and shelter; and in ... 
items, including medical care, insurance, allowances or 
charity, amusements, and reading matter. ,t!idv 

Groups of children selected topics of special ‘ ^ ...j 

and reporting. The investigations needed to secure 
information required the use of a wide variety o P . 

including reading, interviewing, visitations, discussi^ .-veral 
authorities in several fields, and actual experimentation m sev 
instances. Illustrative materials were gathered from , 
munity. Local business practices were discussed and 
The cooperation of several special departments of the sc ° 
secured in dealing with a number of the problems, me 
consultation with teachers of home economics, educa > 

social studies, science, and commercial education. The p ^ 
in connection with the preparation of the report was done y 
groups of pupils concerned, with the assistance of the ant me 
teacher. 

The problems discussed involved many applications o perc 
tage— the major topic for the time of year in the |L 

course of study. Frequent use was made of graphs, charts, ta > 
and diagrams in presenting the information ^vhich had e^ 
gathered. This last was another important topic in the course 
study. .. 

The outcomes of this unit were varied and valuable. The pup 
gained a clear conception of the cost of maintaining a home a 
of wa>-s in which they could assist their parents in reducing 
expenses. The work done on these problems made the wor i 
percentage meaningful and realistic to the pupils. Through ^°’fP 
cooperative procedures thc>’ also had valuable experience in t e 
study of concrete problems of concern to them.® 

* A Guide Jot Ivtruetim tn Anihmetu, pp 97-98 Cumculum BullctiQ No- 
Paul, Minn.: State of Minnesota Department of Education, 1948. 
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The subject matter included was as follows: 

2. Subject Matter 

a. Reducing the expenses of food, by: 

(1) Budgeting funds allotted 

(2) Purchasing at sales and within seasons 

(3) Shopping to find lowest prices 

(4) Making home gardens 

(5) Raising chickens, rabbits 

( 6 ) Canning fruits and vegetables 

(7) Using left-over foods 

( 8 ) Baking bread, cakes, and pte at home 

(9) Planning weekly menus. 

b. Reducing the expenses of clothing, by. 

3 Using quality standards in making purchases 
(4) Planning costumes tor “fusions, 
e Reducing the espenses of shelter, by. 

(1) Moving to a lo'"”'"' „ „nung in others, 

(2) Buying a home in some cases or renu 5 

flf Mn|:cSraCuhcLon,g^ radio, svater, and 
electrical 

(2) Using driftwood for the „ telephone calls 

yourself. . 

'■ f,fS|do?or“nXpuh,.rhbraryin.m^^ 
p, ?;„:rdinThtm^ amosemeots, games, recreation 

' dent. Blue Cross. 

f OcnLl measures to reduce espenses 

gl SaTXrand similar organisation, producing 

(7) Taking advantage 01 259 



(81 Eliminating charge accounts 
(9) Safeguarding cash on hand, 

g. The mathematics involved in the study “f 

(1) Computations with whole numbers, fraction , 

mals as needed . . 

(2) Numerous applications of percentage, including 
interest, profit 

(3) Construction of graphs, tables, charts, diagrams 

(4) Making applications of many forms of me^ureme 

(5) Mathematical recreations, games, puzzles. 


The types of activities engaged in by the students are grouped 
under the headings given below: 


1. Problem-solving activities 

a. Formulated problems for study 

b. Considered \va>'S of securing information needed 

c. Gathered information, exhibits, and other roatenals re 

problems selected by groups for study ^ . 

d. Organized information and materials for reporting to 

e. Presented and evaluated reports, materials, exhibits 

f. Formulated conclusions and generalizations^ . 

g. Participated in scN’cral debates, panel discussions, roun a » 

town meetings 

2. Constructions and concrete experiences . 

a. Collected clippings, advertisements, bills, statements, ac 
forms 

b- Collected recipes for nutritious foods 

c. Made electric- and gas-meter forms of cardboard 

d. Kept personal and family accounts 

e. Prepared exhibits of materials to make reports concrete 

f. Examined and tested fabrics in home-economics class 

g. Earned mone>' in a variety of waj's 

h. Collected book covers for the “What to Read” poster 

i. Started gardens, raised chickens at home 
3. Excursions 

a. Visited various places of business and sales , 

b. Visited a poultrj'-raising establishment, a canning factory, 
orchards 

c. Vbited community-foods kitchen to see the large-scale 
preparation 

d. Visited employment bureau to study placement procedures 

e. Visited the Blue Cros office and insurance offices 


« lUd., pp. OZ-0% 
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4. Appreciation and creative activities 

Q. Read many vital, ioforniative btx>J(S and storks 

b. Made a variety of booklets of materials, pictures, and clippings 

c. Viewed several films and sets of slides 

d. Listened to advertising on radio broadcasts and evaluated it 

e. Learned some interesting games for home recreation 

f. Considered the question of what recreation the community 
should provide 

g. Evaluated costumes appropriate for various occasions, their 
cost and merit 

b. Made scale drawings of prospective homes, patterns o! cos- 
tumes, and plans of gardens 

f. Prepared pictures, paintings, and draperies to beautify the 
home 

5. Practice activities 

o. Used computations many times in the course of the unit and 
kept a progress-test record 

b. Had many contacts with social applications of arithmetic and 
other branches of mathematics 

c. Had numerous contacts with business practices and came to 
understand them 

d. Constructed many different visual materials for presenting 
information, including pamphlets, bulletins and charts 

«. Made extensive use of reading skills in locating information 
needed 

f. Showed relations between the work in arithmetic and that in 
home economics, social studies, and other areas 

g. Engaged in a meaningful, group-cooperative enterprise 

h. Had mucli functional practice in use of language skills, oral 
and written.’ 

Short descriptions of three other units follow. 

L Thc Cost or Owwing an Automobile Today* 

1. Overview 

The purpose of this unit is to give the pupils a better under- 
standing of the cost of the family automobile, its more frequent 
operating costs, and some of the other expenses such as licenses 
and insurance policies which arc incidental today to the owning 
of an automobile. 

'IbiJ.pp 100-101. 

• Adapted from a resource unit developed by Robert D. Anhorn, graduate 
etudeni at the University of Minnesota 
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Through a variety of projects and 
team that the automobile is not only a g expense, 

average family but requires a great deal of rare ati 

For m^ost pupiU of this age, the unit “ci tht “iU be 

the value and upkeep of an automobile, uhich they 

drivnng in a fe^v• years. ^ ^ • ,u- ,,«« of the basic 

This study offers many PPP««“"'““,‘" f ' ^hematiral and 
computational skills. The integration o activities 

socid phases of arithmetic is quite evndent m f ^“"^age, 
of the unit. In addition, there ui much 

reading, research, and problem solvrog. The J 

tlcipate in the planning of the activities to be cam 
connection \vith this unit- 


, Initialing the Unit . v 

^Vith the introduction of many nc%v model cars m 
of the year, an experience unit relating to the autom 
be quite appropriate and easUy introduced to the 
An understanding of the cost and care necessary to 
not be so cv-ident among the pupils. .s 

Some pupils may have raised questions 
mated costs of accidents as reported in the nevvspaper. ^ 
about insurance may also be raised in this connection.^ 

Another pupil may want to know the meaning of t'an 
a car and the cost of doing so. mobile 

The teacher could use reports in newspapers atout 
sho\>-s or display's, accidents due to careless dtivingby ) 
people, and similar materials to introduce the subject. 
of the unit also may grow out of a discussion of famil> ^ S 


3. Contents of Unit , ^ ,.r 

o. The necessity of the automobile in modem community i 

(1) Family life 

(2) Recreation and travel 

(3) Business and industry 

b. The original costs of an automobile 

(1) The cost of a new car 

(2) The cost of a used car and factors affecting the cost 

c. Factors to be considered in buying a nc^v or used car 

(1) Financial status of buyer 

(2) Use to be made of vehicle 

(3) Length of service expected 

(4) The reliability of the dealer 

(5) The time to buy 

(6) Value received 
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d. Methods of financing 

(1 ) Paying cash (voth trade-in of old car) 

(2) Loans banks and financing companies; private loans 

(3) Repayment plans 

(4) Special arrangements 

e. Tactors afteciing the price of a car 

(1) Quality, appearance, efficiency of operation, size, model 

(2) Federal (and stale) tax included in purchase price 

(3) Cost of transportation of car to local dealer— hoiv deter- 
mined 

(4) “Extra” costs of special equipment— bumper guards, 
heater, radio, etc 

f. Regular operating costs 
(t ) ^fotor oil 

(a) Need of motor oil 

(b) Kinds, quality, costs 

(c) Buying m bulk vs m containers 

(d) Amount in a change of oil, frequency 

(e) Oil filters 

(f) Seasonal changes necessary 

(2) Gasoline 

(a) Kinds of gasoline required in different makes of cars 

(b) Prices ofdifTeremtypesof gasoline charged by gasoline 
stations and causes of the variations 

(c) State, federal, and local taxes ‘ 

(d) Uses of funds raised by taxation 
(c) Mileage 

(0 Thrifty drning 

(g) The approximate annual cost of gasoline used in 
driving an average car 8000 miles 

(3) Protecting the car 

(a) Lubncation 

(b) Need and cost of antj-frecze— permanent and tem- 
porary 

(c) Washing 

(d) Garage and storage 

(4) Depreciation m value 

g. Other incidental costs in operating a car 

(1) Storage battery 

(a) Costs 

(b) Length of life 

(c) Case of battery 

(2) Tires and tubes 

(a) Costs 

(b) Length of life-distance; guarantee 
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(c) UoTation-frcqiicncy and need 

(d) Recent devclopmenu to increase safety 

(3) Spark pliiijs r-,ri< 

(4) Costs of repairs of variant kinds and replacetnent ol p. 

(5) Driver's license 

(a) Cost 

(b) Method of receiving license 

(c) Nature of tests, if any 

(d) Renewal of licenses 

(6) Automobile license 

(a) Cost of license for cars of different types 

(b) Basis of the cost— weight, model, ycstr, value 

(c) Uses of funds raised 

(7) Painting and incidental repairs 

(8) Parking; metered charges 

h. Automobile insurance— kinds, necessity, costs 

(1) Fire, theft, storm 

(2) Personal llabiUty and property d.amagc 

(3) Collision 

(4) Medical care 

(5) Comprehensive policies 

(G) Compulsory insurance in certain states 
5. Scrv'iccs of automobile clubs and costs of membership 

4. Activities during the Unit 

a. Discussing personal experiences suggested by the contents of 
the above outline of subject matter 

b. Gathering comparative data aljoul the costs of new and use 
cars 

c. Securing actual data about costs of various \va>’S of financing 
the purchase of a new car 

d. Studying costs of state car licenses 

e. Preparing a bulletin board of pictures, clippings, and the like 
showing necessity of automobile insurance 

i. Preparing a list showing the total cost of various kinds of 
automobile insurance judged to be necessary 

g. Showing relation of speed of driving to economy of fuel 

h. Visiting a museum or looking at a display of the historical 
development of the automobile 

i. Keeping a record of the actual expenses of operating a family 
car, including depreciation of value 

j. Discussing ways of reducing the expenses of operating and 
maintaining a car 

k. Discussing the uses of the funds raised by license fees, including 
the cost of building and maintaining highways 
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*' including toll 

m. Discussing the steps involved in securing a driver’s license and 
the tests to be taken, if any 

n. Debating the pros and cons of compulsory automobiic in- 
surance 

o. Developing and applying various formulas. (See Chapter 12.) 


II Property Taxatios 


1. Objectives 

a. To teach the meaning and social significance of taxation 

b. To develop an understanding of the services provided by the 
tax dollar 

«. To teach the meaning of tavation, how the rate is determined, 
and the metliod of determining the taxes on a piece of property 

d. To increase the student’s knowledge of local government 

e. To help the students to sense what can be done to increase the 
efficiency with which money raised by taxation is spent 

2. Initiating the Unit 

The approach to the study of taxation in one school was 
through a study of the procedures used to determine the dues 
students pay to the student organiration. The governing body of 
the organization consists of the elected officers, and representatives 
of each home room, and dub or activity sponsored by the school 
Near the dose of the school >ear the student organization proposes 
a budget for the following year. Each club submits a list of antici- 
pated expenditure for the coming year A budget committee of 
students and a faculty member studies these requests At a special 
“budget hearing” requests are presented and discussed and then 
adjusted as may seem necessary Then the recommended budget is 
presented to the student body as a whole. Each student receives a 
copy of the detailed budget. After a discuaion of the items in it 
and of changes that may be desired by the student body to adjust 
the dues, the students vote to accept or reject the budget. The 
individuai dues are found by dividing the total of the budget by 
the number of students enrolled 

The yearly dues are collected by a student selected in each 
home room at the time of registration at the opening of school. 

A discount is allowed for early payment. Students who pay their 
dues are admitted to the activities sponsored by the student 
organization and have other benefits of regular memlicrship, 
including admission to athletic ev-ents, copies of school paper, 
and so on. 


295 



3. Contents of the Unit 

A study of local government in relation to property taxation- 
town, city, or country (leading to a study of other km o 
taxation) 

o. The governing body — council or commissioners 

(1) How selected 

(2) Duties of each member 

(3) Duties of heads of branches of local government, such ^ 
public safety and welfare, public works, parks and pub ic 
buildings, finance, and public relations 

(4) Independent boards, such as school board, library boar , 
etc. 

b. How the local budget is prepared 

(1) Preparation of departmental budget, showing the vanous 
services rendered 

(2) Combining departmental budgets 

(3) Public hearings or town meetings at which taxpayers 
discuss the proposed budget, possible reductions, and iva>x 
of increasing the cfiicicncy of public expenditures 

(4) Revision of budget as may be advisable 

c. How the local tax rate is determined 

(1) Method based on assessed valuation 

(2) Finding the rate by dividing budget total by assessed 
valuation 

(3) Ways of expressing rates 

d. How taxes for property owners are determined 

e. How taxes arc collect^ 

(1) Tax statements 

(2) Penalties for dcUnquenis 

(3) Discounts for advance payments 

f. Ho^^• the tax dollar is split 

(1) Police and fire protection 

(2) Streets, side%va1k5, water 

(3) Education and libraries 

(4) Courts 

(5) Health 

(6) Parks and recreation 

(7) Garbage removal 

(8) Others 

9* General discussion of other forms of local, state, and federal 
taxation may follow’ the study of property taxes, along similsf 
lines 

(1) Sales tax 

(2) Gasoline tax, luxury, amusement, transportation 
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(3) Income tax 

(4) Customs, duties, tariffs 

(5) Licenses and fees 

(6) Hidden taxes 

4. Student Activities Connected with Unit 

a. The development, evaluation, and adoption of the school 
budget bj- the students 

b. Discussion of services provided locally by the tax dollar as 
shown in tax reports, newspaper articles, etc. 

c. Makin .5 tables, graphic and diagrams shoeing distribution of 
tax dollar 

d. Excursion to City Hall and other public buildings where 
various branches of the government have their headquarters 

e. Comparing local tax rates with rates in other communities and 
discussing possible reasons for the differences 

f. Comparing local cost of education with costs of other govern* 
mental activities and considering local needs 

g. Making cuts, posters, displays for PTA meetings 

h. Considering wa^'s in which to reduce the expenses of the school 
and of maintaining public property 

I. Viewing the film, “Property Taxation” (Encyclopaedia Bri* 
tannica), and discussing its contents 

J. Studying concents of the regular mathematics textbook and 
solving problems about taxation it contains which have been 
made meaningful by the work done in the unit 

k. Formulating a list of basic concepts and words essential to the 
understanding of the topic 

l. ‘ Summarizing the relationships between the operation of 

student government and municipal government 

in. Unit on Insurance 

1. Objectives 

o. To give the students an understanding of the purpose and 
usefulness of insurance 

b. To develop attitude of foreaght and preparedness in dealing 
with problems of cv’cryday bving 

c. To demonstrate to students some of the advantages of coopera- 
tion among people 

d. To familiarize students with the meaning of many new tech- 
nical terms 

e. To teach the students about the simpler elements of mathe- 
matics on which insurance is based- (See pages 260 to 266.) 
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2. Initiating the Unit «r,uVint the students 

This unit should begin wuh an exploration of wh 
already know about insurance and its role tn 
local happening, such as a fire, an accidcnh 
by a storm can provide the imtial approach to .,7 7 j-,. 

tlons may be raised about insurance policies that families, 
viduals, Ind businesses have about which 
teacher can explore the students* background to disc 
ceptions they may have about the nature of 
of the topic in which they may have a special 
activities they might like to carry on in connee lo 
study of the subject. 

3. Contents of the Unit ... u tr^nirs as 

The content of a unit on insurance can include such \0P ^ 

the following, adjusted as may be necessary to the needs, ' 
and level of development of the students and as loca 
stances may warrant: 

a. Property insurance hefall 

(1) Real property, insured against misfortunes that m y 
a family or organization 

(2) Personal property 

(3) Crop insurance 

(4) Automobile insurance, including liability, property 
age, fire-thefi, collision, medical, basis of claims 

b. Personal insurance 


(1) Various types of life insurance 

(2) Health, accident, and hospitalization 

(3) Income replacement 

( 4 ) Social security 

(5) Liability ur v, d 

c. The mathematical basis on which premiums arc cstabhs^ e 

(Sec the discussion of the mathematical basis of insurance given 
on pages 260 to 266.) 

4. Pupil Activities . 

a. Listing situations showing the need of insurance in specific in- 
stances based on student experiences 

b. Making a list of the insurance needs of a family; of a studen 

c. Studying typical insurance policies of various kinds 

d. Discussing the objectives, costs, and benefits of the various 
kinds of insurance 


e. Listening to a discussion by an insurance expert 

f. Viewing films about insurance, such as “For Some Mus 
Watch,” Coronet Films, 1949 

g. Studying filmstrips, such as the scries issued by the Institute 
of Life Insurance, 1951. 


298 



Somers of Ollm Uiiils 

NCany school syslrms have conduclcd ivorbhops in which 
teachers have prepared source units that have been published 
anti ran he socurod hr a small sura. There also are available 
excellent monogmphs which coninm detailed dcscription<j of 
instructional uniis. for example, the monograph, Wustralke 
Ltarning Expatfntes,* caniaitK the following units: 

1. Donovan Johnwn. Our N'umbcr Svnem A Unit on Algebra, Pages 

62 - 69 . 

2. Theo. n. Kellogg. Mapping as AppItccI Geometry Unit m Geom- 
etry. Pages 70--79. 

X Ramon p. He»irl, Bajing Jnsuranw \ Unit m Basic Business, Pages 
52-61. ^ 

• 'Die Mt^er^n School PracikesSenei, No 2 Minneapoln Univeniiy of Minne- 

Questions, Problems, and Topics for Discussion 

1. Why is the traditional <lail> page-bt-page assignment of so little %alue? 
^VhJ‘ »» It used so uWely toda)? 

2. Examine mathematics textbooks to discover the extent to which the 
conirnis arc organj/ed ss unlu. Illustrate how. 

3 Can jou mention topical enterprises and organized school experiences tn 
which you have p.wiclpatrd that give the students cxpcnencc in the types of 
organized instltiitions in U(c outside the school tn which mimber pJa)^ an 
important role? Oiscuu wayi of developing in some school any one of the six 
enterprises listed on page 272. Can you describe others'* What is the value 
of such cnteiTsriscs? U'hat is “Junior Achievement’’’ IV’hat « the value of 4H 
Club activities from the point of view of mathematics’ 

-4. Why may it not be desirable to aiiempt to cairgorirc units as to type’ 
Why may it be better to consider the characteristics of the most vaJuabJe kinds 
of learning experiences and tnclude any and all types in a unit whenever 
appropriate? 

5. How can the teacher proceed in the selection of suitable instructional 
units? WTiai criteria siiould be considered in judging the value of a particular 
unit? Apply them to one or more of the units deserrbed >n this chapter. Observe 
a lesson and evaluate both content and method 
6 Illustrate the meaning of each of the twelve themes listed on pages 276 
to 277. How can ihcy be incorporated in the study of some topic, such as 
taxation, banking, or the cost of operating an automobile’ Examine these units 
for illustrations Can the tivclve themes be included m any single unit’ Try 
to develop some unit in which all of the theme* are included 


29S> 



7. OuUmc th= conKnU of a typical taibicct-mattcr unit nl the more tra- 

a lesson in which a new step in some operation is taught. Apply 
Ae sequence ot procedures given on pages 279 to 280 to *■= 

9. Deveiop a lesson plan for teaching some new step m percen g 

mals. (Refer to related chapters in Ais book.) the steps 

10. Develop an outline of a projected cxpertence untt folios g h ^ P 

discussed in this chapter. Follow the S'"" ° ^ l^ed 

or a similar plan used locally. Include a yancty of the kinds of activiu 

°”ir^Vha?is'an “overs-iesv”? Develop standards for evaluating an overview. 
Apply them to the ovcTvicwi included in this chapter. -ciivities 

12. How can the students participate in the planning o 

engaged in during a unit? _ . . ypjt 

13. Examine courses of study to determine helps E"''" 
teaching. Read descriptions of uniu that have been published y 

14. Look up available “source units." They often contain a weal 
mformation of value to teachers. 


Suggested Readings 

Albcrty, H. Reorgaitizing the High Sehoot Cumcuhm (Revised), Chapter 

Part IV. New York'. The Macmillan Company, 1953. , > nh nters 

Brocckner,!.. J. and Grossnickle, F. E. Making Arithmetic Meaningfu , 

4 and 5. Philadelphia: The John C. Winston Co., 1953. York’ 

Burton, W. H. 77u Guidance oj Learning AeUtities (Revised), Part HI- •tw 
Appleton-Ccntur^'-Crorts Co., 1952. . 

Giles, H. H. Teacher-Pupil Planning. New York: Harper and Brothers, IJ-* • 
Morrison, H. C. The Praclice of Teaching in the Secondary School 

Chicago*. University of Chicago Press, 1931. Classic reference on su j 
mailer units. 

Schorling, R. Student Teaching (Revised). New York: McGraw-Hill, ’ » 

Strickland, Ruth G. How to Build a Unit of Work. Bulletin No. 5, U. S. O ce ® 
Education. Washington, D. C.: Go\'cmtncnt Printing Office, 1946. 

Thut, I. N. and Gcrberich, J. A. Foundations of Method for Secondary ^ ® 
Chapten 9-14. New York: McGraw-Hill, 1949. ^ 

Umsiattd.J. G. Secondary School Teaching (Revised). Boston: Ginn and Co., 1 
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chapter 9 


Improving Problem Solving 
and Quantitative Thinking 


T HIS chapter deaU with the following topics pertaining to 
problem solving: 

a. What is a mathematical problem? 

b. Lev'cls of problems 

c. Auxiliary skills in problem solving 

d. Teaching problem solving at I>evels I and II 

e. Solving problems classified as Level III 

f. Solving problems classified as Level IV. 

o. What is c Mathematical Problem? 

The Dijference between Problems and Examples 

How to solve mathematical problems and how to teach 
students to solve them arc problems every teacher faces. What 
is a mathematical problem? A student encounters a mathematical 
problem when he confronts a quantitati'.-e situation which he 
cannot answer In a habitual manner. It follows, then, that what 
may be a problem for one student is not a problem for another 
student. What may have been a problem for a student yesterday 
may not be a problem for him today. A student’s background 
and e.\perience with quantitative situations determines whether 
a situation presents a problem to him. Furthermore, the student s 
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background of experience and his mental the 

whether he has the knowledge and ah.Uly needed to sob 

" Man"' teachers of arithmetic think of «rbal P^blems//^ 
textbook as “problems” and an indiratc °P y,.n, or 

“example.” Both forms may be classified as cither a p _ b 
an e.xample, depending upon the backp-ound a b V 
student. For a student in the junior high school, n 
following should constitute a problem: ^ 

a. How much arc 7 eights? or, 7 X 8 = - 

b. What is the cost of 7 yards of ribbon at 8(i a yar ^ 

In each of these quantitative situations, the “uden > 

able to give an almost immediate response. In the verba P 

in b, the student has to identify the process to use, b 
the process is indicated. However, the student inay a 
many experiences with problems of the kind in 
once identifies the process as multiplication. 

The student who can give an immediate response 
question, “How much are 7 eights?”, may encounter a p 
if the question is changed as follows: Give at least 
to prove that 7 eights arc 56. If a habitual response 
possible, the question becomes a problem requiring quanu 
thinking. 


Backgrounds oj Students Important in Problem Solving 

Let us consider the backgrounds of experience of t\NO junto 
high school students in studpng the multiplication ° 

re\'ie\v purposes. One student may have memorized these ac ^ 
as tables and the other student may have learned the 
discovery of meanings and relationships among numbers, 
student \sho learned the facts mechanically by rote as isolate 
elements may not be resourceful enough to give three \\'a>s 
pro\-e that 7 eights arc equal to 56. He learned by rote the ac^ 
7X8 = 56, as an element in a multiplication table. Now he is 
faced snth a problem to which he cannot give a habitual ans\'erj^ 
His success in soKang the problem depends upon the degree 
understanding he has of multiplication facts. 
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^ 'Hie second student may have learned the basic facts in mul- 
tiplication by discovery of relationship among them. He learned 
how to find the answer to a number grouping in this process in 
many different ways. This student may have learned that 8 
eights are 64 and that 7 eights would be 8 less than 64. Simi- 
larly, he may have learned how to group eights and from that 
knowledge he should be able to find the answer to 7 X 8. 
This student may have discovered that the only two multiplica- 
tion products of the baste facts in the 50’s arc 54 and 56. He 
knows that the answer to the grouping, 6 X 9, is 54, hence the 
ans\ver to the grouping, 7X8, must be 56. This student thus 
became resourceful in finding the answer to number groupings; 
hence it is safe to predict that he could offer several different 
ways to prove that 7 eights are 56. The differences in the back- 
grounds of the two students in their work in multiplication would 
differentiate their behavior in dealing with the problem. 

Both students faced an arithmetic problem. Both students 
identified the goal, but one student was able to reach that goal 
because of his enriched understanding of multiplication Both 
students could give the answer to the number grouping provided 
no quantitative thinking was required. The same situation 
applied to the solution of the verbal problem involving the fact. 
ITie element which presented the problem for the students was 
the attainment of the goal which was not immediately evident 
to them. The form in which the question was given was of minor 
importance to the student. The solution of the problem was not 
appreciably affected either by the indicated notation of the 
-example or by the verbal statement. The type of response given 
in a quantitative situation indicates whether or not the question 
raised constitutes a mathematical problem for the student. 

Essential Elements of a Problematic Situation 

Thorndike has stated that there are three elements common 
to all problems. They are: 

1. The individual is orientated towards a particular objcciivc 
and motivated to reach it. He has an end in view. 

2. Progress towards the otgcctivc is blocked. 
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3. Available, habitual response patterns "ot 

permit the individual to surmount the obstaele and p 
toward his objective.* 

According to the third characteristic of 
individual has no habitual response pattern f ® 

the situation. The degree to which the student is ab ^ 

a variety of possible solutions affects the chance o 
satisfactory soludon. Not only should the student be 
suggest a variety of possible solutions of the problem 
he should be able to test these hypotheses for , 

testing of hypotheses may be given as a fourth element m pro 
solving. Thus, the elements of a problematic situation whicn 
Student identifies are: 


1 . A desired goal is to be attained 

2. There is a blocking of the path for attaining the goa 

3. Habitual responses are not sufficient to attain the go 

4. Various hypotheses or solutions are offered and tested. 

It is e%'ident that the student who is able to offer a number 
of possible hypotheses or solutions has a splendid chance o 
success in solving a problem. On the other hand, the stu en 
whose background is so limited that he must look for a 
or some other cue in the statement of a problem which wi 
enable him to decide what procedure to follow in soKdng it 
little likelihood of success in solving a problem. 


Discovering a Familiar Situation in Verbal Problems 

A student who discovers a relationship between a new problem 
situation and one that is familiar to him is likely to be able to 
solve the new problem. If he is unable to discover this familiar 
pattern or model in the new situation, he will find it difficult to 
solve the problem. The student may feel certain that the ne\v 
problem is different from any that he has ever solved. With a 
mental attitude of this kind he may not be able to solve the 

* 'Thorndike, Robert L. “How Oiildren Learn the Principles and Techniqu^ 
of Problem Solving,” l^atmng and Insiruction, p 193. Forty-ninth Yearbook of the 
National Society for the Study of Education, Part I. Chicago" University of Chicago 
Press, 1950. 
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unfamiliar problem. The ability to ^how how situations differ 
docs not lead to success in problem solving. He must continue 
his scarcli for a familiar pattern or model concept in the new 
situation. In other words, it is net^ssary for the student to see 
the similarities as well as ilie differences in a situation. 

A group of college seniors who \%-cre preparing to teach in the 
clemcniar>' school were given the following problems: 

1. Two students go to the “snack bar” and each has the same 
luncheon. One student buys an extra cup of coffee for lOfi. 
If one check for the total bill is $1.10, what is the cost of the 
luncheon? 

2. The sum of two numbers is 38. If one of the numbers is 
4 more than the other number, what is each number.’ 

3. An airplane can travel 180 mp.h. with a tail wind and 
130 m.p.h. with a head wind. 3Vhai is the speed of the wind? 

4. A boat can go upstream 10 m.p.h. and downstream 15 
m.p.h. What is the speed of the current.’ 

An analysis of these problems shows that the mathematical 
principles invoK'cd arc similar. Problems 1 and 2 arc almost 
identical and problems 3 and 4, also, are identical. It is difficult 
to find a college senior who cannot give an immediate answer 
to the first problem. Many students find the second problem 
much more difficult than the first problem. Some students are 
unable to soIvt the second problem uitbout using an algebraic 
solution. Why is there such a difference in the difficulty of the 
two problems even though both arc representative of the same 
principle? The reason is due to the experiences the students have 
had with these two quantitative situations. Two students in the 
class often bought sandwiches and coffee under the circumstances 
stated and each shared his part of the cost. These students did 
not see that the principles involved in the problem about the 
sum of two numbers is the same as the principle involved in the 
problem about the cost of the lunches. In the first problem the 
cup of coffee is the quantity which makes the costs of the two 
lunches unequal, while in the second problem the number 4 is 
the quantity. On the other hand, if the students had discovered 
that the two problems arc almost identical in principle, they 
would have had no difficulty in finding the two numbers. 
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In problems 3 and 4, the quantities must be found, while in 
problems I and 2 the quantities arc given. The writers’ experi- 
ence with seniors in college shows that the students recognize 
these problems as involving an algebraic solution which sel om 
is remembered or understood. When the students discover hm' 
these problems are related to the familiar problem of t e 
luncheon and the extra cup of coffee, the solutions are easy. 
It is apparent that the secret of problem solving consists m 
having a meaningful experience which is related to the problem 
to be solved. As soon as a student discovered the familiar pattern 
or model which is common to all these problems, he was a e 
to solve all of them. 

Classification of Problem Situations 

Many teachers assume that problem solving consists solely m 
solving verbal problems found in a mathematics textbook. *nus 
interpretation represents a narrow conception of problem solving. 
Such a restricted view is inadequate as the basis of a discussion 
of problem-solving ability. There are teachers who hold to the 
view that a problem must have social significance in order to 
meet the standard of a verbal problem. Then, if a verbal state- 
ment asks the student to identify a mathematical relationship 
which has no social significance, the verbal statement is regarded 
as an example and not as a problem. The difference between 
the t\vo forms of verbal statements may be illustrated as follows. 

1. How many sixes are there in 42? 

2. How many 6-inch pieces of ribbon can be cut from a piece 
of ribbon 42 inches long? 

If a verbal problem must have social significance, question 1 
is an example, but question 2 is a problem. Until a student 
reaches the level of ability in dealing with quantities when be 
can give an immediate response to either question, each of the 
statements constitutes a V'crbal problem. A student deals success- 
fully with a problem when he identifies the common relation- 
ships between two or more quantities or shows how one quantity 
depends upon some other quantity. The factor of social signifi" 
cance is not a necessary condition for a verbal problem. 
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b. Levels of Problems 
A Basis of Classifying ProUems 

Four levels of teaching and solving mathematical problems 
can be identified. Problems illustrating the first three of tljese 
levels may be found in mathematical textbooks, but problems 
illustrating the fourth level are found in real life situations. The 
four levels are as follows; 

Level I. Verbal problems at this level appear in a miscel- 
laneous order. There is no relationship between consecutive 
problems in a problem-sohnng exercise. The verbal problems 
found in a typical standard test in problem solving exemplify 
this level. Most students must take tests, civil service examina- 
tions, or other forms of evaluation to establish rankings in 
number competence. A limited number of miscellaneous exercises 
dealing with problems of this type can be justified. These prob« 
lema are essentially “disguised drill.” 

Level II. At the second Je\-el, verbal problems are grouped 
according to topics or processes. For instance, after a process is 
taught, such as finding a per cent of a number, verbal problems 
are given which involve the principle of finding a per cent of a 
number. Often they are grouped around some topic, such as the 
“Uses of Per Cent.” It is ev'ideni that problems of this kind do 
not offer or provide much opportunity for growth in ability to 
deal with quantities. To a large extent, problems of this kind 
are examples couched in s'crbal statements. 

Level III. At the third level, problems deal with units having 
social significance. The student may be asked to interpret a 
graph, evaluate data in a table, or solve problems growing out of 
information collected about a given topic. At the junior high 
school level, problems about topics such as the following illustrate 
this type: 

1 . A centur>’ of progress in transportation 

2. IVhat the farmer receives for eggs or for milk 

3. Land uses in the United States 

4. Saving soil by crop rotation 

5. How our eating habits have changed 
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6. The shrinking value of the dollar 

7. How machines have increased time for leisure 

8. Shift of population in our country 

9- How you help support the government 
10. Bins for storing corn. 

The problems found in any unit of this t^^pe are related. Each 
problem helps to enrich the student’s information about a gnen 
topic and to direct his thinking so as to discover relations ps 
among quantities. Problems of this kind are not disguised ri , 
but instead they help provide the student with vicarious expert 
ences in dealing with a topic which is thus made both mathenaat 
ically meaningful and socially significant to him. 

In dealing with a topic such as measurement, the student 
should use materials which will enable him to discover the ru c 
to express the area or volume of a geometric figure. Then c 
should be able to derive a formula from that rule. (See Chapters 
1 1 and 12.) The formulation of generalizations and the discovery 
of relationships among numbers represent a high level of problem 
solving. 

Level IV. At this level the student deals with real 
problems. He devises methods of solutions and collects data whic 
may be used to help solve a problem having social significance 
to him or his class. The class makes use of community resources 
to solve problems at this level. Textbooks in mathematics can 
provide very few problematic situations classified at this level. 
Typical problems of this kind are as follows: 

1. What rate of interest is paid on deposits and when is tt 
paid by banks in your community? 

2. What kinds of banks’ are located in your community? HoW 
do these banks difier? 

3. How is the tax dollar spent in your community or your 
county? 

4. \Vhat is the cost of education per pupil in your communsty 
compared with the cost in surrounding communities? 

5. How is the money raised to maintain our schools? 

6. What’s the best way to make a trip from Chicago to New 
York? 
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Problems classified at the fourth level cannot be provided in 
textbooks, although they may be suggested by the topics included. 
The student has to collect data bearing on each topic, delete 
facts which are irrelevant, and interpret the results. Problem 
solving at this level typifies problem solWng in reaMifc situations. 
Most adults have to make decisions about topics concerning 
which it is necessary to collect pertinent facts or information in 
order to form mature judgments. 

There is a place in the classroom for problems which may be 
classified under each of the four levels. Most of the verbal prob- 
lems in a textbook in arithmetic should be classified under the 
third level. The worth of such a textbook varies directly as the 
percentage of verbal problems that grow out of units which 
have social significance. The teacher should know how to deal 
with problemsateachof thefourlevels mentioned. T7Jefol!o^vjng 
pages give some suggestions for teaching problems that may be 
classified under one of these levels. All of these types refer to 
problems which may be solved In group activities. 


Highest Level of Problem Solving 

The highest type of learning involving problem solving consists 
in having the student work independently of the class. He 
achieves mastery of some topic not in the regularly assigned 
work of the class. For example, the student may learn how to 
transform a magic square or bow to use a slide rule. The class 
may have had some work with magic squares, but no work 
about how to transform them. The teacher may suggest the title 
of a book which deals with this topic. The student who explores 
the topic and masters the processed transforming magic squares 
by himself exhibits the highest possible lc\-el of problem solving. 

The class may not have discussed the use of a slide rule, but 
a student may have one and a manual of instructions dealing 
with the operation of such a rule. If he is able to interpret and 
fol!o\v’ the instructions explaining how to use a slide rule, he has 
developed good study habits and learned to read with under- 
standing. A student who learns to work independently and to 
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educate himself demonstrates a very high and desirable type ^ 
quantitative thinking which will serve him well m later yea 
throughout his life. 


Problem Solving Is Hot a Skill 

It is not possible to teach problem solving as a ^ “ 

Student leams mathematics meaningfully, he must soK e pro e 
as he deals with quantitative aspects of real or problematic soci 
situations. All genuine learning situations in mathematics im o v 
problems. WTien a student uses objective and visual maten 
solve problems that otherwise he could not solve by syro o s, 
he is doing a valuable kind of quantitative thinking. The stu en^ 
who does not discover relationships among numbers by 
objective materials merely manipulates the objects. It is for 'S 
reason that the teacher was cautioned in Chapter 4 about t e 
use of objective materials in the classroom. If a student is a ® 
to operate effectively with symbols, he need not use objective or 
visual materials. Problem solving is a continuous growth process 
in any effective program which emphasizes meaning an 
understanding. 

Many teachers view problem solving as the ability to sovc 
verbal problems as found in a textbook in mathematics. These 
teachers look upon problem solving as a special skill which is 
different from the ability to master computational procedures 
of mathematics. The authors believe that problem solving is not 
a specialized skill the student should develop or master. The o 
familiar cliche, “My students arc good in computation but they 
cannot soU'c problems,” is misleading. As a matter of fact th^ 
student is good in neither to the exclusion of the other. If he is 
“good” in computation, but poor in problem solving, he do^ 
not understand mathematics. His knowiedge of number is 
t^qilcal of the student who says, “If you tell me the formula or 
the equation to use, I can solve the problem.” In a mechanical 
manner this student can perform computations, substitute values 
in a formula, or solve an equation, but he does not understand 
what the equation represents or what the basic principles are 
which govern its solution. There is no real dichotomy between 



computation and problem solving. The two processes arc inrer« 
vvoven. The teacher who emphasizes the one to the exclusion of 
the other is not providing a favorable learning situation for the 
student. 

Accuracy in Computation Needed in Problem Solving 

It is possible for a student to make a low score on a standard- 
ized test in problem solving due to inaccuracy in computation. 
He may use the correct procedure in solving a problem but get 
an incorrect answer due to a computational error. In most tests 
of problem solving, the measure of problem-solving ability 
consists in finding the number of correct answers to problems. 
Problem-soMng ability should be measured by the ability of the 
student to use the correct method of solution. However, the 
student must regard accuracy in computation with the basic 
processes as essential. When the student makes errors in compu- 
tation, the teacher should diagnose the difficulty and correct it 
by the techniques discussed in (he chapters dealing with the basic 
processes with integers, common and decimal fractions, and per 
cents. Special help in diagnosis is given in Chapter 13. 

Even though it sometimes is difficult to teach problem solving, 
teachers of mathematics must develop this ability in their 
students. In order to help the teacher, we shall consider how to 
teach problems classified under the four levels described. 


c. Auxiliary Skills in Problem Solving 
Developing ike Arithmetic Vocabulary of the Student 

There are certain factors which affect the student’s ability to 
solve problems classified under Jevek I and II. The first of these 
factors IS the extent of the student’s vacabulac)'. Mathsmsiice 
is a science. Every science includes a vocabulary which is dis- 
tinctive. The use of an important but unfamiliar word greatly 
increases the difficulty of solving a verbal problem. The answer 
found to a problem containing an unfamiliar technical term 
cannot be checked by the student to see if the answer is sensible. 
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A group of 19 college seniors solved the following problem. 

A fowl loses 3 of its weight in dressing. How many pounds 
of fowl are needed to produce 10 pounds of dressed mea . 

Every student in the group gave 6§ pounds as the answer.'^c 
instructor anticipated that some of the students wou 3 

of 10 pounds, add 3^ pounds to 10 pounds, to make^a total o 
13^ pounds. Instead, all of the students subtracted 3^ Irom , 
and gave 6§ pounds as the answer. Then he asked the ^ 
to explain why they subtracted 3^ pounds from 10 poun s. 
typical answer was as follows; ‘*The problem calls for dresse o\ ^ 
When you dress a fowl, it weighs more than when ^ 

dressing in it. Therefore, you would need less undressed fow t a 
dressed fowl. So wc subtract 3^ from 10.” All of these stu cn 
lived in a city. The term “dressed fowl” did not convey 
meaning to them that it would convey to adults who have a 
experience in preparing poultry for retail sale. After the 
was defined to the students, they said, “You mean the 
cleaned or drawn.” When the meaning of the term was clan c 
the students gave the correct answer, namely, 15 pounds. ‘ 
significant to note that there was a very definite cue 
problem which stated that the fowl iosl one third of its wcig 
in dressing. This mathematical term should have indicated to 
the students that the weight of the live fowl would be greater 
than the weight of the dressed fowl. The students did not 
the evident cue in the problem. Their experience was with a 
ing dressing to a fowl, which increases its weight; hence they su 
tracted rather than added to find the weight of the live fowl. 

Horn reported tliat mathematical terms used In the socia 
studies arc often not understood by students. As an illustration, 
students gave the following interpretations of the concept ten 
square miles.” “Ten square miles meant to various pupils aboul 
the size of Chicago, about the size oj the Stale oj Iowa, about the stzt 
oj ]\'ashinglon Park, as large as ten acres, and here to Key HVjt tn o 
straight UneP ^ 

* Quoted l>y Horn, E. "Anihmctic in tl>e Elementary-School Curriculum, 
TtacKtni #/ Atiih’^iu, p 12 nftieth Yearbook of the National Society for * 
Study cf rducatKm, Part 11. Qiica^. Univcniiy of Chicago PrcM, 1951. 
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If a student has such an erroneous concept of the meaning of 
the term ten square miles, it is evident that he cannot use that 
concept intelligently in a quanUtativc situation. The teacher 
should be certain that the students understand the concepts used 
in a problem. 

Johnson* suggested a list of activities that may be used with 
students to enrich their understanding of words used in mathe- 
matics. Some of these activities included the following: 

1 . Using the dictionary to find the meanings of words 

2. Using given words in sentences 

3. Matching words with definitions, objects, pictures 

4. Grouping or classifying mixed lists of words under proper 
headings 

5. Naming the unit of measure or the instrument used in meas- 
uring various items or aspects of things 

6. Giving words having similar meaning 

7. Naming geometric figures or parts of drawings, or drawing 
representations of expressions 

8. Performing some action to show meaning 

9. Restating expressions in other words 

10. Giving opposites or synonyms of words. 


When a student completes a unit of work, he should be given 
a vocabulary test to see if he understands the concepts used in 
the unit, The test on page 314 is typical of the kind to use for this 
purpose. This test is found near the end of a chapter dealing 
with certain plane figures and their properties. 

The list of concepts given there includes the technical terms 
which the student meets in that particular textbook in the chapter 
dealing with plane figures. If the student demonstrates that he 
understands the meaning of a concept, the use of that concept 
in a problem is not likely to create a block because of his unfami- 
liarity with the expression. 

The directions provide for three different levels of ability in 
dealing with a concept. The superior student should be able to 
formulate his own definition of a term. On the other hand, the 
slow learner who might not give a definition of the term could 
use it in a sentence. 


•Johnson, H. C. “The Effect of Ifwlntetion tn htalhemticat Vocabdary upon 
Problem Solving in Arithmetic,” JeuttiJ ef EAic(rii9«eI Ramch 38.97-111. 
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The Vocabulary of Arithmetic^ 


Define, illustrate, or use in a sentence each of the terms giv^ 
below. The number in parentheses shows %vhere the term is used. 


Acute angle 

(141) 

Altitude 

(138) 

Area 

(129) 

Central angle 

(155) 

Circumference 

(149) 

Diameter 

(149) 

Equilateral triangle 

(140) 

Formula 

(127) 

Isosceles triangle 

(140) 


Obtuse angle (141) 

Parallelogram (144) 

Protractor (142) 

Radius (149) 

Right angle (131) 

Scalene triangle (140) 

Straight angle (141) 

Trapezoid (146) 

Vertex (143) 


Such concepts as “speed” or “average speed” arc not under- 
stood by many students at the junior high school level. A super- 
visor observed seventh grade students solve the following prob- 
lem: What must be the average speed of a car which travels 
105 miles in 3 hours? Several of the students gave 35 miles as 
the answer. When the papers were scored, one student asked i 
the answer wjis 35 miles or 35 m.p.h. The teacher said the answer 
was 35 m.p.h. There was no attempt made to have the student 
understand the difference between distance and speed or average 
speed. A discussion to clarify these concepts would have been 
more profitable than solving a page of miscellaneous problems 
as an exercise in problem solving. 

ImpTci in^ Ihe Reading Ability of the Student 

T^lic second factor aficciing a student’s success in solving 
problems drjKnds upon the lc\*cl of his reading ability- 
students reading ability is very closely related to the extent of 
hU vocabulary'. Hic ability to read a verbal problem is quite 
differmt from tlie ability to read a short story. In recreational 

-T\ 7i‘f .Nfa Kntriing p 160 PhiUdelptii*: 

JV Join U Wiftiton Co , nW 
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reading the student may be interested rn the plot or *eme m h 
which the story deals. He may skim the page or at lea« he should 
Tead rlpidly. In reading a verbal problem the student should 

:Lr.hTrpt?orre:igi^^^^^^^ 

rd—^a^^r— 

either tabular or verbal form. 

TtachinsR^^dini Skills NeeJd in Ar,lhm,uc 

• A branches of mathematics is 

Success in ^„cy in the special types of reading 

closely Ld This is particularly true in the 

skills necessary m this fie ; given in textbooks, m 

reading of “planat.ons of P 

of this important phase o 

nssu.acsMC.saa.u«o.n..ar..sM— asss 

,. reading of numhets and com^ehemiooof.^ meaning. 

“ -J'a 301. 

;.s:22-rsS.-;“S.» 



2. Reading related to number operations. 

a. Syml)ols of operations, such as +, — , X, etc. v , _ of 

b. Meaning of numijers as they arc manipulated in each step 
an operation, for example, in adding 463 and 137. 

c. Reading of explanations of process procedure in a 

d. Reading of directions about assignments included in text 

e. Reading equations. 

3. Vocabulary' of mathematics. . ,, 

o. Meaning of technical mathematical terms, such as digit, a , 
hundred, area, formula. _ , x 

b. Meaning of units of measure (also abbreviations and S)Tn h 

c. Meaning of the quantitative vocabulaiy* related to soci 
applications of arithmetic, such as stamp, amount of taxation. 

d. Use of dictionaiy, glossary*, etc., to get definitions. 

4. Basic skills involved in reading and solving verbal problems. 

a. Comprehension of the meaning of items and statements con 

tained in the problem. ^ . 

b. Reading necessary to apply the steps usually taken in prob e 
solving which are! 

(1) What are you asked to find? 

(2) What facts are given? Is other information needed. 

(3) What steps must be taken to solve the problem? (R 
necessaiy* to see the relations between the parts of a 
problem to determine steps.) 

(4) What would be a reasonable answer? 

e. Locating information not staled in the problem but necessary 
for its solution. 

(1) In accompan>'ing tables, graphs, charts, pictures, etc. 

(2) In preceding problems and discussions. 

(3) In reference books, catalogs, and other printed sources. 

(4) In appendix. 

(5) In schedules, forms, plans, maps, etc. 
d. Reading formulas, equations, rules. 

5. Reading and using quantitative aids and measuring devices. 

□. All numbers needed arc given, as in the calendar. 

b. Interpolation required In reading a scale, as in thermotneter- 

c. Fractional interpolation may be involved, as in reading th® 
ruler. 

d. Enrichment of meanings because of awareness of the history 
and social significance of devices used in measurement, such 
as money, clocks, protractors, or thermometers. 

6. The reading and interpretation of statistical tables of a ^vide 
variety of kinds. 

a. Reading standard tables, such as interest tables and. trig* 
onometric ratios. 
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b. Rcadinq tables presenting factual information of a social 
nature. 

(1) Identifying the contents of the table. 

(2) Understanding the structural elements and arrangement 
of the table. 

(3) Selecting detailed information included in the tablc- 

(4) Interpretation of informaiion included 

(5) Summarizing in/brmation secured. 

(6) Evaluating the information included. 

(7) Making generalizations and comparisons based on the 
data. 

(8) Predicting future happenings on the basis of the informa- 
tion given in the table. 

(9) Remembering information. 

7. The reading and interpretation of graphs. 

a. The comprehension of graphs of various kinds, such as bar 
graphs, circle graphs, histograms, etc. 

b. Reading skills similar to those listed under 6-b above are 
involved in the reading of graphs. 

8. The interpretation of quantitative elements included in diagrams, 
charts, maps, plans, and pictures. 

Q. Interpretation of quantitative symbols on charts, maps, etc. 

b. Reading of scales, and scale drawings. 

c. Longitude and latitude readings on maps and globes. 

d. Pictograms. 

e. Use of guide lines to locate Information, places, etc 

f. Comprehending quantitative concepts included in advertise- 
ments, business forms, pictures, etc. 

9. Reading skiib involved in securing information about assignments 
in the study of social applications of mathematics such as: 

o. Locating information in various printed sources. 

b. Comprehending what is read. 

c. Organizing what is read, as making an outline of contents. 

d. Ev^uating what is read. 

e. Summarizing what is read. 

f. Making generalizations. 

g. Remembering what is read. 

The list shows that a student needs a wide range of reading 
skills to succeed in mathematics. To read a verbal problem 
intelligently, the student should be able to apply the steps usually 
taken in problem solving which are listed under 4-b in the above 
ouUinc of reading skills. Fint, he should clearly identify the key 
question for svhich the answer is to be found. Second, he should 
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identify the facts that arc given. And third, he should 
dependencies or relationships between what is given an w 
is to be found. A verbal problem always involve finding some 
missing quantity or using a concept or quantity in a given 
situation. The third factor pertains to the relationships expresse 
or implied in the problem. The situations given must suppor 
certain dependencies among the facts given or the student canno 
solve the problem. We may illustrate these three elements o a 
verbal problem by considering the following problem. 


An airplane travels 200 miles in 40 minutes. At that rate, 
how far would the airplane travel in one hour? 


The student should identify the question for which the answer 
is to be found. In this case it is the distance the airplane can 
travel in one hour. Next, he should identify the data that are 
given, namely, the distance the airplane can travel in a 
interval of time as stated. Finally, he should sense that the dis- 
tance an airplane will travel In an hour depends upon t c 
following chain of events: 

1. The distance an airplane can fly in an hour depends upon 
how far it can fly in a fractional part of an hour or a given 
number of minutes. 

2. The distance an airplane can fly in one minute depends 
upon how far it can fly in the given time. 

3. The distance an airplane would fly in an hour depends 
upon how far it travels in one minute and the number of minutes 
in one hour. 

From this analysis it is seen that a student must have a back- 
ground which W’ould enable him to discover the relationship 
between speed per hour and the distance traveled in a given 
interval of time. The plan outlined above may be designated 
the method of unitary analysis. 

If the student is able to discover that the problem calls for 
finding a number when a fractional part of jt is given, he would 
be able to give a quicker solution than the solution by analysis. 
If the airplane travels 200 miles in § hour, the problem tnay be 
expressed as 
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I X ? = 200 



The missing number is found by dividing 200 by | nvhich is the 
same^ as multtplying 200 by f. fn (his solution the student 
identifies the problem as one which fits (he pattern of finding 
a number when a fractional part of the number is given. He has 
learned the basic principle that when the product of two number 
and one of the numbers arc fcnown, the missing number is equal 
to the quotient of the product divided by the blown number. 
Regardless of the method used, the student must have a back- 
ground which enables him to discover relationships among 
quantities and to know how one item depends upon another 
essential item or element in the problem situation. 


Logical Pallern oj Problem Solving 


The logical approach to teaching problem solving is familiar 
to most teachers of maibematics. According to this plan, the 
teacher should instruct the student to follow the plan outlined 
below; 

1. Find what the problem question is. 

2. Then find what facts (he problem gives. 

3. Try to think of ways to find the answer to the question asked, 
or search for a familiar pattern or model in the problem. 

4. Do the necessary compulation. 

5. Check the ans\yer to see if it is sensible. 


This logical pattern has merit for a disciplined mind, but 
immature students do not follow such a logical pattern in their 
thinking. Several investigations* show that a logical structural 
pattern is not an effeciivc means of teaching problem solving. 
Fehr e-xpres$ed the conditions under which problem solving takes 
place as follows: “Real problem solving involves seeing the prob- 
lem as a whole, familiarity with all of the elements of the problem 
situation, making analyses, seeing refations, getting a pattern 
of relationships, estimating and checking, and reorganization. 
We seldom solve real problems in organized deductive steps. This 


‘ Set ibe following study as reprcs«niativ« irf this gToup;^HanM, F^ut ^ 
nrtif ApW/w Schivg- A StuJy of fAe EfetlivePfSi t/Tirn MtiMt 

;ohing Nets- yorif: Bureau of Publ5cate«, Teacher, CoUege, Columbia Unt- 
-ersUy, 1929. 
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deductive structure is usually made after >he 

has been made.”' Fchr is not discussing problem “K "S 
represented at levels I and II. When problem 
at these Imver levels, the role of insight usually plays a less 
pa« Thai, it plays in dealing with a real qu-.i.a.ive sduat.om 
The student who has a sufficient background to 
discover relationships among quantities usually cvi 
s-idual method of solving problems. Before he is able . 

an effective individual method, he „ 

approach to use in attacking a problem. It u for this 
that the slow learner can profit by observing the following three 
Steps in reading a problem: 


1. Find what the problem question is. _ ^ 

2. Identify the information and numbers given in the situa i 
the problem presents. 

3. Show how the answer to the question asked depends up 
what is given. 

The student should be taught to search in the problem f^ a 
familiar pattern which he can use to arrive at the solution, 
fact that a slow learner is able to read a problem and i cn i > 
what question is involved in the problem helps hini to feel secure. 
Many slow learners read words which are devoid of meaning 
to them. Problems should be expressed in the simplest language 
so that the less competent student is able to read them. Instea 
of tr>ing to solve problems t>T)ical of those given in the sesjntn 
grade, slow learners should read problems suitable for students 
who are one or more grades below this grade level. Often t KC 
students need special help in reading problems of the t^'pe ^ 
can be found in textbooks and workbooks for low’er grades or in 
other supplementary materials. The student may not be able to 
cope %vith the problems in his textbook at his grade level, c 
then should be given similar materials of a low’cr level of difficu ty 
than the regular textbook. After he experiences success with the 
easier problems, he should attempt the types found in his o^vn 
textbook. 

« Fchr, Howard F. “TTie IU>Ic of In»ghi m the Learning of Mathematics, 
"The Maih^alitt Teachrr. 47:392. 
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Easily-solved Problems 

Sluclents at the junior high school level should solve many 
verbal problems which are predominantly one-step problems so 
that the dependency between the question asked and the facts 
given is easily determined^ These problems also should contain 
small numbers so that the computation involved %viil be easy. 
Samples of this type of problem suitable for Grades 7 and 8 are 
the following: 

1. What i.s the cost of 1000 3-cent stamps? 

2. How many pints arc there in A gallons? 

3. At an awage speed of 50 m.p.h., how many minutes does 
it take to travel 25 miles? 

4. A roll of dimes has a value of ten dollars. How many dimes 
are in the roll? 

5. Grapefruit sell 3 for 25^. At that rate, what is the cost of 
a dozen grapefruit? 

6. What is the smallest three-place number which is divisible 
by 3? 

Many of the superior students at the junior high school level 
are able to solve problems of the types given without the use of 
paper and pencil. These students should be urged to solve such 
problems “in their heads.” This form of arithmetic is sometimes 
knosvn as “mental arithmetic.” Other students often must use 
paper and pencil. The sloxv learners may m addition have to 
make visual representations or use objective materials to solve 
the problems. Since there are no complex relationships among 
the quantities in these problems and the computations are easy, 
these problems offer excellent practice in reading and solving 
verba! problems of a wide variety of patterns. 

Mental Arithmetic 

Hall defined “mental arithmede” as solving problems that 
arise in an oral manner or “in the head” and the solution is given 
without the use of paper and pencil. From a limited survey of 
business usage, he found that the majority of arithmetic problems 
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arising in life arc solved mentally. Hall suggested that the follow- 
ing values may be obtained from mental arithmetic; 

1. Mental arithmetic emphasizes the importance of place value 
and the “ten-ncss” of our number system 

2. It brings number relationships into focus; this insures under- 
standing in addition lo saving time 

3. It serves to find approximate answers to arithmetic problems 
since, in life, arithmetic is not concerned exclusively with 
computation 

4. It helps children to direct their attention immediately to the 
conditions of the problems, since there is little or no writing 
necessary 

5. It enables the teacher to gain an understanding of the child s 
quantitative thinking, if he is encouraged to explain his solution 
of a problem orally to the teacher 

6. It is valuable in introducing new arithmetic processes at all 
grade levels because the child’s attention can be focused on 
one step at a time 

7. It serves to enrich the regular program of numbers when used 
as the basis for number quiz games.^ 

From the result of an experimental study dealing with solving 
problems without use of pencil and paper, Petty* suggested that 
teachers should set aside certain pages of verbal problems in the 
textbook which would be solved “mentally.” 

Variation in Ability in Problem Solving 

The range among students in ability to solve problems listed 
under levels I and II is very large. There are two ways in which 
all teachers can adjust instruction to these variations. First, 
superior students should be expected to apply procedures that 
are superior both qualitatively and quantitatively to those used 
by the group below average in problem solving. Second, the 
superior students often are able to assist some of the slow learners 
in learning to solve problems. 

^ Hall, Jack V. Sotnng ArtihmtUt PreUtms Aftntallj, pp. 9—10 Educational Service 
Publications, Ko. 20. Cedar Falls: Bureau of Ejcterlor Service, Iowa State Teachers 
College, 1954, 

* Petty, Olan “Non-Pencil and Papn Solution of Problems,” "rhe ATilhr*ulu 
Teother. 3:235. 
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When fait feomers ojsJsf ofhen, often oil benefit from the experience. 


The quantitative difference in abilities of students refers to the 
number of problems to be solved by the supenor group. This is 
a minor factor. Frequently teachers place undue emphasis on the 
number of problems or examples a student should solve to pro- 
vide for individual differences. Superior students are thus 
assigned extra practice that they do not need. This use of their 
time is of little value. 

The qualitative difference refers to the type of problem and 
the kind of solution given. The superior student should solve 
more difficult problems than the students less gifted in dealing 
with quantities and operations. Many textbooks contain starred 
problems and pages of starred problems which are more difficult 
to solve than those found in the regular body of the text. The 
superior student should be able to solve problems in this category. 
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The qualitative differences between groups "" 
demonstrated by the kinds j suggest a variety 

teaeher should give students_thec^ 

of solutions to problems The nroblcm must be 

regimentation demands that all »Iut tons to a prob^ 

the same. Students should be is better 

different solutions to a P™“om. Fehr tated m 
to examine and compare SCTcra i ,l,u same 

problem than to solve three f^„vL problem 

Lthod.”* The solutions given 

illustrate different ways students may find the answer. 

A car travels 5 miles in 6 minutes. At that rate, what is its 
speed per hour? 

a The car travels | mile in a minute. In 60 minutes the car 
would travel | of 60 miles, or 50 miles. 5 = 

b. There are 10 6-minute periods in an hour. Then, If .?s. 

50, number of miles in an hour. r.n. numbers 

c. 5 miles in 6 minutes ° T ch” 

'< “ 12 “ V checked will be the dis 

nn U U 2<t “ tance traveled in 1 hour. 

40 “ “48 “ V 10 mi.+40 mi. = 50 mi. 

The three methods illustrate different solutions to the Vroh\^ 
Others can be devised. The teacher svill be amazed at the 
variety of solutions which students give when they are encour g 
to use exploratory methods. The teacher must be certain m 
all of the solutions accepted are valid. 


d. Teaching Problem Solving at levels 1 and II 
Basic Instructional Procedures to Use 

The methods of procedure for teaching problems listed 
levels I and 11 are similar. In each case a problem is defined 
a verbal problem. At level I. the problems are miscellaneous m 
nature and deal primarily with unrelated topics and process , 
* Fchr, Howard F. op. at., p. 391- 
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but at level II, the problems deal with some particular topic or 
phase of mathematics, such as per cent, area, or volume. It 
should be understood that problems at these two levels do not 
afford opportunities for quantitative thinWtig comparable to the 
problems which charactertae those classified under the other tuo 
Jevds. 

Kinds of Helps Needed at These Levels 

Students who read probiems well and have good backgrounds 
for interpreting quantitative statements should encounter a 
TTunimum of difficulty in solving verbal problems found in repre- 
sentative textbooks in mathematics in the junior high school. To 
help students to solve such problems, the teacher should ask 
questions which will enable those who have difficulty in solving 
the problems to discover a relationship between the facts given 
and the missing quantity to be found. We may illustrate the 
questioning technique to use in helping students to solve the 
following problems; 

1. A boy buys apples at the rate of 3 for 5^ and sells them 
at the rate of 2 for 5i. How many apples must he sell to make 
a dollar? 

To help the student understand this problem, the teacher 
should ask questions such as the following: 

“What docs the problem ask you to find?” 

“Docs ‘make a dollar’ mean that the apples are to be sold for 
a dollar? Are they to be bought for a dollar? What docs it mean?” 
“Do we know how many apples he should buy or sell?” 

“Do we kno^v the cost of one apple? Can wc find the cost of 
one apple? the selling price of one apple?” 

“If we know the cost of one apple and the selling price of one 
apple, how can <ve find the gain made on one apple? 

"If you know the gain made on one apple, how do you find 
the number of apples needed to gain a dollar?” 

“If you know the cost of an article and its selling price, how 
do you find the number of those articles to be sold to gain a 
certain amount?” 


325 


Gain is 5^ on 6 apples 

“We had to use fractions to find ^^^t^rteachcr 

Let us represent the cost of 3 apples as sho • ^ niaterial to 

has the student use markers or some other o J ^ ntaterials 

solve the problem. He or profit made 

until he discovers a relationship S P 

on 6 apples, or a multiple of 6, which tvill enable him 

the answer to the problem. 

2. The perimeter of a square is 80 feet. What is e arc 
the square? 

“What is the problem quesUon?” ,^5 

“Wfiiat must be known to find the area of a sq 

fact given? What fact is given?” ivt,v. a drawing of 

“What does the word penmctcr mean. Make a 
the square to show the meaning of the ^ -f a 

“Use this carpenter’s rule to represent the penmet 
square or a rectangle.” 

“The perimeter of a square is how many times as long 
If we know the perimeter of a square, how do we hnd a 

“What does the term area mean?” „ 

“On the square you draw, show its perimeter an 
“If you know the side of a square, how do you find its ar • 
“Why should the area be expressed in square feet w en 

perimeter is expressed in feet?” r^en- 

The questions given above for the two problems are rep 
tative of the kinds of questions the teacher should ask to n p 
the student to discover a solution to a verbal problem w 
cannot solve. Special attention must be given to see . 

understands the meaning of the terms used m the pro em 
that he can determine what the problem asks. Then he mus 
able to see how the question asked depends upon the facts giv 
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The teacher must give help and guidance to the student to 
enable him to discover relationships among quantities. Craig 
has summarized this point u-ell in the following statement: '‘The 
more guidance a learner receives, the more efficient his discovery 
will be; the more efficient discovery is, the more learning and 
transfer will occur.”*® 

To repeat, problem-solving ability cannot be developed to a 
given level as a skill, such as attaining a certain proficiency in 
computation. The student’s ability to solve problems depends 
upon his experience and his background. The special helps per- 
taining to vocabulary, reading, and procedures for dealing with 
verbal problems are given in this text in order to help teachers 
do as good a Job as possible with this low level of problem 
solving. 


ZaMing (he Annver 


The problem of how to label answers is one which all teachers 
of mathematics encounter. Should a student have his solution 
marked tvrong if he gives 400 
instead of 400 square feet as 
the answer to problem 2 on 
page 326? Clearly an answer 
of 400 is not complete. Solu- 
ion A on the right shows the 
form to use. Solution B is not 
acceptable. On the whole tbestudent should work with unlabelcd 
numbers, except with money. Then he should copy the answer 
with its label as shown in A. Ullrich** reported the results of a 
questionnaire sent to 275 teachers, sdiool administrators, and 
authors of textbooks in arithmetic. The study showed that there 
is great variation in practice and opinion about the correct 
labeling of answers in arithmetic. 


A 

6 

20 

20 ft. 

X20 

X20 ft. 

400 

400 sq. ft. 

A = 400 sq. ft. 



*»Craigr, Robert C. Trerujn Vdtu ef Cwtrf«/ UM, P-J2. New York: 
Bureau of PubUearions, Teachera College, ColumUa University, 1953. 

>• Ullrich. Anna M. “Report on the 

Answers to Problems in Uementary School AnthtneOC, Ticrhit. 

46^92-293. 
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e. Solving Problems Classified as Level 111 


Types of Problems at Level III 

Problems classified as level III arc related to and deal ssith a 
central theme. These problems may be based on a described 
situation, a table, a graph, or information pertaining to a 
particular topic. 

Page 329 shows a page from a textbook. The problems on that 
page are based on the data in the table. The teacher should 
ask the class pertinent questions about the tabic before assigning 
the problems for solution. If the students are able to answer the 
questions, the teacher can be reasonably certain that the students 
understand the table. The teacher should ask questions of the 
tj'pe which follow: 

t. What is the title of the topic we are to consider? 

2. The picture shows a com-cutter and husker. How many of 
you kno^v what a com*cutier and husker is and where it is used? 

(Students who live in a com belt area would know about a 
com*cuitcr and husker, but students in an urban area probably 
would not know. If the class is not familiar with the term, the 
teacher should have a student find its meaning in a dictionary 
or an encyclopedia. Then the class should discuss some of the 
other means of harc esiing grain. A committee could be appointed 
to report at the next class period on different ^vays used in this 
counuy to harv’cst grain. The committee should report on such 
terms as sickle, cradle, reaper, binder, and combine.) 

3. WTiat are some of the reasons given for increase in pro- 
duction of crops by farmers? AVhere can you find the a^s^ver to 
this question? (The teacher should be sure that the student 
understands the first sentence on the page.) 

4. Sc\'eral weeks ago we found on page 113 how the use of 
fertilizer increas«l the yield of com per acre. (The class should 
turn to this page and review how the use of fertilizer will affect 
the ^ield per acre. The students should now understand how 
crop prcxluction depends upon the use of fertilizers.) 

5. The table shows the average number of persons ihnt can 
be fed from the production of zin average farmer. The table 
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Salt Jtam FnJirit lawn 

Pariners Grow Bigger and Better Crops 


The wider use of farm machinery, new fertilizers, and selected 
seeds has enabled farmers to increase the yield of crops. The 
table gives the number of people that could be fed with the 
crops produced by the average farmer. 



?930 1 

n.o 

1940 1 

n.3 

1950 

15.0 


1. The average farmer in 1950 produced enough food to 
feed approximately how many times as many people as the 
average farmer in 1850? 

2. Between which two 10-ycar entries in the order given was 
there the greatest increase in the production of food? 

3. Between which two 10-ycar entries in the order given was 
there a decline in the production of food? 

4. A million farmers were able to produce enough food to 
feed how many people in 1850? in 1900? in 1940? in 1950? 

5. Our population in 1950 was 150 million. It took at least 
how many farmers to produce enough food to feed our people? 

6. It is estimated that 18% of our population arc farmers. 
If our population is 160 million, how many farmers arc there? 
★7. Make a line graph or a bar graph to show the data in 
the table. 







covers a period of how many years? What is the time interval 

from one entry to the next entry. „,rvliice food to feed an 

6. In 1850 the average farmer g csons? 

average of 4.8 persons. How ts tt poss.ble^to have P 

We can approximate 4.8 as what ^ jgjg ,o be 5, 

7. If we round off the number in the table for )»au 

which year did the average farmer as 

feed about twice as many persons as m 18a . 

many persons as in 1850? „ . . food to feed 

8. The average farmer in 19 d 0 produced eno g fanner 

an average of 15 persons. Does this -ean ^at -eh fa^e^ 
produced enough food to feed 15 
why some farmers would produce more food 
I Using the same time interval given 
would be the next enny? Would you predict that he a 
number of persons fed per farmer for that year would 

or less than 15? Why? ^ t. . rrSvPO the 

After the class has discussed questions of the type p ’ 
teacher should assign the problems on the page p/ ' j 
students should be able to solve problems which 
directly on the reading of the quantities m the table. ; 
student should be able to find the number of people '^ho 
be fed bv the crops produced by a certain number o ' 

such as a million, in one of the given years. The discu 
enables the student to acquire a background for intelligent re 


ing of the problems. ^ j. 

Problem 6 states that farmers comprise 18 per cent o 
population. This fact wth certain data in the tabic can e 
to show that farmers can produce more food than can be 
sumed by our population. The teacher should a^ign to 
superior students the topic of crop control and have them 
out what crop control means and \vhat arguments can be gi' ^ 
for and against it. From the standpoint of the federal gosem 
TTient, the problem of the disposition of surplus crops constitut^ 
a basic problem of agriculture. The superior students sho ^ 
investigate the topic of crop surplus and the need for crop contro 
as shown by the table. A report of this kind should be of interes 
to the whole class and should help the students to understan 
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something about one of the major internal problems with which 
our gov'crnmcnt must deal. 

Teaching Students to Read Graphs 

A graph IS a visual representation of tabular data. A graph 
should enable the reader to see number relationships among 
quantities much more easily than when the data are given in a 
tabic. Since problem solving involves dealing with relationships 
among quantities, graphic visual representations, which express 
relationship among quantities, arc elements of a program for 
teaching problem solving. 

There are two phases of reading a graph. The one phase con- 
sists in understanding the mechanical features of a graph, while 
the ocher phase consists in interpreting the data. The student 
should know how to read a graph and be able to determine 
whether or not it is drawn properly so as to portray the data 
correctly. The ability to read a graph and to criticize it from 
the standpoint of physical features constitutes a skill. The 
interpretation of the data in a graph depends upon the back* 
ground of the individual. He may be able to read a graph 
correctly, but he may not be able to interpret the meaning of 
(he data because he is not familiar w'ith the topic represented. 

The function of a graph is to present data in a more easily 
interpreted form than tabular form. At the junior high school 
level, a mathematics textbook should provide instruction in 
reading and drawing graphs just as it provides instruction in a 
basic number process. The student should refer to the graphs 
provided in his textbooks to become more familiar with methods 
of discovering relationships among quantities. In that sense a 
graph is an aid in problem solving. Unfortunately, many 
mathematics textbooks contain units which show the student 
how to read and draw graphs and then make no further reference 
to graphs. The chief functional value of a graph is lost in a 
presentation of this kind. A graph is a visual aid to help the 
student grow in ability to deal with relationships among quan- 
tities. This statement is true not only in mathematics but also 
in other areas of the curriculum. The student should learn to 
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read graphs in order to interpret the data given in the socia 
sciences or in other subjects he may be studying. 

The above graph shows the growth of our population from 
1800 until the present time and the predicted population in 1970. 
The student should first note that time is represented on the 
horizontal scale. The time intcr\'al is uniform, but the increase 
in population is not. A line graph has two variables which m 
this case are time and population. The horizontal scale is used 
to represent the variable which changes at a uniform ratc. 

The student must understand that numbers read from a graph 
are predominantly round numbers. In the graph above, the 
population in 1880 was approximately 50 million and in 1900 
it was approximately 75 million. From the graph it is not 
possible to state exact values for a given year, but the values read 
arc close approximations of the true value. The use of round 
numbers simplifies the work of dealing intelligently with large 
quantities. 

A line graph is difficult to read. Slow’ learners should not be 
expected to develop skill in reading line graphs. Most certainly 
the reading of bar graphs and pictograms should be part of the 
curriculum for all students at the junior high school level, but 
the reading of line graphs should not be part of the basic work 
for all of them. 
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gives the value of a point on a graph between i 
He extrapolates when he projects the graph to t 
the last given value. The reader may be asked 
for a marked variation or deviation in the ti 
as the change in the curve of our population 
from 1930-39 and the big increase in the tren 
World War II. Thus, it is seen that the kind of inforroation 
derived from a graph may vary from a factual to a hig > 
interpretative type. It should be evident that only the very 
superior student will be able to answer interpretative questions 
based on graphs. 

Appraising Graphs 

A student should be as sensitK'e to an error in a graph 
incorrectly as he should be to a grammatical error in 
In some graphs there are certain t^T^es of glaring errors " 
the student should be able to identify. Some of the principl^ o 
graph construction Ns’hich frequently arc violated are describe 
below. 

1. A picture graph should not be interpreted in Ust) dimen- 
sions. If a manikin represents quantity A and quantity B is 

as large as A, two manikins of the same size as the manikin m A 
should represent B. If the manikin for B is twice as high and t%vace 
as wide as for A, the area represented by manikin B would be four 
times the area for manikin A. 

2. Graphs usually are more accurate when the vertical scale 
begins at zero. If this scale does not begin at zero, the graph 
should show' that part of the scale was cut off. The usual \vay 
to denote this fact is to use two wavy' lines. 

3. The scale should be uniform. If time is represented, there 
should be a regular interval between consecutive points on the 
scale. 

4. The graphs should be well drawn, easy to read, and 
properly labeled. 

Some graphs on page 335 represent well drawm picture graphs, 
bar graphs, and line graphs and there is at least one sample of 
each type of violation mentioned above. The reader should be 


two know'n points. 
;omc point beyond 
to give the reason 
-end of the graph, 
during the decade 
id after the close of 
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able to identify each type of violation of graphic technique. 
If a student can detect an error in the drawing of a graph so 
that the visual representation does not present an accurate picture 
of the data, he has learned to do critical thinking in dealing wit 
quantities. Development of that ability is one of the functions 
of problem solving. 


f. Solving Problems Classified as Level IV 

Sources of Real Problems 

Problems classified as level IV grow out of the activities of the 
students or of the class. These problems emerge in the experience 
the student may have in some social situation in the community 
or the classroom. A few illustrations of the kind of activity 
involved will help clarify this type of problem. 

A class had studied about property taxation as discussed in 
the textbook. Under the guidance of the teacher, the group 
decided that it would be profitable to find out about the local 
tax rate. The students brought to class samples of tax bills for 
the past few years. Having learned that the town or city was 
the local unit of government in the state, the students secured 
the tax rates existing in their own community and those in a few 
neighboring communities. Next, the class invited a man from 
the tax bureau to speak to 
them. He gave them informa- 
tion about how property in the 
town is assessed, how the tax 
funds are allocated to local and 
county governments. The stu- 
dents were told how the funds 
for local government are di- 
vided between education and 
other local governmental func- 
tions. Using these data, the stu- 
dents made circle graphs as 
shown indicating how the tax 

dollarisspcnt for local purposes. 
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A few days later a member of a commercial bank in the town 
spoke to the class about his bank. He showed samples of 
familiar banking forms used for making deposits, various kinds 
of checks, and forms for making a loan. He explained the ditler- 
ence between personal and secured loans and how each is ma e. 
Finally, he arranged a conducted tour of his bank for the students 
to whom he had spoken. . 

As often happens in a study of topics having great soci^ 
significance, most of the mathematics involved is informationa . 
There is a limited amount of problem solving in the narrow sense 
of the term, in dealing with topics that arc predominant y 
informational. On the other hand, the student learns the meaning 
of certain concepts from experiencing them in functional suua 
tions. Then, loo, he learns the functions of the basic processes. 
If a test reveals deficiencies in skills, the student’s discovery o 
the use of number in real life problems should motivate him to 
develop these skills, 

Clifford reported the result of a survey made by junior high 
school students in a local community about the different pre^ 
cedures in computing interest on a savings account which ha 
different balances during an interest period. The students foun 
that four different procedures were used in determining the 
balance on which interest would be paid after deposits or 
withdrawals were made during each interest period of six months. 
A summary’ of the findings was as follo\s’s: 

Bank A credited interest on the minimum balance during the 
interest period. 

Bank B divided the half year into two quarters and used the 
minimum in each quarter for computing interest. 

Bank C gave interest on the minimum balance plus interest 
on deposits for each full month that the deposits were credited 
during the interest period. 

Bank D computed interest from the day of deposit. 

Clifford concluded as follows: "The actual procedures varied 
even more than this summary indicates. Interest rates varied 
from 1% to 2^%, Some banks counted actual lime, others used 
approximate time. In several banks the only person who would 
take the responsibility of explaining their s^'stem was a vice- 
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president, which would indicate that explanations are requested 

ven' seldom.”'^ , . j 

An investigation of this kind gives the student first-hand 
experience with the operation of one of the most fatnihar institu- 
tions in a community. The results of a study similarly conducted 
frequently will show the investigator that banks are not uniform 
in methods of paying Interest on savings accounts. “sc ol 
commercial banks, the cost of maintaining a personal 
account is not uniform among these banks. The studen who h. 
knowledge of many of these variations among banks has 
very useful consumer education. 

Solving Prohims Ihot Cannot & Anstvatd mlh FmalUj 

A student should have some ^^ThetLrn^pmblem 

pmbrbl; TwouW be dXult in light of the facts gathered to 

housing service brought ^mh for a 3-year lease, 
A house is offered at rental of $100 n mont 

or $90 a month if paid tn ^ ,he problem. 

The class discussed various fact ,^^ 3 ^ 

One of the students thought i ™ ^ element was finaUy 

if the money were not paid in ^ effective under each 

ruled out as the ^ ^Hem was real and one whicl. 

plan. The students admi ^n„. They computed the rate 

was vital to a famdy m the stated conditions, 

of interest charged on a loa an instalment loan 

The problem svas an ,o the dmvn payment on 

in which a i-st^ent plan. By using the con- 

an article purchased 

ventional formula, r = ^ ^ 

c.,g„a, mute. -.a s.a.rt=M..m 

47 . 28 . 339 



'AN 



The school hook ollen provides tool life problems involving orithmetlc. 

insalment loan, the students found the rate to be approximately 
7.4 per eent. They recognized that this was a high rate of mt 
for a ioan, but other factors had to be considered besides tn 
rate. One student’s remarks were significant. “It would ^ 
cheaper to pay the amount in advance, but where are you 
to get $3240 for one payment? You must pay more to have tn^ 
privilege of monthly payments.” The students used both in 
madonal and computational arithmetic to arrive at an answe 
to the problem. They-dealt with quantities and experiences a 
exercised a high level of critical thinking about these quantities. 

Questions, Problems, and Topics for Discussion 

1. How do )ou define a problem? Give an illustration of a real life problem 

with which you were faced and state the waj’S in which mathematics he pe 
you to solve it. . 

2. Malte a list of urges or raoth'cs which might stimulate a student to so 

a problem. Evaluate the different kinds of motives which impelled you to 
solve real life problems. , 

3. When you meet an unfamiliar problem in arithmetic or some other branc 
of mathematics, how do you go about finding a solution to it? Illustrate. 

4. A noted psychologist related the story of an elementary school pupil " ® 
used the following procedure for selecting the process to use in solving verba 
problems; “If the problem has three numbers, I add; if it has two nurnb^ 
about the same size, I subtract; if one number is large and one small, I dm c 
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to sec jf they come out even; if they don’t come out even, 1 multiply." Trom 
the standpoint of discover>’, appraise this plan which the pupil devised. Eval- 
uate the program of teaching problem solving in the school in which this 

pupil was enrolled. . , 

5. T^.c. iraiiu traveling in opposite dirKtioos from a given point have speeds 
or 45 ra.p.h. and 60 m.p h., raspeettvely Male a drav.tng to shot, how far 
apart these trains would be at the end of 3 hours. 

6. Make an analysis of the problems tn ao an.hme.te tea book for the 
seventh or eighth grade and find approvttnately what per cent of the pages 

rproblemstiybeelasstfiedateaehorthethtee^ 

7 Make a list of topics which ate adaptable for tnvestigat.ons mvolvi g 
pr^ble™ cl^M in this^ehapm^a^^^^^^ » » 0- 

problems to solve.” said a teaser. 

-t ?ho7r 'rou'woX:— ■■■ 

solving i#." , .V,,. fnllowme problem which might 

1”,” r ;;iy d »«00 at . rate of ,34 50 
per $1000. . . .. ,J, 3 , rate, how long will it take 

the «^:XT300 - >«« " 

^"“Tstudent wrote the amv.era given to *e following P™hl- 

a. How many inches ate 24 

b, Knd the area of a '"™Sle „„dition. do yon want the 

How would you mark his answers 

answer labeled correctly? a problem but makes 

15. If a student uses the ^ct ^ p^blem righ^ 

a computational eraot - , oL^c’t method. IVhat do stand., d 

wrong, or do you give partial credit 

tests do’ , . jg a textbook when he ta es a 

16 Do you permit a student to use a te_ 
problem solving’ Should you .incepts of a«a and 

^Ltf^v'wonTyoV^^^^^^^^ — - -7— 

"Ts^r^Xmationsofgra^"^ 

point of accuracy of drawtng and ease 01 



, 5 . M 3 .= a list of a, leas, ton 

thing depends upon another thing. For examp , number of articles, 

of anid« daponds upon .ho prico of one arnde r"7,°o „.p.h,. 

20. An aintlane has an average speed on an outgoing of 00 
but on the incoming flight the average speed la 150 m.p.h. Wha 

speed on the total trip? fhr average of 

If JOU solved the problem as many students 
100 and 150 which is 125. Select some dntance ® 

and prove dial 125 m.p.h. is not the average speed of the 
your though, pattern. WTiat was the cue which caused VO” ‘ | 
solution? From your capeiiencc, write a generalization 1“ ^ , 

averaging of speeds. (The average speed of the airplane is 12 .p. 


Suggested Readings 

Bmeekner, Leo J. and GrosmlcUe, Foster E. ,U«Knj 

pp. 491-532. PhiUdelphia: The John C. Winston Co., 1953. 

Bmwcll, Guy, T. Patlnns oj Thinltng in Sotcing Prohlms, p. 86. Berkeley, 

University of California Press, 1936. 32-43. 

Cronbach, Lee J. “The Nfeaning of Problems, ^^f^TlSvcrsity of 

Supplementary Educational Monographs, No. 66. Chicago. 

Chicago Press, 1948. ^ v^aihe- 

Henderson, Kenneth B. and Pingree, Robert E. “Problem giving Ji ^ 
roatics," Learning oj Malhmatits^Ut Theory end 
Ts^enty-fim Yearbook of the National Council of Teachers of Mathe 
Washington, D. C.: The Council, 1953. , re ’’ 

Johnson. H. C. “Problem Solving in Arithmetic: A Resnesv of the Litera , 
ElemaMary School ^amned. 44:396-404; 44:476-482. 

Spilzcr, Herbert F. The Teaching cj Arithmetic, pp. 178-203. Boston: Houg 
MifBin Company, 1954. r-f„.^.nth 

The Place oJ Mathematics in Secondary Education, Chapters 3 and 4. t il 

Yearbook of the Nauonal Council of Teachers of Mathemaucs. Washing » 


D.C.: The Council, 1940. ^ - v, -nua 

Thorndike, Robert L. “How Children Learn the Principles and Techniq ^ 
of Problem-Solving,” Leartdng and Instrvction, pp. 192—216. Fo^ u* 
Yearbook of the National Society for the Study of Education, Part 1. Chicag 
Univenity of Chicago Press, 1950. 

Wilson, Jack D. “Mathcmaiics in General Education at San Francisco 

College,” Emerging Pracliees in MathemaUes Education, pp. 293-302. Twenty- 
second Yearbook of the National Council of Teachers of Mathemaucs. 
Washington, D. C.; The Council, 1954 


342 



Chapter 10 


Ratio, Proportion, and Square Root 


T 'uis chapter deals with the following topics: 

a. The use of ratio in solving problems 

b. Teaching how to solve a proportion 

c. The meaning and use of similar figures 

d. Methods of applying indirect measurement 

e. Finding distances by using the tangent ratio 

f. Square root and its applications. 

Q. The Use of Ratio In Solving Problems 

ffow lo Find ike Ratio oj Two Numbers 

Two numbers can be compared cither by subtraction or by 
division. If John has $4 and Dick has $5, we may say that John 
has one dollar less than Dick, or that John has f as much money 
as Dick. The fraction, f, formed by dividing $4 by $5, expresses 
the ratio of the two amounts. The fraction f may be expressed 
as ,8, or 80 per cent. Similarly, the ratio of Dick’s amount of 
money to John’s amount may be expressed as f. If Tom has 
$8 and Bill has $4, then the ratio of the two amounts is |, or 2. 
^Ve see that the ratio of two amounts may be expressed as a 
proper fraction, an improper fraction, an integer, a decimal, or 
as a per pent. 

There arc three ways of expressing the ratio of two numbers: 

4-5 I 4:5 
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Since a fraction represents an indicated division, it is easy to see 
that the two forms 4-4-5 and | are the same. The e.xpression 4:5 
is read, “Four is to five” and it means the ratio of 4 to 5. This 
form is seldom used. The fractional notation is the most usable 
way of expressing a ratio. 

Steps in Teaching Meaning of Ratio 

The following steps arc recommended for developing a stu- 
dent’s understanding of ratio so that he svill be able to deal 
intelligently wih this vciy important concept: 

1. The teacher should provide each student svith disks or 
markers to enable him to demonstrate the ratio of t\vo numbers. 
Then the teacher should introduce the work v«th an easy prob- 
lem, such as comparing the number of school days in a week 
with the number of calendar days in a week. Each student 
should put 5 disks in one slack and 7 disks in another stack to 
represent these two numbers. Then he should express the ratio 
of the height of the smaller stack to the height of the larger 
stack as f . Similarly, he should express the ratio in the reverse 
order as -J, He should use disks to show the relationship bct^veeD 
other pairs of unequal groups until be is able to discover that the 
fractions cxpr«sing the ratios of nvo quantities are reciprocals of 
each other. Thus, the fraction, is the reciprocal of the fraction, 

If the term reciprocal is not used, the term inverted fraction 
may be substituted for reciprocal. Of course the same principle 
applies when the ratio of the quantities is a whole number. If 
the number of disks or chips in one stack is three times the 
number in another stack, the ratio of the two quantities is 3 to 1, 
or 3. The reciprocal relationship of the heights of the two stacks 
is J. 

The comparison of stacks of chips can also be used to objectify 
the meaning of the ratio of two equal quantities. In this case the 
ratio of the two compared quantities is I . The teacher should hzve 
the student interpret such a familiar expression as “fifty-fifty” to 
mean that the groups arc equal and that the ratio of the amounts 
involved is 1. 
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2. The student should express tberatioof two quantities which 
are represented visually. TTie diagram shows the type of repre- 
sentation to supply at this stage in the development of the topic. 
In each case the student should express the reciprocal relation- 
ship between the two quantities represented in pictorial form. 

3. The student should make drawings to express the ratio of 
two numbers. Thus, to show the ratio of 3 boys to 4 girls, he 
would make a drawing of the type shown in A below. 

In B, the student should discover that the number of boys is 
f of the total number of pupils, and that the number of girls 
is 4 of the total number of pupils. 

4. The student should use disks, drawings, or both to represent 
two quantities when the ratio of one quantity to the other quan- 
tity is given. Thus, if the ratio of the number of boys to the 
number of girls in a class is each student should show this 
ratio with a diagram of type A given in step 3. Then the class 
should discuss the meaning of each part of the diagram used to 
represent the two groups. The diagram should shoAv that for 
every three boys there u’ould be four girls. Each rectangular part 
of the diagram would represent one student, or any number of 
students, ff each part represents two students, then for each 6 
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boy. there would be 8 girls. This fact can be expressed as I 
wLn the student knows how to "represent graphically 
of two quantities, he has acquired a skill of great u 
solving problems in which it is necessary to find a numbe 
a fractional part of it is given. 


b. Teaching How to Solve a Proportion 

The last step in the development of the ratio concept 
in the solution of real problems in which the ratio of two q 
titles is used. The student should operate with markers, raw > 
or work with symbols, depending upon his ability to ^ 
and deal intelligently with ratios in problems. The loll 
problems illustrate the method to use. ^ 

1. If the cost of } yard of ribbon is what is the 

^ In this problem, the student should recognize that the ratio 
of the cost (given) of J yard to the cost (missing) of o"® ^ 
would be f. He may put 3 disks on one pile and 4 ^sks 
another pile to represent the ratio of the two numbers. He rn 
continue adding 3 chips to one pile and 4 chips to the ot 
pile until he has 12 chips in the smaller pile. Then he s ou 
see that there would be 16 chips in the other pile. There oi^> 
16}i is the cost when ^ of the cost is The students may m^ 

a diagram to show the ratio oi 
the two amounts. The diagram 
on theleftshows that three of its 
four parts represent 12(1, 
one part would represent v 
and four parts would represent 
the total cost, or 16(1. 

It should be understood that here the ratio of the cost o a 
piece of ribbon to the cost of a yard is f-. This statement can ^ 

expressed in the form, ^ Now the student should think, 

“3)12 = 4,” hence both terms of the fraction, must be 
multiplied by 4 to have the numerator of the equivalent fraction 


12 ^ 


f~~ ' \ 


|4« 
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to bo formed equal to 12. Then the denominator of the given 
fraction would be multiplied h>- 4 to find the denominator of 
3 12 

the equivalent fraction. The notation, - = y, is similar to the 

notation expressing a p,opo,ti<m A proportion shorn the equality 
of two ratios, as * = f If some letter, as ,r, were substituted 

for the question mark (’) in the equality, ^ - y, the resulting 

equation would be a proportion. The student must understand 
hL to solve a fractional equation before he can solve an equation 
which represents a proportion. 

The student who has advanced to the stage ■” h^ 

able to deal with symbols 

should reason in tlus 4 " *,2^ = Ififi” This solution 

will be i as much as I2i;, or J X lap ^ _ri„cinie 
is based\n principle No. 5 given on t 

states that when the product ^ by dividing 

numbers are given, the missing number can be lou y 
the product by the given number. 

The problem also can be solved as foUows. 

If the cost of i yard = 

?L”hetit’SlyaPd:>6^-« 

This procedure may be 

:Sr:mtSts.and.^Theuseof^m^^^^^^^^ 
higher level of quantitative ihmking than 

analysis. , c^d the cost of a dozen 

2 At the rate of 3 oranges for lOf, tmo 

Thl^student should and 

problem by cost of a doeen ^^^^^^ 


,e cost ol a aozcu 

wj s-o—o — . T ff 4. dozen oranges cost Pj 

of 3 oranges to 12 o^nges i 4* Following the same 

cost per dozen would be 4 ^ student should utilize 

procedures used in the other ' j,^,„„ined by the level 

Ac kind of material to find a solution 


by using this ratio t 



of abstracion at which he is able to work. He 

that when he multiplies lOil by 4, he multiplies by ^‘P 

of the fraction i which is the ratio of the two 

As illustrated above, the notation similar to “ P P j. 

be used to represent the ratio of the cost of a given 
oranges to the cost of a dozen oranges. Then the exampl 

be written in the form ^ = f ' 

found by multiplying both terms of the fraction, ■^, b> the 

quotient of 12 divided .by 3, or 4. ^ nrob- 

The diagram below shows a visual representation of the p 

lem. 

1 I I I I I I I I ijnipi:! 

,o« ’ ? ^ 


3. The enrollment of a elass is 30. If there arc § as many 
boys as girls, how many boys arc there and how many gtr 
are there? ^ . . 

The level of abstraction at which the student is able to 
this problem will depend upon his background. He should un er 
stand that the fraction § is interpreted to mean that the ra 
of the number of boys to the number of girls is §. Only the very 
superior student will understand how to solve this problem w ^ 
out a diagram because he must discover that the ° 

boys is ^ of the enrollment and the number of girls is 5 o ^ 
enrollment, A diagram of the type shown would 
students to sec that one part on the diagram represents^^ ot > 
or 6. Then the number of boys would be 12 and the num er 
of girls would be 18. 


BOYS GIRLS 



1 

5 

2 

5 

wm 

4 

5 

St 

, 





30 
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In all problems of the type involving the ratio of two quan- 
tities, it is important for the student first to identify the ratio 
before proceeding further in the solution. The level of abstraction 
at which he is able to operate depends upon his understanding 
of relationships among quantities. . , . 

In many problems it is necessary to find the ratio of two 
numbers, as in each of the following problems: 

o. A team won 3 of the 5 games it played. What was the ratio 
of the number of games won to the number of games 

b. From o, what was the ratio of the number of games lost to 
the number of games won? What was the rauo of the 
number of games won to the number of games Mt. 
e. Jan” is 12 years of age and her older sister is 16 yeais of 
ofTf Fvnress the ratios of their ages, 
d. At «rpcVdoren, what par. of a dozen oranges can be 

bought for 30?!? 

.rh=useofobJee.ivema.eri.sor^^^^^^^ 

All problems in which it die ratio of two 

rumt:rs:^"Hs"r o.;d dm ratio is cM-eessed as hun- ' 
dredths and then as a per cent. 


Us,ngPropcrmnB<,^edonAlM,mR'ccds 

Many students “ J™''”' '"^^“’^^tardings, and earned 
records, such as j, e.xpre 5 sed as a ratio. In 

run averages. Each of “ h^'^ace decimal. The 

many eases the rauo js “P^ IpeciaUy interested 

teacher should have those studen ,p„,al 

in compiling data about Data of the following 

reports to theelass on somerftheir find J 

uL, which show the recn.* “f „p„„i„g these base- 

baseball history, typify the use oi 

ball records. 349 



Harm Runs Per Times at Bat 


Babe Ruth 
Ralph Kiner 
Ted Williams 
Jimmie Foxx 

Runs Batted In 

Babe Ruth 
Ted \Villiams 
Lou Gehrig 
Jimmie Foxx 


1 per 12 ab’s (at bat) 
1 « 13 “ 

1 « 15 “ 

1 “ 15 “ 


Times at Bat 

1 per 3.80 ab’s 
1 “ 4.00 “ 

1 « 4.02 “ 

1 « 4.23 “ 


Walks Per Times at Bat 


Ted Williams 
Babe Ruth 
Ralph Kiner 
Lou Gehrig 


1 per 4.86 ab’s 
1 « 5.09 “ 

1 « 5.97 “ 

1 « 6.30 “ 


From these data it is possible to predict approximately how 
many home runs, or runs batted in, any one of these stars shou 
have had in a given number of times at bat. For example, on 
the average, how many home runs should Babe Ruth have hi 
in 100 times at bat? “Tlie ratio of the number of home runs to 
the number of times at bat was The number of home runs 
he should have hit in 100 times at bat would have been ^ ° 
100, or approximately 8. On the average he should have hit 
approximately 8 home runs for each 100 limes that he w’as at 
bat. 


c. The Meaning end Use of Similar Rgures 
When Figures Are Similar 

Ratios are used in work dealing with similar figures. Simile 
figures have the same shape. The triangles on page 351 have the 
same shape but different areas. If two figures hav’e the same 
shape and size, they are both congruent (sec page 354) and simil^i’* 
Hence, congruent figures are similar, but similar figures need 
not be congruent. 
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A model is a miniature reproduction of some object, hence 
the model is similar to the o^ect represented. If a model of a 
DC-7 airplane is made to stale tWs means that a part I inch 
long on the model is equal to 150 inches on the corresponding 
part of the airplane. The fraction, y^, expresses the ratio of 
the length of a part on the model to the corresponding length 
of a part on the airplane. 

One of the most familiar uses of scale drawing is represented 
on maps. All maps are drawn to scale. The shape of the map is 
similar to the shape of the area represented. (The surface repre- 
sented is assumed to be fiat.) Most maps found in geographies 
and road maps are drawn to a scale in which 1 inch represents 
a certain number of miles. Many maps issued by the United 
States Geodetic Survey are drawn to a scale expressed as the 
fraction, The fraction, known as a repTestnlalivt 

freclion, shows that I inch on a map represents 63,360 inches, 
or 1 mile, on the earth’s surface. 

The teacher should have certain students find illustrations of 
representative fractions used in a dictionary and report the 
findings to the class. An assignment of this kind provides for 
differentiation of the curriculum in arithmetic for the superior 
students. A picture of an animal or a bird in a dictionary usually 
contains a representative fraction. 



Walrus 



Leopard 


African Elephant 

ris 
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The scale of a drawing or picture may be exprwsed as a 
or an improper fraction or an integer. Thus, * ^ 
picture of an animal is 1, the picture is life size. ^ pic 
be “blown up,” which is the case in the illustrations o 
scopic life or of insects. In dealing wth these drawnp * 
may be expressed by some number, as X 1 00. This ratio in i 
that the dimensions given in the picture are 10 times 
dimensions of the true size of the object represented. 


Conesponding Parts of Similar Figures 

Two triangles are similar when the corresponding angles 
the triangles are equal. In the two triangles shown, the corr 
sponding angles arc equal; therefore, the triangles^ arc sum a 
Angles P and P' are corresponding angles. The sides °PP°^' ^ 
these angles are corresponding sides. The sides QR and Q 
corresponding sides and they are opposite angles P an i 
respectively. 

In similar figures, the corresponding sides have equm ratio . 
In the triangles shown, the ratio of PR to P'R' is Similar yi^ 
the ratio of the other two sets of corresponding sides is i* 
t>vo figures arc similar, the corresponding angles are equal an 
the ratios of corresponding sides are equal. Hence the sides btc 
proportional. 

Two triangles are similar when their corresponding angles are 
equal. Two rectangles have equal angles, but these figures nee 
not be sinular. When the ratios of the corresponding sides are 
not equal, the rectangles are not similar. 
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In similar fignrts tin carrtspomling imgla art tqual and the cerrtspand- 
ing sides art pnporlional. If triangles have their eorresponding 
ailcs equal, their corresponding sides must be proportional. 
This fact also is true concerning regular polygons. Therefore, to 
prove that two triangles or trvo regular polygons are similar, 
only the corresponding angles must be proven equal. 


The Golden Seclion 

The Greeks were interested in finding the ratio of the width 
,0 the length of a rectangle which “f ^ 
eye. Which of the following rectangles do you like best. 



The Greeks decided that a rectangle is mm. ple»ng^^^^^ 

eye when the ratio of width to lengt i „ ^ 

of a line divided i"'° mean ratio when the 

divided into W” aments to the larger segrnent 

ratio of the smaller of the ^ i,„t, 

is equal to the ratio of the 1^ ,g™ ,oot 

Thus, the longer of its two andthe entire line segment, 

of the product of the shorter segm ^ j ,s 

If one line, a, is 5 inches -d ano|herJ^^^;^^_^ „ and a + S as 
approximately the mean p P ^^ot of the product of 

8 h equal app^mately to the q ,heg./*n 

5 and 13, or V®. This d.™“” Therefore, 

sttlion and the ratio is =°,“' ™ t *e ral of approximately 5 

a rectangle having ..sd.me.mons. had die 

represented a rectangle wh.cli, 

best proportions. _ frequently found in the 

■■The ‘golden scct.on ’ s„ch as the distance from 

parisonoflengduid.a.occurmnan.re, 



the forehead to the nose and from the nose to 

person, the distance from the bill of a bird to its eg 

Us legs to the end of its tail, the distances between the joints 

of the fingers, etc.”* . ■ 

The teacher should have some of the students meas 
classroom to find how the ratio of width to length compares 
the golden ratio. Similarly, the students should “ 

ratios of the sides of such rectangular objects as a rug h B 
dimensions of 9' X 12', or our national flag in which the r 
of width to length is 10:19, with the golden ratio. 


The Terms Congruent, Similar, and Symmetric Compared 

The teacher should have the student differentiate the 
terms pertaining to the size, shape, and position of geome 
figures. These terms about which the student has learned a 
congTutni, similar, and symmetric, respectively. 

Two identical gloves for the same hand are congruent, 
gloves having the same style but different sizes for the same an 
are similar. Two gloves of a pair placed side by side are syrn 
metric. The student should be able to give other illustrations o 
represent the difference between any two of these concepts. 


d. Methods of Applying Indirect Measurement 
The Meaning of Direct and Indirect Measurement 

If you measure the height of a flagpole by dropping a weighted 
tape from its top, you use direct measurement. If you find its heig 
by measuring the length of its shadow or by measuring the ang c 
its top intercepts from a given point, you use indirect measurement. 
In direct measurement, the measuring instrument is apph® 
directly to the object measured. In indirect measurement, the 
measuring instrument is not applied to the object measured. 

* Brandes, Louis G. “Recreational Mathematics for the Mathematics Classroo*^ 
of Our Secondary Schools," SirAMf Srimcr ofni AfafArmofurr 54:620. 

Stephen, Sister Nfaric "The Mystcriotis Number PHI,” The Mathematics Teae 
49^00.204. 
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Indirect measurement is used in finding distances to inaccessibJe 
points, such as the distance from the earth to the moon. 

By the compietion 0 / the junior high school, the student should 
know how to find the distance between tvs'o inaccessible points 
by at least the foiiowing four methods: (I) by using a scale draw- 
(2) by measuring shadows (page 356); (3) by using propor- 
tions in similar triangles (page 358); (4) by applying the tangent 
ratio (page 360). 


Finding Heights by Scale Drawing 


It is possible to use scale drawing to find the height of a 
flagpole, A6, if the angle made by the line from the top of the 
pole with the horizontal is known, as angle P in the diagram. 
This angle is known as the angle oj elevation. The student can make 
a quadrant or a clinometer to measure the angle at P. (On page 
542, there is a description showing ho\v to make a quadrant.) 
The point P should be selected at some distance easily measured 


and scaled, such as 100 feet, from the fool of the pole, or A. 
If the angle at P is 15” the height of the pole can be found by 
use of graph paper as shotvn. In the illustration, 1 ' «» 25'; 
therefore, PA is 4 inches in length. At the point P , draw an angle 



3 ' 


of 15° and continue the side of this angle until it cuts the per- 
pendicular from A at the point B, Then AB is the scaled distance 
equal to the height of the flagpole. The length of the line AB 
is 1.1 inches, therefore, the height of the pole is 1.1 X 25 feet, 
or approximately, 27 feet. 

Students should be required to participate in field \vork which 
involves finding the height of inaccessible objects 'by indirect 
measurement. In this type of work the students should find the 
heights of such objects as trees, buildings, telephone poles, tele- 
vision aerials, or other objects near the school. 

Finding Heights by Aieasuring Shadows 

It is said that about the year 500 B.C., Thales, a famous Greek 
mathematician, measured the height of the Great Pyramid by 
comparing its height tvith the length of its shadow. When the 

Students sheuM hove the eppertuntty to moke Indirect meoiureinents in the fieW- 

pytiu Sthttii, 


sun s rays make an angle of 45® with a vertical object and its 
shadow, the height of the object will be the same as the length of 
its shadow. In this ease the ratio of the two dimensions is h Re- 
gardless of the ratio of the height ofa vertical object and the length 
of its shadow, this ratio may be used in finding the height of an 
inaccessible object, if the length of the object’s shadow is known. 

If a stick 5 feet high casts a shadow 6 feet long, the ratio of the 
height of the stick to the length of its shadow is |. At the same 
time, llie ratio of the height of any other nearby object and the 
length of its shadow would be because the triangles formed by 
the sun’s raj’s tWth objects and their shadows would be similar. 
Since the length of a shadow of an object can usually be found by 
direct measurement, the ratio of the height of the given object to 
the length of its shadow can be used to find the height of the 
inaccessible object. The ratio of the height of the stick to the 
length of its shadow is f. Hence U»c height of a flagpole will be f 
of the length of its shadow. If the length of the shadow Is 60 feet, 
the height of the flagpole must be | X 60, or 50. Therefore, the 
height of the flagpole is 50 feet. 

Frequendy, a student does not know whether he should mul- 
tiply die length of the shadow of an inaccessible object by the 
ratio of the Iteight of a known object to the length of its shadow 
or by the reciprocal of this ratio. In the case cited above, the 
student would not be certain whether the multiplier should be 
f or f . He should decide which ratio to use by considering 
^vhcthc^ the length of the shadow is greater or less than the 
height of an object. If the known height of an object is less than 
djc length of its shadow, the unkno%vn height of another olyect 
must be less than ihc length of its shadow. Then the lengtii of 
the shadow must be multiplied by a ratio having a value less 
than 1 to find the unknoum height On the other hand, if the 
length of the shadow of an object of known height is less than 
the height of that object, then the length of the shadow of the 
object of unknowm height must be multiplied by a ratio greater 
than 1 to find the unknown height. _ _ 

The height of the flagpole can be found by writing the given 

data in the form of a proportion, as | = and then solving for 
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thcmissingnumber.Thcfractioncqmvalcntm value to th ^ 
f, is found by multiplying both terms of the , A „ 

?he quotient of 60 divided by 6. If the student understan^ho« 
to solve an equation, the example may be written as a p p 

5 ^ A. To solve this equation, multiply both of its members 

by 60 and then the value of h would be 50. Hence the 
the flagpole is 50 feet. Since a proportion is an equation, a 
term of a proportion may be found by solving the given equ 

Thus, in the equation, | *“ apparent 

that a student should understand how to solve 
before he attempts to solve a proportion by algebra. Of co 
a proportion may be solved by mechanical methods, n t e 


portion, student can be shown how to find the value 

of X by cross multiplication, but he would not understand th 
process. After he understands how to solve the equauon 
multiplying both members by the same number, he may discoy 
that cross multiplication will give the same result as multip ying 
both numbers by 15. 


Finding Distances by Use oj Similar Triangles 

It is possible to find the distance to an inaccessible point by 
use of similar triangles. Triangles ABC and ADE are simi ar 
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because the corresponding angles arc equal. The height of the 
tree, h, is the distance between the points D and E. Since the sides 

of the triangles are proportional, ^ = Y' k™'™ 

2 _ 60 

values in the proportion, the equation becomes ^ ^ , or 

8 60 b„,h membeis by Sr, the equation becomes 

L = *180, or a = 22.5. Therefore, the height of the tree is 22.5 
feet. 

To solve the equation, | = ^, it is necessary to simplify the 
4 * 

. 2 ^ the reader saw how to 

complex fraction,^. On pages 200-201 me reau 

students. . Aor -.nH CDE arc similar 

In the figure equal. The line AB repre- 

because the corresponding angles a q 
seats the distance to an tna^c^PO-^^ Sin^ 

the triangle are proportional, ^ 

1 to 1 80 Therefore, the distance AB is 1 80 feet, 
equation, x is equal to 18 . proportion formed by the 

To find a missing '‘■'n'™”" ' triangles, the 

ratios of two sets of correspo ® ,;on The teacher should 
student must know how to solve an equauon. r 





Students review measuring of angles before studying the tongent rot’ 


be certain that the student has the necessary ac 'g 
understand the work. Students in a typical eight gra 
rarely are adequately prepared to find a missing **^^*^,,ation. 
similar triangles by solving a proportion expressed as an eq 
This type of work should be deferred until the ninth graa . 


e. Finding Distances by Using the Tangent Ratio 

A fourth method for finding the distance to an 
point is by the tangent {tan) ratio. The tangent ratio of an 
angle of a right triangle is the ratio of the arm opposite to 
arm adjacent. In the triangle given, the sides are lettered in o\ ^ 
case to correspond to the opposite angles. The tangent of ang ^ 
is equal to the ratio of the side opposite, a, to the side adjacent, i 


or tan A 


a 

b' 


This ratio is always the same for an acute 


angle of 


a given number of degrees in any right triangle. 
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In the diagram below, triangles OAB, OCD, and OEF are sim- 
ilar. Angle O is common to each of these irianelcs and its value 
is 35°. 

The tangent of angle O in triangle OAB is The tangent of 

this angle in each of the other two triangles 's and respec- 
tively. If OA = 10, then the ratio of AB to OA is or .7. Simi- 
larly, the ratio of EF to OE is or .7. The data in the diagram 
show that the tangent of an angle of 35° is approximately .7. 

Since the tangent ratio of a gwen acute angle in a right 
triangle is al\va>'5 the same for that angle, a kno^vlcdge of this 
ratio makes it possible to solve for the missing arm of a right 
triangle tvhen one of the arms is given. In triangle OAB, If AB 
represents the height of a structure when the angle of elevation 
at O is 35*, the height would be .7 times the horizontal distance 
OA. The values of the tangent of acute angles of different sizes 
are helpful in solving for the missing arm of a right triangle when 
the value of one of the arms is given. 




From the graph, it is possible to find the approximate values 
of angles of 10°. 20°. 30°, 45°, 60°, and 70°. The |angent of 
an angle of 10° is equal to the ratio of Ml to OA. The value 
of M. is equal to approximately 1.8 and the value of 0. 

Therefore, the ratio between these amounts IS equal to lo.or .l • 

"^LeTlct'should has. the ---“jt/rth:" 

whieh they should draw aeu.e =>"8;“ ,he 

estimate the value of the ‘ang'" nearest tenth 

tangents of angles lessjhan J^ 

:3d^betblftrdis::ver the following properties of a tangent 

rri size of the angle inereases, the value of the tangent 
increases. less than 45° is less than 1. 

2. The tangent of an angle lea man 

3. The tangent of an angle ot 

4. The tangent of an acute angle greater 

*on 1. find the tangent of an angle of 90°. 

5. It is not double its tangent. 

6. Doubling an angle does not 

rl Tabu oj Taagmis 

Since the tangentof an 

l;;fT“h:mrrag:i6i^ 

^^ru: onlfXean be shown by solving the following 

":n:stanceofl.0,he.^a^^-— 

rur:s^^°thV^^ra1lbel^^^^ 3,3 



Tabi.e XI. TANcrsT Ratios 


Angle 

Tangent 

Angle 

1° 

0.017 

31° 

2 

0.035 

32 

3 

0.052 

33 

4 

0.070 

34 

5 

0.087 

35 

6 

0.105 

36 

7 

0.123 

37 

8 

0.141 

38 

9 

0.158 

39 

10 

0.176 

40 

11 

0.194 

41 

12 

0.213 

42 

13 

0.231 

43 

14 

0.249 

44 

15 

0.268 

45 

16 

0.287 

46 

17 

0.306 

47 

18 

0.325 

48 

,19 

0.344 

49 

20 

0.364 

50 

21 

0.384 

51 

22 

0.404 

52 

23 

0.425 

53 

24 

0.443 

54 

25 

0.466 

55 

26 

0.488 

56 

27 

0.509 

57 

28 

0.532 

58 

29 

0.554 

59 

30 

0.377 

60 


Tangent 

0.60t 

0.625 

0.649 

0.675 

0.700 

0.727 

0.754 

0.781 

0.810 

0.839 

0.869 

0.900 

0.933 

0.966 

1.000 

1.035 

1.072 

t.lll 

1.150 

1.192 

1.235 

1.280 

1.327 

1.376 

1.428 

1.483 

1.540 

1.600 

1.664 

1.732 


Ancle 

61° 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 
81 
82 

83 

84 

85 

86 

87 

88 
89 


Tangent 

1.804 

1.881 

I. 963 
2.050 
2.145 
2.246 
2.356 
2.475 
2.605 
2.747 
2.904 
3.078 
3.271 
3.487 
3.732 

4.on 

4.331 

4.705 

5.145 

5.671 

6.314 

7.115 

8.144 

9.514 

II. 430 
14.301 
19.081 
28.636 
57.290 


If h represents the height of the cloud, then ~ ‘ 

From the table, the tangent of 40® is 0.839, hence— ^ 


Multiplying both numbers by 1500, the equation becomes 
h = 1500 X .839, or 1258.5. 

The approximate height of the cloud was 1260 feet. 
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f. Square Root and Its Application 
The night Triangle 


A square constructed on the hjpolenuse of a right triangjc has 
the same area as the sum of the squares constructed on the two 
arms of the triangle. This principle was kno\vn to the ancient 
Greeks and is known as the Pythagorean Tficorem. A hinged 
device may be made out of wood to illustrate this principle. 





In the figure on the right, 
53 at 3 s 4 - 43 , A triangle of this 
kind is knoivn as a 3-4-5 tri- 




angle and is a right triangle. 

The surveyors of ancient 
Eg>’pt made use of the 3-4-5 
principle to lay out a right tri- 
angle. They put knots on a rope 
at equal intervals and stretched 
the rope over pegs placed in the 
ground so that 3 knots, 4 knots, 
and 5 knots, respectively, would 
be on the sides of the triangle 
formed. This triangle \sould be 
a right triangle. 
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The Meaning oj Square Root 

The square oJ a number is equal to the 
product of a number multiplied by 
itself. Therefore, the square root of a 
number is one of its two equal factors. 

Thus, the square of 6 is 36 and the 
square root of 36 is 6. 

The student should make a table 
similar to the one sho\NTi on the right. 

The table should prove the following 
things pertaining to the square root of 
perfect squares: 

1 . The square root of a one- or two- 
place whole number is a one-place 

number. u r is 

2. The square root of a three- or four-place whole nuro e 
a uvo-place number. 

3. From the above generalizatioris, the student should disco' ^ 

that the square root of a five- or six-place whole number is 
three-place number. , . 

By using the above generalizations and referring to the ta > 
the student should see that the square root of a whole num 
such as 375, must be a two-place number. This root must e 
between 10 and 20. Similarly, the square root of 7256 roust c 
a two-place number between 80 and 90. 

In a right triangle withe as the hypotenuse, c* = o' + 
two of the three sides are kno\vn, it is possible to solve the equation 
to find the third side of the triangle. The values of r, a, and b m 
the above equation are as follotvs: 



To find the missing side of a right triangle when t^vo sides are 
given, it is necessary to know how to find the square root of n 
number. 
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I('q>j cj Finding Squarr Root 

There arc many difTerenl waj-s of finding the square root of 
a number. Some of ihc most familiar ways arc: 


1. By use of a table (see page 36S) 

2. By approximation 

4'. lylitfrsorism employing a new trial divisor for each 
By^tlm o'^u'slide rule or a computing machine. 

to find square root by a method whteh ^ ^ 

svill soon be forgotten, as the method of 
determining a new trial divisor for each , 

figure of the root as shown in the algortsm 60 3 9 6 

°"a meth!^' which all students «" I? 

consists in finding the square of 

number from a table o squares and square 

square roots. The table on page 368 gtses q 
rextts of the first 150 root is a prj,cl s,me, 

A number which has an ^ ,, of a number 

as the number 144. An app foo„d from the table. Thus, 

which is not a perfect ,,, j 15 . The square of 14 

the square root of 210 rs 'V^oe 210 is about miriway 

is 196 and the square of 15 , 5qu„rcrootof2I0is 14.5. 

between 196 and 225 the aw an appro.xrma.e 

The student should undci^ta 

square root before dealing with square root fw 

The teacher can v"™’' diem learn to find the approsi- 
.he superior students by dTS^visiun. To find the squ^ 

nutte rquare root of a "'f should first make a good 
™ , 0 A 76 by this " the ro^vill be ^ 

estimate of the root. He shouU me ^ “”'1';!?°; 

place number. The roo soot must be much neare 

Knee 20’ = 400 and 30 - W. 367 



Table XIl. Sq.uares and Square Roots 


N N ’ VN I 

N 

N * 

Vk 

N 

N * 





51 

2,601 

7.14 

lot 

10,201 

10.05 


4 1 

.41 

52 

2,704 

7.21 

102 

10,404 



9 1 

.73 

53 

2,809 

7.28 

103 

10,609 


4 

16 2 

.00 

54 

2,916 

7.35 

104 

10,816 


5 

25 

.24 

55 

3,025 

7.42 

105 

11,025 


6 

36 

..45 

56 

3,136 

7.48 

106 

11,236 


7 

49 

2.65 

57 

3,249 

7.55 

107 



8 

64 

2.83 

58 

3,364 

7.62 

108 

11,664 


9 

81 

3.00 

59 

3,481 

7.68 

109 

11,881 


10 

100 

3.16 

60 

3,600 

7.75 

no 



11 

121 

3.32 

61 

3,721 

7.81 

111 

12,321 


12 

144 

3.46 

62 

3,844 

7.87 

112 

12,544 


13 

169 

3.61 

63 

3.969 

7.94 

113 

12,769 


14 

196 

3.74 

64 

4,096 

8.00 

114 

12,996 


15 

225 

3.87 

65 

4,225 

8.06 

115 

13,225 


16 

256 

4.00 

66 

4,356 

8.12 

116 

13,456 


17 

289 

4.12 

67 

4,489 

8.19 

117 

13,680 


18 

324 

4.24 

68 

4,624 

8.25 

118 

13,924 


19 

361 

4.36 

69 

4,761 

8.31 

119 

14,161 


20 

400 

4.47 

70 

4,900 

8.37 

120 

14,400 


21 

441 

4.58 

71 

5,041 

8.43 

121 

14,641 


22 

484 

4.69 

72 

5,184 

8.49 

122 

14,884 


23 

529 

4.80 

73 

5,329 

8.54 

123 

15,129 


24 

576 

4.90 

74 

5,476 

8.60 

124 

15,376 


25 

625 

5.00 

75 

5,625 

8.66 

125 

15,625 


26 

676 

5.10 

76 

5,776 

8.72 

126 

15,876 


27 

729 

5,20 

77 

5,929 

8.78 

127 

16,129 


28 

784 

5.29 

78 

6,084 

8.83 

128 

16,384 


29 

841 

5.39 

79 

6,241 

8.89 

129 

16,641 

11.36 

50 

900 

5.48 

80 

6,400 

8.94 

130 

16,900 


31 

961 

5.57 

81 

6,561 

9.00 

131 

17,161 

11.45 

32 

1,024 

5.66 

82 

6,724 

9.06 

132 

17,424 


33 

1,089 

5.74 

83 

6,889 

9.11 

133 

17,689 


34 

1,156 

5.83 

84 

7,056 

9.17 

134 

17,956 

11.58 

35 

1,225 

5.92 

85 

7,225 

9.22 

135 

18,225 

11.62 

36 

1,296 

6.00 

86 

7,396 

9.27 

136 

18,496 

11.66 

37 

1,369 

0.08 

87 

7,569 

9.33 

137 

18,769 

11.71 

38 

1,444 

6.16 

88 

7,744 

9.38 

138 

19,044 

11.75 

39 

1,521 

6.24 

89 

7,921 

9.43 

139 

19,321 

11.79 

40 

1,600 

6.33 

9C 

8,100 

9.49 

140 

19,600 

11.83 

41 

1,681 

6.40 

91 

8,281 

9.54 

141 

19,881 

11.87 

42 

1,764 

6.48 

92 

8,464 

9.59 

142 

20,164 

11.92 

43 

1,849 

6.56 

9: 

8,649 

9.64 

143 

20,449 

11.96 

44 

1,936 

6.63 

9^ 

8.836 

9 70 

144 

20,736 

12.00 

45 

2,025 

6.71 

95 

9,025 

9.75 

145 

21,025 

12.04 

46 

2,116 

6.78 

9« 

9,216 

9.80 

146 

21,316 

12.08 


2,209 

6.86 

9 

9,4 (K 

9.85 

147 

21,609 

12.12 


2,304 

6.93 

9: 

9.60^ 

9.90 

148 

21,904 

12.17 


2,40 

7.00 

1 99 9,801 

9.95 


22,201 

12.21 


2.500 7.07 

1 too 10,004 

10.00 

150 

22,500 

12.25 
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to 20 than to 30. These students also should learn a qui* 
means to square a two-place number ending m 5. (See page 5 
for the me*od to use.) The square of 25 is 6 therefore, the 

square root of 476 is between 20 and 25. Since 476 

is nearer to 400 than to 625. the student should 
estimate some number, as 22, to be the square root 
Then he should divide the given number by h 
estimated root and “ xt t 

nearest tenth as shown on the ^ 
root is estimated, the quotient will be *e “ 
the divisor. If divisor and quotient 
as in the illustration, - ,,on of the square root 

numbeis usu-ally will be a close app I ^o 

of the dividend. The average of 22 and 

22.0 -f- 21 .b ^ IM, or 21.8. The product of 21.8 and 21.8 is 

475.26. Themfore! the approximate square root of 476, to the 

nearest 0.1, is 21.8. , , approwmaie square 

Sometimes it may be necessary ^ the dis- 

root of a five- or is 90 feet. From this 

tance between bases on a ^ plate to second 

fact it is possible to find the ^ 5 qi 4. 90 , 

base. This disiance is and 162. The square 

or 16,200. Two factors of 16.2M „eh 

root of 16,200 is equal » ^ P^J^a root of „ , 

of its two factors, 100 is a little 

100 is 10 and the '0““'^? , ,3 ,i,c approxi- 

,esstha„13..fl62.sdnad^^>J^^^^^^ 
mate quotient^ U be 1 • ximatc square 

12,5 is 12,75, Thcrerorc, the app ^ 3,^^ 

root of 16,200 wil home plate to 

distance on a basebal . .27 5 feet. . , 

second base is root of a five- 

factors. The product of these iw 3^, 



square root of the given number. To find the square root of 
235,475, proceed as follows: 

1. Round off 235,475 to the nearest hundred, as 235,500. 

2. Express 235,500 as 100 X 2355. 

3. The square root of 100 is 10; the approximate square root 
of 2355 is 48.5. 

4. The approximate square root of 235,475 is equal to 
48.5, or 485. 

Square Root of Decimals 

Further enrichment can be provided for the fast learners by 
having them find the square root of pure decimals, such as . • 
Many college students will give .1 or .01 as the square root of • 
The students should understand that the square root of a pure 
decimal also v\'ill be a pure decimal because 1 squared is j 
hence the square root of a number less than 1 also must be less 
than 1. Then it is well for the teacher to review \vith the class 
at this time some of the principles learned in multiplication o 
decimals. 

The following two principles should be understood: 

1. The product of tenths and tenths is hundredths. 

2. The product of hundredths and hundredths is ten thou- 
sandths. 

From these two principles it is seen that it is not possible to 
find the square root of a pure decimal expressed as tenths. The 
number .1 must be expressed or regrouped as .10. Then it b 
possible to find the approximate square root of .10. The approxi- 
mate root would be .3 or .32. A decimal, such as .625, should 
be expressed as ten thousandths, or as .6250. Then the approxi- 
mate square root would be .79 and not .25 which frequently is 
given as the square root of .625. 

Many students at the high school or college level are surprised 
to find that the square root of a common fraction or a decimal 
fraction is larger than the fraction itself. The product of the 
fractions is less than cither factor. Hence the root of a fraction 
must be greater than the fraction itself. 
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Jnteresling Property of Perfect Squares 

The teacher should show an interesting property of perfect 
squares. A perfect square is equal to the sum of as ""‘t 

secutive odd numbers beginning with 1 as there are m 
ofT number. This fact can be shown by the sequence of 

numbers which follow: 

I * = 25 43 

+ 7 + 9 + 1 1) is 36, a perfect square. In the same y 
the squares in the above sequence 

The fact that a perfect square h, number 

consecutive odd numbers as t ere number by use of a 

nrakesitpossibletofindthesquarer^ ofthe- ,,, 

calculating machine, f '”|“'"be;lning at 1, are 
machine, the consecutive (njer The number of sub- 

subtracted until there is 
tractions is the square root of the number. 

Questions, Problems, ond Topics for Discussion 
1. Give a problem in which 

" ' num^otpov- ofeerh .e.eh. 

lo Ihe golden ratio; e. 12 X Benre. oemrd ere 

^ ,hntthecorre.l»ndlng»ngtein»ch>« T.„„,„,e 

5. Assumelhatthec ^^^.^^nmibr.o.Tvom 
equal. Select the seo ot fignera ocusoM e. T 1“ 

3.„gle,e. Two hexagons d. Two nrguo 

f. Twotrapcro»<h. 3/1 



6. State in tiHch of the folloteing the mining dimenjion mult tx ^ 

indircctmeasurementta.Thcdiameterofthcnltxtnh.The ^'8 Hepth 

c. The weight of a battleship d. The height ot a mountain peak e. me y 

of a lake. •tit' and at 

7. A yardstick in a vertical position casts a shadow 45 ^ <-.^5 

the same time a tower casts a shadosv 280 feet long. What is t c ^ 

tovt'cr? 

8. Solve problem 7 by using proportion. tfiration 

9. At a distance of 250 feel from U»c base of a tower, the 3" S ° 

of the lop of the tower is 35^ Find the height of the tower. Solv-c D> ^ 
drawing and check tlic answer by use of the tangent ratio. U 



10. In the figure above, if c = 2 and a = 1 , find side b. [Aw- 

11. The triangle shown is known as a 30'60*90 triangle. In a triangle o t 

kind, the arm forming the 60® angle is always half the hypotenuse. Find 
arms of a 30-60-90 triangle hav-ing a hypotenuse of 8 inches. ^ _ 

[Ans. 4in.;4V 3 >°;j 

12. In the above triangle, find the numerical value of the tangent of • 

of 60®. Compare your answers with the values of these angles as given 
tabic pn pagc-364. (An., tan 30” = .58; tan 60” = V y 

1 3. The cotartgint (col) of an angle b the ratio of the side adjacent to the si c 
opposite. Find the cotangent of 30®; of 60®. How does the cotangent of an angle 
compare with the tangent of that angle? 

[Ans. cot 30® = cot 60® = *3®! 

14. What b the value of an angle in which the tangent and the cotangen 
would be the same? 

15. How does a 30-60-90 triangle dlfler from a 3-4-5 triangle? 

16. The altitude of an equilateral triangle bisects the base. Find the area o 

an equilateral triangle having a side of 8 inches. (Ans. 27.2 sq. >"1 

17. Find the approximate square root of a. 125 475 b. 83, 416 c. 260, 187 
d. 534, 876. 

18. Use division to find the approximate square root of 240. (Ans. 15.5) 
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Triangulor 


Numbers 

• 

• 

• e 

Square 

Numbers 

• • 

• 

• • 



9 

• 

99 

e • 

9 9 9 

• e o 

9 99 9 


9 9 9 0 

9 0 0 

9 9 9 9 

• 69 

9 9 9 9 

9 9 9 

9 9 0 9 


19. Thearrangtnient of the dou in the diagram above represents “triangular 
numbers.” Beginning with 1, add each triangube number uith the previous 
number. The figure found wtH be a “square number.’* Make drawings similar 
to the above to represent the first seven triangular and square numbers. 

20. Prove that the sums of the consecutive odd numbers beginning with I are 
equal, respectively, to the number of dots in each square formed in problem 19. 

21. Write the fint six consecutive even numbers, beginning with 2. Add 
the first tuo numbers, then the first three numbers, and so on, in order. Prove 
that these sums may be represented by dots arranged in oblongs to form a 
pattern sirailar to that shown below. 


Oblong 

Numbers 


Suggested Readings 

Buckingham, B. R. Elmtnlarj ArithmrUc, Its Metmsg and PsasUte, pp. 580-<>17. 
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Hoghen, Uncclot TAr MWrr/id \V>pli t>J hUthmeUts, pp. 3CM2. Garden 
City, N. Y.: Garden City Books, 1955. ^ 

Reeve, William D. MaihmanesJnihtSctoniarjStin^, Pp* 301-330. Ivcw or . 
Henry Holt and Co, 1951. 

Shuster. Carl N. and Bedford. Fred L. fiiM «« 3fetAre»ehcr, pp. 47-5S. 
New York: American Book Oo., 1935. 
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chapter 11 


Informal Geometry 


T his chapter deals with the teaching of the following topics- 

a. How to measure lines and angles 

b. The basic geometric constructions ^ ^ 

c. How to find perimeters and areas of the most familiar p a 
figures 

d. How to find the volume of the most familiar solids 

e. The meaning of congruence and symmetry. 

a. How to Measure Lines and Angles 
The Scope of Geometry 

Students in junior high school mathematics classes learn about 
informal or intuitive geometry. Students in senior high sen 
mathematics classes Icam about formal or demonstrative geometry • 
Intuitive geometry deals predominantly wth the size and shape 
of figures while demonstrative geometr>’ deals largely %vilh the 
proof of theorems. In informal geometry the proof of the equality 
of t\vo figures is established by measurement as contrasted 
the procedure in demonstrative geometry when a formal an 
logical proof is required. The following discussion pertains to 
informal or intuitive geometry. 

The elements of geometr>' are points, lines, surfaces, and solids- 
A geometric figure is any combination of these elements. A moving 
point forms a line, for example, the line formed by a moving 
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pencil point. A moving line forms a suijace, for instance, a paint 
brush moved on a %valJ. A moving surface forms a se/id, for 
instance, the path made by a snow plow in a bank of snow. 

A discussion of the teaching of informal geometrj' should be 
concerned with the study of the rAafir, and /fontiar: of figures. 
A closed Jigure is bounded by lines or surfaces. The size of a closed 
figure is e.xpresscd in terms of its area or volume. The shape of 
a dosed figure is identified as a triangle, rectangle, or some other 
plane figure, or as some kind of solid. Two surfaces having equal 
areas and the same shape are congruent These figures may be 
placed in such a position that they will be ^mmelnc as is discussed 
on page 354. 

InsiTuments for Work in Geometry 

A student should have a ruler or straightedge {a ruler without 
graduations), compasses, and a protractor for work In informal 
geometry. The classroom should be equipped with blackboard 
compasses, a blackboard protractor, a T-square, a drawing 
board, and a drasving triangle. 


phn» »/ Tti Baitilf, 



In most of the work in informal geometry, a 
draws or constructs angles and figures. For example, to r 
figure, a student would use a ruler and a protractor, o 
the midpoint of a line by drawing, he would measure ^ , 

extremity of the line a distance equal to half the known c 
of that line. To find the midpoint of a line by construcuon, 
would use only a straightedge and compasses. 

Measuring Lines 

When we speak of a line AB, we refer to a segment of a 1 
A line has no fixed length, but a segment of a line 
portion of a line which is between two given points on^ e 
A student should learn to measure the lengths of given 
segments. In the — -B 

illustration, the A— ’ 

length of AB is . . j. 

slightly more than 2^ inches. If the ruler used in measunng 
line has the inch graduated into quarter inches, the length , 
be expressed as 2f inches; if graduated to eighths, the 
would be expressed as 2| inches; if graduated to sixteenth, ^ 
length would be expressed as inches. Illustrations of 
should prove to the student that no measurement is ever exact oti 
alwajys approximate. The precision of a measurement depends 
the measuring instrument and the skill of the person making ^ 
measurement. In the illustration above, if the smallest divnsio^ 
given on the ruler were the unit indicated, the length of the hn® 
would be expressed as follows: 

To the nearest inch, 3 inches 

To the nearest half inch, 2^ inches 

To the nearest quarter inch, 2f inches 
To the nearest eighth inch, 2| inches 
To the nearest sixteenth inch, 2^ inches 

Very probably all students at the junior high school level 
would be able to measure the length of the line to the nearest 
inch, half inch, and quarter inch. It is likely that the measure- 
ments of the length of the line made by different students woul 
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van- when measured to the nearest eighth or sratcenth of an nch 
In this case error would result fmm the mcorrect use of the 
measuring instrument. Errors in this case would be due to. 

1. Inability to read the graduations of the inch 

'’t\::bnit;tLtermlnetheas,ignedvaluewhenthe„^^^^^ 

point of the line does no, fall on a sealed po.n, of ^ 
■nre teacher should tnstmet the --^-t how to reduce^^th„ 

four types of errors to a is graduated to 

is unable to read a ruler oir w i drawing on the 

eighths or sixteenths, an enlarge „able 

blackboard of an inch duations. A denron- 

the student to discover ho"; enTarged, is an effective 

stration ruler, on which the in „„h a foot ruler, 

instructional aid for ‘“ching m ^ f d,c inch and 

The teacher can point to <*>f="=X7 represented. Then the 
I'e“am^r'’sUwt lue' m'find the corresponding value, on hts 

“™he 'student can guard agaimt the sec-d .VP' 

H: shSl e.7:n7:vhy a 

:h7rrpenc':^?o:lrb: used in marking^ 

terminal points. reduced by having the student 

The third type the fee at the 1-inch mark or at 

place the beginning point of „„ ,he ruler. 

Tome other inch mark, „„ the scale coincides 

This is especially true when the aero p 

with one end of the ruler. scaled values 

The value to be “ssigned ^ ^ is o™S" 

on a ruler is determined tn the sa y scaled 

when a number is rounded off. I P value of the 

value than the other, the P”'"' U midway between ^ 
point to which U is --“^rvalue of the greater of 
scaled values, the pomt JS g> 
two scaled values. 
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Measuring Angles 

If a line is rotated in the same plane about a point, an onj 
is formed. The size of the angle depends upon the amount 
rotation from the original position of the line to its final positi 
The vertex is the point common to both sides. It is ea^ to 
strate how an angle is formed by opening one section o a car 
penter’s rule. As a section of the rule is opened, the 
the section about a fixed point on the rule forms or genera 
an angle. The most familiar kinds of angles are: 

Right Obtuse Stroigbr 

An angle may be designated by three different notations ^ 
shown. A number may be used instead of a lower case letter 
represent an angle, as the number 2 instead of any letter, as 




Acute 


The instrument used for measuring an angle is a protractor. 
The student should discover why a protractor contains both an 
inner and an outer scale in order to make it eas>' to use m 
measuring angles. On one scale, the zero point is on the left an 
on the other scale, this point is on the right. The center of the 
semicircle is marked on the protractor by a “crowfoot.” This cen 
ter point always should be placed at the vertex of the angle to be 
measured. The zero point on the scale should be on one side 
of the angle. Then the point on that scale cut by the other side 
of the angle would Indicate the number of degrees in the angle* 
The student should check his measurement by deciding if 
angle is acute or obtuse. W^th the exception of those angles 
having a value of approximately 90®, it is easy to see whether 
an angle is acute or obtuse. 
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If the sides of on angle to be measured are not long enough 
to cut the arc of the protractor, a straightedge, sueh as a piece 
of paper, should be placed along skle 

the zero point on the protractor can be identified O" 
of the angle. When the zero point on the protractor bee 

other side of the angle ,his kind should 

"t»:"rrSe^f Wangle is not afiectedbv 

the length of its sides. 

b. The Basic Geometric Constructions 
Tht Conslmclions Appmrmg m Dtsig'^ rini in Natu 
Many of the b-utirul desi^^-nd pa.te^ 

tecture and in nature can be p 

ri^Sv'certarn rasi: me‘:hods of performing fundamental 

constructions, such as: bisector of a line 

1. How to construct a pcrpendic 

i How to bisect an “"Sle from a given 

3, How to construct a perpendicular 

point not in the line _ ,ir„,ar to a line at a given point 

4. How to construct a perpe 

‘"fHow' to construct an angle eCfuai to a given angle. 
Censmeting a Perpendicular BireCor oj a Une 

Thefigure shows how tocom«ct*= 

perpendicular "„pendic- 

segment. The line XY J 

ular bisector “f/®’ ^ , pmtractor 
angles are formed . By anele. 

the student should ""'“““L ,and that 
The student must also un 
two points determine a line. 




constructions it is necessary to have two given points in order to 
draw a line between them. Frequently, a student has one given 
point on his construction and guesses the second point to which 
to draw the line, such as a bisector of an angle or a line. 

The teacher should have the students understand why the 
radius used for describing the intersecting arcs must be greater 
than half AB. He should understand what would happen if the 
radius used were half of AB. 

Bisecting an Angle 

The figures sho\vn below show the steps in bisecting an angle. 



The student should bisect an angle and then check the accuracy 
of the construction by measuring with a protractor to find out 
if the two angles formed arc equal. 

Constructing a Perpendicular to a Line' 



The figure on the left 
shows how to construct 
a perpendicular to a line 
XY from a given point P 
not in the line. The 
teacher must be alert to 
sec that the student lo- 
cales the point M cor- 
rectly. P is the given 
point. In order to have 
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a pcrpendtcuJar to XY^ there muse be a second point, as M. Many 
students guess the midpoint of the line segment AB and connect 
this point with P. The point M may be on the same side of the 
line XY as the point P or the point M may be on the opposite side 
of XY as shown in the figure. The class should discuss how the 
accuracy of the construction is alTected by the distance between 
the point M and the given point P 


Constructing a Perpendicular from 0 on AB 


The figure on the right 
shows how to construct 
a perpendicular to a line 
from any given point on 
the line, as the point O 
on AB. The reader should 
be able to follow the 
sequence of steps in the 
construction. The num- 
bers indicate where the 
point of the compasses 
should be placed. 



Constructing Angle 0 Equal to Angle A 

The figures below show how to construct an angle equal to 
a given angle, as the angle A. Since the size of the angle depends 
upon the amount of rotation about a point, as the point A, 
describing an arc, BC, with any convenient radius, as AB gives 
a distance BC to be used as a radius to form an intersecting arc 
at F. The points O and F deiermine the side OF of the angle O. 
Angle O is equal to angle A. 
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Inscribed Polygons 

The student should be able to construct certain regular polygons, 
such as an insaibed square, an inscribed octagon, and a regular 
hexagon. A regular polygon is a plane figure which has equal 
sides and equal angles. A polygon is inscribed in a circle ^vhen 
the vertexes of the polygon are on the circle, as shown in the 
drawings above. To construct an inscribed square, the student 
should dra\v a diameter in a given circle and then construct the 
perpendicular bisector of this diameter. If the four points at the 
extremities of the diameters arc joined in order, the figure formed 
will be an inscribed square. It is easy to find the points for the 
vertexes of an inscribed octagon by constructing the perpendicu- 
lar bisector of each of the four sides of an inscribed square and 
continuing the bisectors until they cut the circle. Then join the 
consecutive points. 

The first step in constructing a regular hexagon is to mark a 
point on a circle. From this point as a center and a radius equal 
to the radius of the circle, mark an intersecting arc on the circle. 
From this point of intersection as a center and with the same 
radius, describe another intersecting arc on the circle. Continue 
the process until an intersecting arc is finally made at the starting 
point on the circle. Then connect consecutive points on the circle 
by straight lines. The figure will be a regular hexagon. If alter- 
nate points on the circle are joined, the figure will be an equilateral 
triangle. 

An equilateral triangle having sides of any given length can 
be constructed by using each end of the given side as a center 
with a radius equal to the given side and describing intersecting 
arcs. Then connect this point with the extremities of the given 
side. An equilateral triangle may be constructed either by this 
method or by inscribing a triangle in a circle as previously 
described. 



Applkalions oj Constructions 

In order to make /ractioaal cut-outs, the student should find 
the points on the circumference by construction rather than by 
mcasuremcni. These points should be established so as to enable 
(he student to divide circles into thirds, fourths, sixths, and 
eighths. Chapter 6 shows how the student should use the cut-outs 
in dealing with fractions. 

Oilier applications of construction are the constructing of the 
medians and altitudes of a triangle. A median of a triangle 
connects a vertex with the midpoint of the side opposite. The 
medians of a triangle intersect at a common point. In a similar 
manner, the altitudes of a mangle meet m a common point. 
The nltijudcs of an obtuse triangle meet outside of the triangle. 
These constructions must be made with care to show that cither 
the medians or the altitudes meet in a common point. ^Vork of 
this kind can be given as enrichment for the students who prove 
to be superior In this phase of arithmetic as shown in Chapter 14. 
Sometimes the students who are poor in computation or problem 
solving arc superior in construction work. 

It is possible to find the center of a circle by construction. 
The center of a circle formed by marking around the base of a 
cylindrical can or a drinking glass can be found by drawing any 
two non-parallel c/:or</s and then constructing perpendicular 
bisectors of them. A chord is a straight line connecting two 
points on the circle. In the figure shown below, AB and CD are 
chords. The perpendicular bisectors of these chords intersect at 
O which is the center of the circle. 
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Copying Designs 

Many students derive pleasure from cop>'ing designs or making 
original designs of their own. Often a study of snow crystals, 
rock crystals, or shape of flowers will enable a student to make 
interesting designs. The designs in the photograph illustrate the 
kinds that students at the junior high school level should be able 
to copy or enlarge. Many other designs are possible, using only 
straightedge and compasses. The student must be able to con- 
struct certain basic figures in order to make good reproductions. 

Boys and girls enjoy using their compasses freely. Often the same basic design, 
Vith various shadmgs for the separote ports, can hove a very different appear- 
ance. later the students learn to opply the bosic constructions to their designs, and 
they make designs based on hexagons and equiloterol triangles, squares and 
octagons, os well as circles. 
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c. How to Find Perimetons ond Areas of the Most Fomiliar 
Plane Figures 

The Formula for the Perimeler of a Square 

A formula is a statement in mathematical language of a genera! 
rule or principle. Frequently, the first letter of a word is used 
to represent *at value in a formula. The following formula can 
be written in the shorthand of mathematical language as 
Ulusiraied; 

The perimeter 

of a square is equal to four times the length of a side 
P *= 4 X 

or ^ - 4j 

It is not necessary to write the symbol for multiplication in a 
term in a formula, as 4f or /iv The term, 4 j, means 4 times f. 
Similarly /ui means I X w. 

Many students find it difficult to distinguish between pfrinteltr 
and arfds A demonstration with a carpenter’s rule or a square 
cut from cardboard should help to clanfy the difTcrence betvvecn 
these two concepts. The student should see that tlic distance 
around the square is its perimeter and the surface of the figure 
is its area. A linear unit is used to measure perimeter. A square 
unit is used to measure surface, or area. 

The formula for the perimeter of a square 
may be written as follows: j 

p - Is 4- Is 4- Is + Is = 4 j 
or p ’=> 4s 

A student often is unable to understand how 
the formula, p — 4/, is derived from the ex- 
pression, p »r4~s4~s4-i. The numerical L . 
mjfidtnl means the number which tells how s 

many dme? the quantify Is tairen, as Js. 'VV'hen 
the coefficient, 1, is not expressed, the coefficient indicates I of 
that quantity. This number should be written until the student 
discovers that the value of s means Is. 

In a similar manner, the students should be able to tvork out 
the formula for the perimeter of an equilateral triangle. 
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The Formula Jor the Perimeter of a Rectangle 

The class should discover ciiflcrcnt 
ways of finding the perimeter of a 
rectangle. In the rectangle on the g 
right the students should find the 
perimeter in the following ways: 

9 


6 + 9 + 6 + 9 

= 30 

6 9 

12 

+6 4-9 

4-18 

12 18 

30 

6 9 

12 

X2 X2 

+ 18 

12 18 

30 

6 

15 

4-9 

X2 

15 

30 


The class should discuss which method is shortest. Very prob- 
ably the students would decide that the fourth way is shortest. 
Then this way should be expressed as a formula. The formula 
may be written as 

fi = 2 (/ -h w) 

The teacher should capitalize on this opportunity to discuss 
the mathematical significance of the expression, 2 (/ 4- ui). On 
page 143 one of the mathematical principles governing multi- 
plication states that to multiply an indicated sum by a given 
number, each term must be multiplied by that number. There- 
fore, the student should discover that both the length and the 
width must be multiplied by 2. The values represented by / and 
w may be added first and then multiplied by 2, or each term 
may be multiplied by 2 and then the products added. The four 
solutions given above may be used to verify the mathematical 
principle formulated. 
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Area of a Rectangle 

A student should not find areas of rectangles until he under' 
stands the meaning of area and the unit of measurement of area. 
Area is the amount of space that a surface contains or covers. The 
unit of meamremenl of area is a square. 

Each student should have a 1-inch square cardboard to 
measure the area of a given rectangle. Of course the area of this 
square is I square inch. The student should draw a rectangle 
having given dimensions, for example, 3 inches by 5 inches. 
Then he should use hts 1-inch square and mark the number of 
square inches that are in one row in the figure. This experiment 
should prove to him that there will be 5 square inches in each 
row and in 3 rows there will be 15 square inches in the area of 
the rectangle. By repeating this process in rectangles of dificrent 
dimensions, the student should discover that the number of 
squares in a figure will be the same as the product of the number 
of linear units in the length and width. At this pomi he should 
attempt to formulate both the rule and the formula for the area 
of a rectangle. The rule for the area of a rectangle may be stated 
as follows; The area of a rectangle is equal to the product of 
length and width when both are expressed in the same linear 
unit. The formula is 

The steps in the derivation of (he rule and the formula for the 
area of a rectangle may be suinmarircd as follous; 

1. Use a square unit, such as a square inch or a square fool, 
to find the number of squares needed to cover the surface of a 
given rectangle. 

2. The student should discover that the numl>cr of square 
units in a row multiplied by the numlicr of rows will be equal 
to the number of square units in the rectangle. Thus, the area 
of a 3 inch by 5 inch rectangle is equal to 3 times 5 sr|. in., or 
15 sq. in. 

3. The student should discover that the product of the number 
of linear units in length and width will be the numlxT of square 
units in any rectangle. 
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4. The student should write the rule for finding the number 
of square units in any rectangle as a formula. When wTitten as 
a formula, the rule reads A = /w. 

After the student understands the formula, he should use this 


shortcut method of expressing a rule for finding the area of any 
rectangle. Thus, the computation for finding the area of a 
rectangle 16 feet long and 9 feet wide 
would be as shown. The answer should A = Iw 


be labeled properly to indicate the unit 
of measure used to express the area. It 
should be clear that the teacher should 


I = 16 ft, 
w = 9 ft. 
A =? 


16 

X9 


not have the student memorize a mean- 


144 


inglcss and erroneous rule of the Area = 144 sq. ft. 


“feet times feet gives square feet.” 

The teacher should lead the students to understand why a 
square is the unit of measurement for area. Each student should 
draw several rectangles of any equal size, as 3 X 4 in., 2X6 in., 
etc. Then he should attempt to fill the space in each rectangle 
with squares and also %vith other figures, such as equilateral 
triangles, circles, or hexagons. The class should discuss the results 
of their experiments. The experiments should show why a square 
is considered the most acceptable unit for expressing area. The 
difficulties of using squares to find the area of a 3 X 4^ inch 
rectangle also should be shown. 


For enrichment, the experiment could be continued starting 
with figures other than rectangles to be filled. It will be found 
that equilateral triangles, for instance, will fill equilateral tri- 
angles, but not any other figure. 


The Formula Jot the Area oj a Square 

A square is a particular rectangle in which length and width 
arc equal. Therefore, I may be substituted for w or w for / in 
the formula, A = Iw. Then the formula would become A — 
u.' X w or tc*, or A ~ / X / or /*. The letter s generally is used 
to represent the side of a square, hence the formula for the area 
becomes A j X r or r*. The small * is an exporiml and it shows 
how many times / is used as a factor. 
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Maximum Area; Minimum Perimeter 


At the iunior high school lefcl. one exercise for enriching the 

„perienceorthesnperi— 

perime.cr."TLe student should find the ureas of d.ffcrent rec- 
tangles which can be enclmeduit^a 

given aniount of fencing, ^5 ^25 

The table on the right shows dilTctent 

values for le. /, and /I when the penm- 

cter is ICO. The student should discover 

that a square will enclose a greater area ^ 

than any other rectangle '*>>'"* , 45, 49 

perimeter of thefigures.sconslan.Tte 

iuoof of this statement is easily verified 

by the use of the calculus. .limulaled by the data in 

The student whose ^'p as ,he width continues 

the table should observe *' also decreases, 

to decrease. He would 1 i,,. area of the rectangle becomes 

When the tvidth becomes aero, 

Sl'C*. 

as discussed in Chapter 12. 

Properties cJFaralleHrame p,a„e and 

When the student is firs. oin. out illustrations 

sol d figure, he should be encouragrf ^ ,ge 

of that type of '-tvfn bteh One <>f ^e objecuves 

of the classroom, prefera y jai to make 

of teaching informal S«>™=“T y about him. ^ 


The 

rtdih 



at one comer so as to change the shape of the figure. The figure 
formed ^vould be a puTollelogroTn which is not a rectangle. The 
students should make the following discoveries about a parallelo- 
gram: 

3. The opposite sides arc equal 

2. The angles may or may not be right angles 

3. By measurement the student should prove that the opposite 
angles are equal 

4. Figures in the shape of parallelograms are not rigid. 

From the discoveries made, the students should formulate a 
rule for charactcriaing a parallelogram. The rule may be stated 
as fol]o%v‘s: 

A parallelogTom is a plane figure hating Jour sides in which the 
opposite sides are equal. 

The opposite sides arc seen to be parallel. From this fact the 
figure derives its name. Then the students should discover that a 
rectangle can be classified as a parallelogram, but a parallelo- 
gram need not be a rectangle. 

The student has learned that each angle of a rectangle is 90®, 
hence the sum of the angles of a rectangle is 360®. Similarly, the 
sum of the angles of a parallelogram is 360*. The student has 
discovered that opposite angles of a non-rectangular parallelo- 
gram are equal. Therefore, the two adjacent angles must be 
unequal. If C represents an opposite angle to angle A, and B 
represents an adjacent angle, 2A + 2B = 360®, or A -f B = 180®. 
If angles A and B are not right angles, one of the angles must be 
less than 90“ and the other angle must be more than 90®. Hence 
one angle is au acute angle and the other angle is an obtuse 
angle. In the parallelogram shown, angles A and C are acute 
and angles B and D arc obtuse. 

8 C 


A 
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The Formula for Fmdmg the Area of a Parallelogram 

Either of (wo ways may be used to derive the formula for (lie 
area of a parallelogram, depending upon the background of the 
student. If he has learned how to find the area of a rectangle 
but not the area of a triangle, then he should know that the 
formula for finding the area of a parallelogram can be based on 
the formula for finding the area of a rectangle. On the other 
hand, if he understands how to find the area of a triangle, lie 
should be able to derive the formula for finding the area of a 
parallelogram by dividing a parallelogram into two triangles. 

The student should cut a parallelogram, as AECD, from paper. 
Then he sliould cut off the right triangle ADE and place it as 
shown, forming the rectangle EFCD. The area of the rectangle is 
DE X EF in which OE is equal to the altitude of the prallelogram 
and EF is equal to the ba.se, AB, of the parallelogram. Tliercfore, 
the area of a paralJeJogram is equal to the product of the base 
and the altitude. The formula for the area is; 

A = bh 

If the student knows that the formula for the area of a triangle 
is A ~ ^ bh, he can use this fact to derive the formula for the 
area of a parallelogram. The student should cut a parallelogram 
along a diagonal BD as shosvn in the drawing. By placing one 
triangle on the other triangle so that the corresponding sides 
match, he ux)ulcl discover that the i«o triangles have cqtj.il areas. 
The altitude of the triangle ABO is the same as the altitude of 
the parallelogram and the two figures have the same b.ise. Tlie 
formula for the area of the triangle is /I *» A bh, thrrehrr. the 
fonnula for the area of the parallelogram uould Ije; 

.-f « 2 X i bh, or ri « f A 





Perimeters Constant; Areas Variable 

The teacher can use a carpenter's rule to show how to trans- 
form a rectangle into a parallelogram. The superior student 
should discover that a parallelogram formed by changing the 
shape of a rectangle has the same perimeter as the rectangle. 
On the other hand, the areas of the two figure are not the same. 
The length of the rectangle and the base of the parallelogram 
do not change, but the altitude of the parallelogram draism from 
the base becomes shorter as the acute angles of the parallelogram 
become smaller. If the base remains unchanged but the altitude 
becomes shorter, the area of the parallelogram becomes smaller. 
\Slien the acute angles of the parallelogram approach zero, the 
altitude would approach zero, and the final figure would be 
transformed into a straight line. 

Properties oj Triangles 

The student has learned that neither a rectangle nor a paral- 
lelogram is rigid. He should perform an cjcperiment to discover 
whether or not a triangle is rigid, by using three splints or strips 
of wood. He should bore a hole about a half inch from the end 
of each strip and fasten the comers \rith a screw or some other 
means, so as to form a triangle. If the comers are properly 
secured, the student should discover that it is not possible to 
change the shape of the triangle without breaking one of its 
sides. A carpenter's rule also may be used to demonstrate the 
same property of a triangle. A demonstration with materials of 
the described or other similar materials should prove that 
a triangle is rigid. Because they are rigid, triangular figures are 
found frequently in construction work and in other places in 
which a high degree of rigidity is necessar>% 

The class should cut triangles from paper and measure with 
a protractor to find the sum of the angles in each triangle. The 
results of the measurements should prove that the sum is ISO”. 
This same fact can be demonstrated by tearing off two of the 
comers of a triangle and pladng them on either side of the third 
, angle. 




The diagram shov.-s a very effective teaching aid to cnabJe a 
student to discover how many degrees there are in tiie sum of 
the angles of a triangle. AB and 8C arc two strips of wood about 
two feet Jong. They arc fastened so as to pivot at B. A protractor 
attached at B used for measuring tJtc angle at this point. 
Each arm of the angle is grooved so that a protractor may be 
fastened in this groove. Four or five nails, spaced along each 
arm, are partially driven in so that a string, such as XY, can be 
stretched from a nail on one arm to a nail on the other arm. 
In this way different triangles may be formed. The student 
should place a protractor in the groove by the nail used as a 
vertex of a triangle and read the number of degrees in each 
angle and also the number of degrees in the angle at B, TJten 
he should find the sum of the three angles. The experiment 
should be repeated several limes with diffcirnl tri.inglr?. The 
results should prove that the sum of the angles of a triangle » 
equal to ISO*. 

Size oj AngUs in Triangles 

To provide enrichment for superior stucJenis, the trachrr 
should have the students male certain dlscosTries alwui the sire 
of angles in a triangle* Tliesc students should disetAvr the 
answers to sxich questions as: 



The student should assign numerical values to the different 
kinds of angles to prove his answers. He may measure angles of 
triangles of various shapes also. Then he should formulate the 
following generalizations: 

1. A triangle cannot have one angle equal to a straight angle. 

2. A triangle may have one and only one right angle or one 
obtuse angle, but not both. 

3. A triangle may have three acute angles. 

4. Every triangle must have at least two acute angles. 

5. A triangle may have all three of its angles equal. Then 
each angle must be an acute angle. 

6. A right triangle may have only two of its angles equal. 

7. A triangle may have all three of its angles unequal. 

In a similar manner, the superior student should discover how 
the sides of a triangle may vary. He should make drawings to 
prove that a triangle may have three equal sides, two equal 
sides, or all of its sides unequal. 

The superior student should be able to draw both a right 
triangle and an obtuse triangle which has two of its sides equal. 
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Developing ike Formula Jot Finding the Area of a Triangle 

If the student has learned how to fmd the area of a paraHcIo- 
gram, he can derive the formula for the area of a triangle from 
the formula for the area of a parallelogram. If a parallelogram 
is cut along a diagonal, two equal triangles arc formed. Since 
the formula for the area of a parallelogram is A « hh, the 
formula for the area of a triangle would be ri ^ bh. 

The formula for the area of a triangle also can be derived 
from the formula for the area of a rectangle If one of two 
triangles of the same size and shape is cut along an altictiric and 
the two parts of the triangle arc placed a!t?ng the sides of the 
other triangle as on page 394, a rectangle is formed. Cach undent 
in the class should cut two equal triangles from construction 
paper and perform the experiment. This experiment will prove 
that the rectangle formed has the same base a.s the triangle and 
the width of the rectangle is the same as the altitude of the 
triangle. Since the area of the rectangle is equal to the area of 
two equal triangles, the area of a triangle is equal to half the 
area of the rectangle. 

It is important for the student to understand ihat the position 
of the altitude in a triangle depends upon the kind of triangle. 
The diagrams below show the dilTcrcni jxisitions which the alti- 
tude may occupy. The teacher should have models of obtuse, 
right, and acute angle triangles and base the students identify 
the position of altitudes in cach of the triangles. 


O 
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Evaluating the Formula Jot the Area oj a Triangle 

The teacher should have the student evaluate the formula for 
the area of a triangle and discover that the order of the multi- 
plication of the factors does not affect the value of the product. 
He should decide which method is easier; whether to multiply 
either factor by ^ (or divide the factor by 2) or to multiply the 
factors and then divide that product by 2. 

A. ^ = I X 8 X 15 

B. ^ J X 9 X 16 

C. ^=^X7X 9 

The student should discover from the above illustrations that 
the computation will be easiest in A if 8 is divided by 2 and that 
quotient multiplied by 15. In B, 16 should be divided by 2 and 
that quotient multiplied by 9. In C, the product of 7 and 9 
should be divided by 2. From similar illustrations, most students 
should be able to make the following generalizations about the 
area of a triangle: 

1. The area is equal to the product of the altitude and half 
the base. 

2. The area is equal to the product of the base and half the 
altitude. 

3. The area is equal to half the product of the base and the 
altitude. 

The teacher also should emphasize the basic principle of mul- 
tiplication given on page 144 which states that to multiply an 
indicated product by a number, only one factor is multiplied by 
that number. In the indicated product, .d = -|^X8Xl2, 
either 8 or 12 may be multiplied fay but not both of these 
factors, without changing the value o[ A. 


Properttes of Trapezoids 

A trapezoid is a closed plane figure of four sides which has two 
and only two parallel sides. A student should cut a triangle from 
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paper. By holding the scissors paralld to the base and cutting 
off the top of the triangle, a trapezoid is formed. 

The figure above shows a piece of equipment which can 
be used to stimulate the imaginations of superior students. SC 
is a wooden stick which is stationary and perpendicular to AS. 
The stick AD may rotate at the point A. If the upright pieces 
form right angles and another bar or stick connects these pieces, 
a certain kind of figure is formed. The teacher should have the 
students Indicate what kind of figure this is. If AD and BC are 
equal, the figure fonned w-ould be a rectangle; if they are 
unequal, a trapezoid would be formed. If AD is moved from a 
vertical position so as to make angle BAD acute, a trapezoid is 
formed, providing CO is parallel to AB. If AD intersects BC, a 
triangle is formed. 

Following a demonstration with the frame, the superior student 
should make the following generalizations: 

1. A trapezoid may have two right angles providing these 
angles are adjacent angles and not opposite angles. 

2. It is not possible to have only one right angle in a trapezoid. 

3. The two parallel sides of a trapezoid can never be equal. 
From a study of other trapezoids, the following additional 

generalizations should be made: 

4. If t>vo of the angles of a trapezoid arc acute, the other 
two angles must be obtuse. 

5. All four angles of a trapezoid may be unequal. 

6. The non-parallel sides of a trapezoid may be cither equal 
or unequal. 
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The Formula Jot Finding the Area oj a Trapezoid 

The student should cut two equal trapezoids from paper and 
letter each upper base a and each lower base b. Then he should 
arrange the trapezoids as shown in the drawing. The resulting 
figure is a parallelogram. The base of the parallelogram is seen 
to be equal to the sum of the upper and lower bases of each 
trapezoid. The altitude of the parallelogram is the same as the 
altitude of the trapezoid. Therefore, the area of the trapezoid is 
half the area of the parallelogram. The formula for the area of 
a trapezoid is: 

A ~ \k {a A- b) 
in which a and b are the bases 

The formula for the area of a trapezoid illustrates the principle 
governing multiplication of an indicated product by a given 
number. Either of the two factors, h and (a + b), is to be mul- 
tiplied by ^ or divided by 2. Since the order of multiplication 
docs not affect the product, the rule for finding the area of a 
trapezoid may be stated in three different ways: 

1 . The area is equal to the product of half the altitude and 
the sum of the bases. 

2. The area is equal to the product of the altitude and half 
the sum of the bases. 

3. The area is equal to half the product of the altitude and 
the sum of the bases. 

AH students in the class should be able to substitute numbers 
in the formula for the area of a trapezoid to prove that each rule 
is correct. Only the superior student would be able to give the 
mathematical reason why each rule is valid. 
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QuadnlateTais 

A quadnlalerat Is a dosed piane figure of four sides. Students 
at the junior high school level should fac familiar with squares, 
rectangles, parallelograms, and trapezoids, TTie superior students 
can help prepare a poster showing these and other kinds of 
quadrilaterals and then give the characteristics of each figure. 
The poster should be cut so that all of its sides and angles are 
unequal, as illustrated, "nie pteture shows five special kinds of 
quadrilaterals and an irregular kind. Very probably most of the 
class would be unfamiliar with a rhombus. A rhombus is a quadri* 
lateral which has four equal sides, but the adjacent angles may 
or may not be equal. If the adjacent angles are equal, the figure 
is a square. The students should discover that the diagonals of a 
rhombus bisect each other at right angles. 

Finding the Circumference of a Ctrele 

Each student, or each small group of students, should use a 
cylindrical can or a wheel to find the ratio of the circumference 


Boyt end glrU find r 



to the diameter. The class should compare the ratios of difTcrent 
size cans or wheels. The value of each ratio should be a little 
more than 3. Then the teacher should have a class demonstration 
with a 7--inch wooden disk to show how to find the ratio of the 
circumference to the diameter. A student should mark a point 
on the circumference and then roll the disk along a yardstick 
until the marked point touches the stick. The scaled value of 
this point should be approximately 22 inches. This distance 
dhaded by the diameter would give a quotient of or 3^, 
which may be e.xprcsscd approximately as 3.14. 

The diagram shows an effective instructional aid for demon- 
strating the method of finding the ratio of the circumference to 
the diameter. In the diagram, XY is a board about 24 inches 
long and MN is part of a yardstick or a cloth tape fastened to 
the side of the board. At the base of XY there is a groove about 
g inch wde in which circular disks of plywood about ^ inch 
thick can be rolled. If the teacher has disks of 3', 4' and 7' 
in diameter, a student can give a demonstration to show the 
cirmmfcrencc of each circular disk. Then the class can find the 
ratio of the circumference to the diameter for each disk. The 
experiment should prove that the circumference is about 3.1 
times the diameter. 

The teacher should have the students compare the results of 
their experiments svith the raUo 3^. Most of the results should 
approtdmately 3.1. The ratio of the circumference to the 
diameter is x and its value is approximately 3^, or 3.14. The 
esract value of x can not be determined, but in beginning work 
mth this symbol, x is usuaUy given the value of 3f, or 3.14. 

^ e more precise value, 3.1416, is used when greater accuracy 
IS demanded than that used at the junior high school level. 
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The experiments should prove that the circumference of any 
circle is equal to r times its diameter, or ir times twice the radius. 
The formula for the circumference of a circle is 


C = vd or C ~ 2irr 

The teacher should have the students make a graph, similar 
to the graph shown, to display on the bulletin board. Instead 
of a graph or a diagram. It would be better to have pieces of 
lath cut to represent the respective lengths of radius, diameter, 
and circumference. If the radius is inches, the diameter will 
be 7 inches, and the circumference will be 22 inches. The superior 
students should discover that the circumference of a circle B a 
function of its diameter. 


Finding the Area oj a Circle 

The formula for the area of a circle can be derived or verifirf 
either fay transforming a circle so as to 
gram or by inscribing a circle in a square and 
formula, A - -m', gives the area of the square included wilhm 

“eacher should have a droilar disk, made of -ood or cu. 
from heavy cardboard, about 6 inches in diameter and cut int^ 

8 elal sectors, prelerably 12 or 16 equal sectors. We 
sec ors should be arranged as shmvn. We resutang ^re 
approximate a parallelogram as represented by WXYZ. 





greater the number of equal sectors into which the disk is cut, 
the closer will the figure formed by these sectors approximate a 
parallelogram. The altitude of the parallelogram is equal to the 
radius of the circle. The base of the parallelogram is approxi- 
mately half of the circumference, or or irr. Substituting r for h 

and irr for b in the formula, A = bk, the formula for the area 
of a circle is shown to be: 

A = -Kr X r, or A ^ 7rr* 

According to the second method of deriving the formula for 
the area of a circle, the student should draw on heavy cardboard, 
cross ruled in inches, a square having a side of 20 inches. Then 
he should draw a circle with a radius of 10 inches and use the 
center of the square as the center of the circle. Next, he should 
draw two radii at right angles as shown. The sector FOE is a 
quarter of the circle and the square FOEC has an area of iOO 
small squares. The area of the sector FOE may be found by 
counting the number of small squares which are entirely within 
the circle and adding that number to the number of squares in 
which half or more of a square is within the circle. The number 
at the end of each row of squares indicates the number of squares 
which are considered to be within the circle for that row. The 
sum of these numbers is 78. Therefore, 78 of the 100 squares in 
each quarter of the large square are within the circle. Hence 
the number of squares in the whole circle must be 4 X 78 or 312. 
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The formula for the area of a circle is A = n-r*. If JO is sub- 
stituted for r, the formula becomes lOOr, or 314. The area found 
by counting the number of squares is 312. The experiment should 
show that approximately the same result would be found by the 
graphic method and by the formula, /I = jrr*. 

Neither of the methods of proof is easy to understand, nor is 
the proof satisfactory from a mathemaucal point of view. The 
students who have developed a keen insight into number should 
be able to understand the procedures described. It is doubtful 
if the other students will understand the derivation of the 
formula for the area of a circle. 


Gemtiry oj Road Signs 

By the time the student has learned to find the circumference 
of a circle, he has dealt with triangles, quadrilaterals, pentagons, 
hexagons, and octagons. A fine unit dealing with the shape of 
plane figures consists in exploring with the students the gcomctr>’ 
of highway signs. The students should report on the shapes of 
different signs seen along highways and the kind of information 
each sign contains. The illustrations above show some of the 
kinds of signs used along highways and the kind of information 
each sign conveys. 

d. How to Find fho Vdufno of Jhc Most Fa/nUIar Solids 
Developing the Formula Jot Finding the Volume of Prisms 

A solid is a figure having three dimensions. The ivlume^ of a 
solid is the amount of space it encloses. Just as a square is the 
unit of measurement of the surface of a plane figure, a aiie is the 
unit of measurement of the volume of a solid. 
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The picture above shows some of the more 
Most students at the junior high school level are f 
ice cubes. A student knows that the number of ^^es m Y 
of cubes can be found by mulUply-ing the number 
one row by the number of rows. This product will be 
of cubes in one tray. The number in one tray multiph V 
number of trays (of equal size) is equal to the 
in all of the trays of a refrigerator. If the trays are 
top of each other, the cubes may be considered as ajfanS™ 
layers. Thus, if a tray contains 8 cubes in a row 
2 rov.’s, the tray vvill contain 16 cubes. If there are 3 > 

layers of cubes, there NviU be 48 ice cubes in the «fngeraton 
The student should understand that even if each oi 
refrigerators manufactures 48 ice cubes, the capaettjes o 
freezing units of the two machines need not be equal, 
the capacity of each freezing unit depends upon the size o 
cubes. In order to compare the freezing capacity of the tw 
refrigerators, it is necessary to express the volurrie of 
same standard unit. Instead of an ice cube which has^ a 

sizes, a cube having a standard size, such as a cubic inc or 
cubic centimeter, should be used. A cube having an e ^ 
expressed in standard linear units is the cubic unit for measunn 
volume. j 

The teacher should have approximately 125 1-inch cui^ a 
rectangular boxes of different dimensions. The dimensions o 
certain cigar boxes arc 8', 5', and 2'. The students shou 
a box of this size with cubes. He should discover that 8 o 
cubes can be placed in one row and there wall be 5 rows, 
total of 40 cubes in one layer. Since there arc 2 layers, the ^ 
holds 80 cubes. He should fill enough boxes of different size t 
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When fhe sfwdenf handfe* eubei, he («om« the meaning 0/ vefume end d>icovert 
that “prodott of «he dimension*" 11 o shorttoi. 


enable him to discover that the product of the number of units 
of length and width *nll give the number of cubic units In one 
layer. This product multiplied by the number of linear units in 
the height will be the number of cubic units in the volume of the 
box. \\'hen he has made this discover)-, he has learned how to 
find the volume of any rectangular solid, or ught fuism. All prisms 
have two parallel bases that have the same shape and equal areas. 
The shape of the base determines the fcind of prism. If the base 
of a prism is a triangle, the sohd is 0 iriartqttlar prim. 

The formula for the volume of a rectangular prism is: 

V = Iwh 

The teacher should use this formula to illustrate multiplication 
principle No. I on page 143. This principle states that the order 
in which numbers are multiplied does not affect the product. 
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The student should use 1 -inch cubes 'a 

finding the number of cubic inches ^ 2 3 .inch 

2-inch cube built mth these cubes will j. j, 

cube will contain 27 cubes, and so on. After he s a few su 

TutL, he should discover the nile for bnd.ng the 

cubic inches in any cube which is from 1 t ^ student 

WTien he knows the rule, it should not be nec ^ ^ find 
to arrange 1728 1-inch cubes as a cubic foot in o 
the number of cubic inches in a cubic foot, shou ^ 
blocks as exploratory material to help him 
principle. The teacher must ask the l='"d 5 of questiom 
direct the student’s thinking so that he and 

ship between the number of inches on each edge o 
the number of cubic inches in the volume of the solid 
In the formula V = teA. gives the number of 
in the base. B may be substituted for Iw and then the 
for the volume of a prism is: 

V = Bh 

Now it is possible to Hnd the volumes of prisms whoK bas« 
different shapes, proriding the areas of the bases and the b S 
arc known. 


^fodels oj a Cubic Foot and a Cubic Tard 

In order to have a student form a correct concept of 
of a cubic foot, the teacher should have a 1-foot cube ma e 
wood or plastic. Each of its faces should be ruled into squ 
inches. A square 1-foot board one inch thick also should 
provided. The relative size of a square inch, a square foot, an 
a square yard can be shown on a chart. . 

The student should understand that if a piece one inch tw 
were cut from the 1-foot cube, the resulting piece would be t 
same as the square 1-foot slab. When this slab is ruled into cu * 
inches, it is cas>' to sec that there would be 144 cubic inch« t 
the block. Since there would be 12 such slabs in the cubic oo » 
there would be 12 X 144 cubic inches, or 1728 cubic inches i 
a cubic foot. 
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Many students do not understand the meaning of a cubic yard. 
Tlic teacher should have a group of the students construct a 
frame that is a cubic yard in size and {ay 00*00 each edge two 
l-foot lengths. These points should be connected by a string as 
shotvn. The di!igr<7m shows that there are 9 square feet in a 
square yard and 9 cubtc feet in one layer of the cubic yard. 
Since there are three layers, there must be 27 cubic feet in a 
cubic yard. The model also shon-s the relative size of a cubic 
yard and a cubic foot. The model should enable a student to 
form a good concept of the size of a cubic yard of earth. This 
is (he unit used to measure the amount of earth taken from an 
excavation. A cubic yard of earth is frequently known as a load 
of earth. 

Anderson' showed how a model of a cubic yard may be so 
constructed that it would be collapsible. A model of this kind 
may be scored in a small space compared with the space needed 
for a rigid cubic model having an edge of a yard. 

Formulas/or Finding ihe Area and Volume of Cylinders 

It is easy for the student to derive the formula for the lateral 
(side) area of a cylinder. He should remove the label of a cylin- 
drical fruit can by cutting along an edge perpendicular to both 
bases. The label will form a rectangle in which the width is 
equal to the height of the can and the length is equal to the 
circumference of the base of the can. Substituting nd for I and 

I Atidewon, Sigfrid C. "DeWces for a Afathcmaoct Laborajory,” TA/ Afalimaius 
Ttacher. 46.578-579. 
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h for w in the formula A = to, the resulting formula for the 
lateral area of a right cylinder is: 

A = vdh or > A ~ 27 rrh 

The student has learned that the formula for the volume of a 
prism is F = Bh. Regardless of the shape of the prism, this 
formula will apply in finding its volume. It follows, then, that 
the base of the prism may be either a polygon or a circle. Since 
the area of a circle is wr*, this value may be substituted for B 
in F = Bh. Then the formula for the volume of a cylinder is: 

V = TCT^h 

The teacher should have samples of the cans discussed on page 
109. Both cans have the same height, but the diameter of one 
can is twice the diameter of the other can. The teacher should 
hold the cans so that the bottoms show and have the students 
estimate the relative diameters. In almost all cases a class will 
state that the smaller diameter is a little more than half the 
larger diameter. This illusion of size shows that the student’s 
judgment is affected by the relative size of the areas of the two 
bases. After measuring to prove that the diameters are in the 
ratio of 1 to 2, the student should use measures of water to 
compare the volumes of the two containers. He will discover 
that the larger can will hold four times as much as the smaller 
can. The superior student should be able to discover this rela- 
tionship by using the formula to find the volume. In the formula 
F = TTj^h, ir is a constant and k is the same, therefore, r is the 
quantity which varies. Since r is doubled, the volume would be 
multiplied by 2* or 4. The teacher should have had the superior 
student discover the change which takes place in the area of a 
square when the length of each side is multiplied by any given 
number, such as doubling each side. 

The teacher can have the class make a 
cylindrical container that will hold a gal- 
lon. A cylindrical container having the 
dimensions of the cylinder shown in the 
draiving on the left will have a volume 
of 231 cubic inches. Substituting the 


T 
6 

Jl. 

k— 7”^ 
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values given in ihe drawing and ^ for r in the formula for the 
volume of a cylinder, the solution becomes: 

= ¥ X dl’ X 6 
II I 3 

y .- -^X-T-X? X^ 11 X ] X7 X3 

T-Xi-XJ-X 1 " IXIXIXI- ' 

t } i 

Volume =5 231 cubic IndJes 


Finding the Volume oj a Pyramid and a Cone 

Tile formula for the \'oiumc of a pyramid can be derived from 
the formula for the volume of a prism. Similarly, the formula 
for the volume of a cone can be derived from the formula for the 
volume of a cylinder. The teacher should have the students 
discover the relationship between corresponding figures by the 
use of e;cploratory materials. The students should fill a container 
having the shape of a pyramid with sand and then empty the 
sand into a prism having the same base and altitude as the 
pyramid. He should discover that the volume of the p>Tamid is 

Whatfier Hi« «fl«f and eyUnd^fi are made ef platllts at paper, ihe e*perierxe of 
fronsferrfng v«t«rn«» t* o vafuabi* on« •ipeeJoHy when Ihe »etid» ere reloled. 
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one-third the volume of the prism. Similarly, he also should 
discover that the volume of a cone is one-third the volume of a 
cylinder if the bases and altitudes are equal. Thus, the 
for finding the volume of either a pyramid or a cone is K = aBti. 
Since the base of a cone is a circle, irr^ may be substituted for 
B and then the formula becomes: 

V ~ ^ vr^h or V = 

The formula may be written in cither form because multi* 
plying by ^ is the same as dividing by 3. 

The teacher may provide enrichment for some of the students 
by having them make models of pyramids and cones. Directions 
for making a model of a cone are found on pages 536-537. 


Finding the Area and Volume oj a Sphere 

A basketball or a baseball is a familiar object that can be used 
to illustrate a sphere. A globe used in the study of geography 
is a well knosvn sphere. Many students at the junior high school 
level are interested in the differences in the sizes of balls, such 
as used in baseball, golf, or tennis. These students may be 
interested in discovering a means for finding the surface or area 
of a sphere. 

It is very difficult to demonstrate with objects the derivation 
of the formula for the surface of a sphere. The teacher is justified 
in having the students accept the rule for finding the area of a 
sphere. Meaningful learning implies that there should be “fewer 
rules and more reason,” but not “no rules and all reason.” One 
of the accepted procedures advocated, but seldom if ever used, 
in many books on the teaching of mathematics is to wind a cord 
about the fiat surface of a hemisphere and about the curved surface 
and then to compare the length of cord used in each part. (A 
hemisphere is half a sphere.) In this way the relative sizes of the 
curved surface and the flat surface of a hemisphere can be demon- 
strated. To do this use a hemisphere preferably of cork. Drive 
a nail into the curved surface at the point at which the nail 
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would be perpendicular to the Bat surface of the hemisphere and 
pass through the center the 

fordter‘ii“ille;X 

,he ;ord about ip-'- 

as the circular LT^f a 

“Jet:r The" the forrnula for findtng the surface of a 

sphere is: ^ ^ 

The teacher should no. [l^: 

volume of a sphere m t e J number of social applications 

grades have an extreme y formula for finding the 

L finding the volume authority. This formula 

volume of a sphere should of formulas. The for- 

provides excellent practic ,_l,ere is 

mula for finding the volume of a sphere IS 
p = Jvr> 

e. The Mooning of Congruence ond symmetry 

Ccgruint Figures . match each other in full 

Tivo figures are cou^-nrl ^ the same shape and 

or when they cmnnJe. 9°"®™. f products that a 

size. In mass production ^hoe factory one machine 

machine turns out are con^-n>n^^ ^ 

may stamp out one machine may stamp out W 

shoe In an automobile fac r> products from 

fenders for a particular “Ure, 

”."“r£ti^S=Ss= 



Figures which have equal areas or volumes arc eijuivalent. It 
is readily seen that two congruent figures must also be equivalent, 
but two equivalent figures need not be congruent. A rectangle 
may have an area equal to the area of a triangle, trapezoid, or 
another plane figure. The students should make drawings to 
verify the truth or falsity of the following statements or similar 
statements: 

1. Two triangles having equal bases and altitudes must be 
both equivalent and congruent. 

2. Two isosceles triangles having equal bases and altitudes 
must be both equivalent and congruent. 

3. Rectangles having equal lengths and areas must be con- 
gruent. 

4. Parallelograms having equal altitudes and areas must be 
congruent. 

5. Regular hexagons having equal sides must be both equiva- 
lent and congruent. 

The superior student should be encouraged to discover when 
two figures that are equivalent must also be congruent for such 
familiar figures as triangles, squares, rectangles, and parallelo- 
grams. 

Symmetrical Figures 

Two figures that have the same size and shape but are placed 
in opposite positions are symmetrical. Symmetrical figures have 
balance. The class should discuss the meaning of this term and 
see if it applies to the arrangement of the items on the class 
bulletin board. Examples from daily life should also be given. 
The line or plane which divides a figure into two equal parts of 
the same shape is the axis oj symmetry. 

The picture of the snow crystal shows that six different axes 
of symmetry may be drawn in a regular hexagon. If half of the 
crystal is rotated about the axis forming the half, the two halves 
will coincide. The snow crystal represents symmetry with respect 
to a line. The students should draw the three axes of symmetry 
in an equilateral triangle and the one axis in an isosceles triangle. 
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Most of the class should be able to discover how many axes of 
symmetry arc possible in rectangles, squares, and other regular 
polygons. 

Each student should fold a sheet of paper in half. Then in the 
crease formed, he should place a drop of Ink and press the sides 
of the paper before the ink dnes. The design formed by the ink 
will be symmetric with respect to the crease in the paper. 

A circle is symmetric with respect to the point known as Its 
center. This is known as pcirtl In point symmetry any 

diameter is an axis of symmetry. The student should be able to 
identify point symmetry in such familiar flowers as daisies and 
black-eyed Susans. 

A solid may be symmetric with respect to a plane. This is 
known ^tplane^mmtlry. The significance of this kind of symmetry 
can be demonstrated by having a student cut an orange in half 
and placing wax paper between the halves. The half orange on 
each side of the paper is symmetric 'vith respect to the plane. 

A plane which cuts a regular prism at right angles so as to form 
two congruent parts represents plane symmetrj'. The student 
should be especially familiar with line and point symmetry. He 
should be able to identify many illustrations of these types of 
symmetry in his environment. 

The study of symmetry in mathematics at the junior high 
school level is predominantly for ihc purpose of developing an 
appreciation of the shape and arrangement of figures. The topic 
of symmetry prov’ides almtwt no e.xiension of mathematical prvn- 

Ciplesorrclationships. If a student isabJc toapprcciate5>Tnmciry 
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and balance as it is found in nature or in structures which he sees 
in his environment, he will have had enriched aesthetic experi- 
ences in his daily living. 


Questions, Problems, and Topics for Discussion 

1. DilTcreniiate between formal and informal geometry'. 

2. What is the difference between drawing a figure and constructing it? 

3. Explain why no measurement can ever bec»ct but must be approximate. 

4. How can a student discover the number of degrees there arc in each 
angle of a regular pentagon? of a regular hexagon? of a regular octagon? 

5. Make a list of the formulas for the areas of the most familiar plane 
figures. Write a problem illustrating each formula. 

6. Suppose a student does not understand the dilTcrmec between the con- 
cepts perimeter and area. Show how you would help him clarify his thinking 
about the meaning of these t\so terms. 

7. Classify triangles according to sides and according to angles. 

8. Make a collection of the social applications of figures which have the 
shape of a trapezoid. 

9. Doubling the radius of a circle has what effect on the circumference? 
on the area? Illustrate. , 

10. A cubic foot of tvater weighs 62.4 pounds. How much would be the 
weight of water 1 inch deep on a surface 10 feet square? 

11. With hea>'y waxed paper make a cylinder 7 inches in diameter and 6 
Inches high. Find the lateral area of the cylinder in two ways. Compute the 
volume of the cylinder. (Use r » ^,) Show that the volume is equal to 
1 gallon. 

12. The side of a regular inscribed hexagon is equal to the radius of the 
circle. From this fact, prove that the value of t must be more than 3. (hint: 
Find the perimeter of the hexagon and compare it with the circumference of 
the circle.) 

13. The lateral area of a prism is the area of its sides. The total area of a 
prism is the sum of the lateral area and the area of the bases. Derive the 
formula for the lateral area of a rectangular prism; for the total area. 

14. Write the formula for the total area of a cylinder. 

15. \Vhat kind of figure is the face of a pyramid? Derive the formula for 
finding the lateral area of a pyramid having a square base. 

16. If the outer diameter of one globe is twice the outer diameter of another 
globe, how do the sur&ccs of these two globes compare? 

17. If the inner diameter of one sphere is twice the inner diameter of another 
sphere, how do the volumes of these two spheres compare? 

18. Illustrate the difference between congruence and equivalence of figures, 
such as recunglcs, triangles, and trapezoids. 
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Formulas for area ab, I 
' U{a + b), 2k (f + «.) 
Formula for ihc area of a 

1. drcle: 

2. cone. 

3. cube. 

4. cvHndcr: 

5. parallelogram 

6. pyramid; 


^ = - 
A = - 
A = - 


7 rectangle A =■ - 
8. right prism A = - 

9 sphere A ^ - 

10 square- A =• - 

11 trapeaoid A » - 

12. triangle A « • 

B Formulas for volume to*. "’*• J”'*' ^ 

Formula for Uie volume oU , p,„„id I’-. 

1. cone; ~ 5 . right prism. I' " 

2. cube; „ ” ~ 6. sphere 1’ “ 

3. cylinder. ^ 


Suggested Readings 


Morton, Robert L. » Moton Corporation, 

Burdett Company, 195 - ^ Detroit: General 

/Vrcino'i-" ’ , no 172-237. 

^J“\v,mamD.*to,*r-.r./-*<^-^-«‘-'-^' 

Hexiry Holt and company. 1954- 
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chapter 12 


Introduction to Algebra 


A student beginning the study of algebra should understand in 
what ways this subject differs from and in what ways i t 
similar to arithmetic. The chief points of difference between tne- 

two subjects are: . . 

1. Algebra uses general numbers, such as a or n, while anin- 
mciic uses specific numbers. Consequently, an algebraic so ution 
may apply to an entire class of problems while an arithmetic 
solution applies only to a single problem. General numbers, sue 
as a or « are called variables. 

2. Algebraic numbers, such as ab or 6*, do not have place 
value. The arrangement of letters in the term, xyz, does not affect 
the value of the expression, but the rearrangement of the digits 
in 321 would change the value of the number. 

3. In algebra the number system is expanded to include 
numbers less than zero, such as —5. If the temperature rises 
and then falls 2®, this fact can be expressed algebraically as 
( 4 - 2 ) 4- (-2) = 0. The zero indicates that the initial and final 
temperatures arc the same. Hence there is no change. 

The major points of similarity between algebra and ariihmeuc 
arc: 

1. Both arc branches of mathematics dealing with quantities. 

2. The fundamental operations in each arc addition, subtrac- 
tion, multiplication, and dirision. 

3. Essentially die same set of principles applies to the opera- 
tions of addition, subtraction, multiplication, and division m 
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both subjects. The reader should compare the algebraic prin- 
ciples listed on pages 434^36 «Kh the arithmetic principiS on 
pages 142-145. 

The topics which have greatest social significance in afgebra 
tnclude.- ( 1 ) the formula; (2) the equation; (3) signed numbers; 
and (4) the graph. 

This chapter deals with the following topics: 

a. The objectives of the teaching of algebra 

b. Positive and negative numbers 

c. Algebra as a language 

d. Solution of equations 

e. Solution of verbal problems. 


o. The Ob[ecHves of the Teoching of Algebra 
MaiAematicaf and Social Objectives 

It is generally an accepted fact that a thorough knowledge of 
algebra is essential to all pereons specializing in the fields of 
engineering, the physical sciences, or mathematics. The impo^ 
tance of mathematics in relation to the social studies and bio* 
logical sciences has increased to such an e.ttent that algebra has 
become a prerequisite for students doing advanced uork in these 
-fields. However, the extent to which algebra should be mastered 
by persons preparing for or engaged in vocations requiring little 
or no mathematics is somewhat controversial. A debate on this 
subject would be ineflectivc unless an agreement could be 
reached concerning the following points: (2) die objectives to be 
pursued; (2) the content of the cour«;; and (3) the mediods 
employed in leaching the course. 

Objectives of teaching algebra may be classified as 
matical and social. The mathcmaUcal objective is attained by 
preparing a student for further study in mathematics. The social 
objectives of the teaching of algebra must be considered very 
carefully when determining the status of the subject for ihcxe 
persons not requiring algebra as a means of earning a livcHhcxxl. 
Many objectives may havr both mathematical and social impli- 
cations as illustrated by the following: 
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1 . To present algebra as a language. The formula is probably the 
most familiar usage of algebra as a language. Whether the 


formula is as simple A = bh, or more complex, as T - ir -y 
it presents quantitative relationships in such a concise manner 
that usually the formula is much more readily interpreted in its 
numerical form than in its corresponding verbal form. Many 
non-technically trained people use algebraic formulas in their 
everyday lives. Without an adequate understanding of the ele- 
ments of algebra, there is real danger that such formulas may 
be misinterpreted and incorrect results may be obtained. In fact, 
the formula is one means of making relatively advanced mathe- 
matics available to the layman who possesses an understanding 
of the basic fundamentals of algebra. 


2. To present algebra as an extension of arithmetic. A study of 
elementary algebra helps to give the student a better understand- 
ing of arithmetic since the basic ideas applied in operating with 
algebraic expressions are the same as those used in operations 
in arithmetic. Thus, a study of algebra should provide an 
opportunity for growth in the student’s ability to deal with the 
arithmetic processes and functional relationships required for 
cveiy'day living. 


3. To present algebra as a tool for formulation of generalizations. 
At the rate of 30 m.p.h., a car will travel 60 miles in 2 hours 
and 90 miles in 3 hours. By dealing with this situation from the 
algebraic point of view, it is possible to arrive at the general 
formula that d — rl. The use of letters for numbers (general 
numbers or variables) enables a person to Nmte the solution for 
all problems dealing with rate, time, and distance. It is difficult 
to overestimate the value of this feature of algebra from a social 
or mathematical viewpoint. 


4. To present algebra as a collection of puzzles. This aspect of 
algebra has been overemphasized in the past. However, l^cause 
of the interest shown by many people in crossw’ord puzzles, 
anagrams and similar puzzle situations, this facet of algebra 
should not be overlooked. Puzzles may add to the variety of 
experiences available to the student. Interest instilled by this 
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phase of algebra helps the student to develop a hcallhy intcl- 
Icctual curiosity about the subject. 


A Two-Track Program Necessary in Mathematics 

The mathematical and social phases of 'I;'. ‘-'’jeedve^or 

ESSSHSss 

sidered as a contributing students arc not 

other hand, a large num alcebra because of lack of 

capable of completing a cou a tno-track pro- 

ability, background, or interest J Frequently, students 
gram should be provided for ninth grade 

who complete a year of nursuc the subjeet suecessfully. 

become interested in algebra P ^,3, hematics as a 

It is common practice to ^^ho cannot succeed in 

course intended only or -j mathematics is a terminal 

The following quotation i 
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. . many freshmen of , matics that science as a 

"rr^oSTrm".fore they can m.ake up their 
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has been done by > - “«™\nrd,’ School olT, cals uho hare 
portant,’ 'impractical, ana 
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this country’s welfare at heart will do well to ponder and act 
on the danger of the trend of making us a nation of mathematical 
ignoramuses at a time when our use and need for mathematics 
is greater than ever before in history.” 

This editorial presents a strong case for advising able students 
to continue the study of mathematics rather than discouraging 
them from taking this subject. These students should be advised 
to take at least one course in algebra as a prerequisite for further 
study in mathematics. 

In The Kewl orh Ttmes^^ Benjamin Fine presented data to show 
that the U.S.S.R. is overtaking us in the vital area of training 
scientists and technicians. In the article he stated; “The free 
world is in danger of losing the important technological race 
for trained scientists, engineers and technicians. The Soviet 
Union is making an intensive effort to increase its supply of 
technically trained personnel. 

“While the democracies of the world, including the United 
States, arc looking the other way, the Soviet Union and its 
^iclhtcs arc training scientists and engineers at an almost 
feverish pace.” 

The p'aph above is practically self explanatory. This graph 
shQ\v% that the number of engineers being trained in our country 
while the number of engineers being trained in 
the Soviet Union is increasing. 

• .Vm- 7'cri NWmber 7, 1954. 
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b. Positive and Negotive Numbers 


How to Use Signed jXumbers 
Th. .bUUy . P" 

live and negative numbers, calletl algebra. A 

of the first hurdles by introducing the 

few textbooks in algebra p textbooks introduce the 

meaning of ™ formulas and simple equations 

subject with topics dealing numbers. The e.\pan5ion 

before introducing the work wil negative numbers 
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number is more frequently called the absolute value of *at signe 
number. The numbers +5 and -5 have the same arithmetic 
number or absolute value. 5. Computation with signed numbers 
may then be reduced to performing the proper arithmetic 
operations with the absolute values of the numbers involved ana 
then prefixing the proper sign. For example, the sum of T 
and -7 is obtained by subtracting the arithmetic ' 

(absolute value of +3) from the arithmetic number 7 (absolute 
value of —7) and prefixing to this difference a negative sign o 
obtain ”4. The absolute values are subtracted because the 
numbers to be added have unlike signs. The negative sign is 
prefixed to the answer because the number with the larger 
absolute value is negative. This illustrates how to interpret t e 
following rule given in many textbooks in algebra: To add mm ers 
with unlike signs, subtract the number with the smaller absolute la ue 
from the number with the larger absolute value and to this difference 
prefix the sign of the number with the larger absolute value. 


A Slide Rule for Signed Numbers 

A slide rule, as shown below, may be constructed to perform 
additions and subtractions of positive and negative numbers. 



OHS'' 
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To add +2 to +3, set the zero point on the slide at +3 and 
then proceed to +2 on the slide and read the answer of +5 on 
the scale below the +2 on the slide. 
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To add +2 to -3, set the zero point on the slide at 3 and 
then proceed to +2 on the slide and read the answer of 

°"to rob "3 point on the slide at 

:?Sg - 3 )To + 3 on'S slide. Read +5 on the scale below 

this +3. , . , , .irr-.i\s^r device, is useful in demon- 

Thls type of shdc rule, or 

strating to students a number of examples 

and subtraction is valid ^ a 5 ,udent never actually 

similar to those '■■scussed abo translates a problem requiring 
subtracts a negative addition problem to obtain the 

such a subtraction into ^ d ^^anging each 

required answer. This IS simil h P ^ multiplication 

example requiring dtvasion by a irav 

example to obtain the ^.J'y'J_ 2 o'’maybejustified by interpreting 
The fact thatS X (-■' ‘HliSprineipleNo.2onpage43 
multiplication u^'P" , expressed as (+3) X ("3) 

holds, then (-2) X alS^i^-as repeated addit ons. 

and justified in the mannerstated^ assumptions 

While it is possible to P™™- according to Sanforf,’ 
that (-2) X (-3) 7 “nthLde students. It is plausible 

are not very convincing ^ (_2) should be different 

,0 predict that the product of (3) considered 

from the product of (+3)_X ^ presented 

as a proof ihat ( 3) X ( 

as such. . . heixvcen multiplication an 

(_6) 4- (+3) = T^“;“no i on page 435. 
plication-division prmcip j,„h.„i,o," » 

.s.rf.ni, V.,. .'Noie. ° 

Ttachn. 244 . 256 - 257 . 
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In the ideal situation, each student should arrive at the general 
rules regarding signs by first experimenting with the slide rule, 
and by interpreting the meaning of signed numbers in social 
situations involving profit and loss, left and right, and others of a 
similar nature. 


General or Literal Numbers and Variables 

In addition to becoming familiar with positive and negative 
numbers, the beginning student in algebra must Icam how to 
use general or literal numbers. The student must learn to think 
of such expressions as .r, a — by and 2mn as numbers. 

This use of letters for numbers is one of the most obvious char- 
acterisdes of algebra. In elementary algebra a letter is used to 
represent a number in two distinct ways: 

1. The letter / may be designated as a particular number 
required in connection with a problem. For example, in a prob- 
lem involving weights, t may be designated as the number of 
tons of iron required. (Note that n, or x, or t must represent a 
number. The statement that I represents the iron required is 
incorrect.) Such problems are usually solved by formulating an 
equation from the conditions given. This equation is then solved 
for the unknown number. Such an equation is called a conditional 
equation. 

2. The letter as used in^;' + 2_y = represents any number. 
In this case the equality is not solved for^. This algebraic state- 
ment shows a relationship that is true for all values of y. An 
equality of this type frequently is called an identical equation 
or an identity. 

It is helpful for the beginner to recognize the difference be- 
tween these two uses of letters for numbers. This difference is 
discussed more fully on page 429 in the section on Algebra as a 
Language. 

Afajor Problem in Teaching Algebra 

One of the most difficult problems in the teaching of algebra 
is to obtain a reasonable balance between interpretation and 
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manipulation. Probably one of the most common errors in the 
past has been an overemphasis on manipulation. On the other 
hand, without a sound knowledge of fundamental operations 
the student will have little to interpret, The remainder of this 
chapter is devoted to e.xplaining various ways of interpreting 
algebraic processes. 


The Function Concept 

If two quantities are related so that the value of one quantity 
depends upon the value of the other, these quantities are said 
to hi:/i//ietionattj> related^ Distance is a function of rate and time. 
The area of a circle is a function of the radius. The perimeter 
of a square is a function of the length of one of its sides. The 
cost of a number of tom of coal is a function of the number of 
tons and the cost per ton. 

Functional relationships in elementary algebra are described 
in four different way's.* 

1. A Junction maj! be described verbally. Distance is expressed 
verbally as a function of rate and time in the paragraph above. 
This type of representation is useful for purposes of discussion 
and for describing simple rcJaiionships but is probably the least 
useful of the four ways of expressing such a relationship. 

- 2, A function may be desaibed by a Jomuta. Most of the functions 
encountered in elementary algebra may be described by a for- 
mula, but many functional relations are too complex to be 
represented by a formula. 

3. A function may be described by a table. Bankers usually use 
tables to determine interest on loans. Considerable dme is 
required to construct such tables but once constructed they are 
time-saving deWces. Tables of functional relationships arc fre- 
quently used in the fields of finance, engineering, and raathe- 
matics. 

4. Functional retalmships may be r^esenUd graphicatly. Graphs 
often are used by editors of magazines and newspapers to present 
functional relationships to the general public because such 
graphs make certain phases of the function more apparent than 
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any other type of representation. Consider the following ex- 
amples: 

a. The graph above sho\vs the functional relationship be- 
tween lime, for the interval from 1 930 to 1 955, and elec- 
tric energy produced in the U. S. A glance at the graph 
indicates that the amount produced each year has risen 
sharply over the entire inter\'al. No other form of 
representation could demonstrate this fact so vividly* 
\Miile a line graph is used above, other types, such as a 
bar or plctograph, could be used, 
b. The graph on page 420 shows the functional relationship 
between lime and the number of scientists produced by 
the United States and by the U.S.S.R. The graph sho'^'S 
that the United States produced more scientists than 
the U.S.S.R. in 1950. and that the U.S.S.R. produced 
more scientists than the United States in 1954. These 
facts arc obtained and recognized more easily from the 
graphical form of Tcprcsentaiion than from any of the 
other forms. 
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c. The graph above shows the reJatJonship bcMvecn the 
area of a circle and the length of its radius. By following 
the dotted lines in the direction of the arrows, one may 
obtain the following information: 

The area of a drcle having a radius of 3.5 inches is 
approximately 38 square inches. 

The radius of a circle having an area of 100 square 
inches is approximately 5.d inches. 

Each of these methods of describing a function has its advan« 
tages and disadvantages. The verbal form might bring out phases 
that oIhcr^visc might be overlooked but this form may be too 
long and involved in many instances. TTie formula is a repre* 
sentation of a quantitative situation but frequently it is difficult 
to obtain numerical data by use of a formula. The tabular 
representation of a function is excellent when the frequency of 
use justifies the initial labor necessary to construct the tabic. 
Such tables frequently do not include all values required for 
practical work. Graphs provide an effeeth^ means for presenting 
the highlights of a function such as (he highest and lowest values 
and areas of rapid change- The data obtained from most graphs, 
however, usually are not as accurate as the data obtained from 
the second and third types of functional representations. The 
beginner in algebra not only should become familiar widi the 
various ways of describing functions but also should Icam the 
advantages and disadvantages of each. 
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c. Algebra as a Language 

Translating Statments into Algebra and Vice Versa 

Algebra is treated as a language in most current texts, but 
there are ways in which the treatment of this important topic 
may be improved. Problems of the following types are found 
in practically every current text in elementary algebra. 

Write algebraicaliy: 

1 . a less than x 

2. b more than y 

3. t less than the sum of m and n 

4. George’s age, if George is n years older than Ruth an 
Ruth’s age is^ years. 

To be successful in algebra, the student must acquire skill m 
translating verbal statements into the language of algebra. Mauy 
students cannot solve word problems because of lack of 
in this skill. Practice should be given at regular intervals in or er 
that students may maintain and improve their ability in this ne • 
The language of algebra will probably be better understood 
if algebraic statements arc translated into verbal statements 
almost as frequently as verbal statements are translated into 
algebraic statements, ^ 

The following examples illustrate how such translations indi- 
cate to a great degree the extent of a student’s ability to interpret 
algebra. 

1. Algebraic statement: = x 

First translation: One-half of x plus one-half of x is equal to x. 
The student making this translation indicates ability to 
transmit the statement verbally but does not indicate 
any understanding. 

Second translation: One-half of any number plus one-half of 
the same number is equal to the number. The student 
making this translaUon recognizes that the statement is 
an identity but the statement is not concise. 

Third translation: Two halves make a whole. This non-literal 
translation is probably the best because of its conciseness. 
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2. Algebraic statement: x - 3 = 5 

Pirsi tmsiallm: x minus three equab Sve. The student 
making this transIaUon gives a verbal translation of the 
equation but does not indicate any understanding of the 
mcaniz5g of the statement. 

Second Uamlalm: Some number minus three is equal to five. 
The student giving this translation recognizes that the 
equation is conditional. 

Third iranslalian: Three less than what number is equal to 
five? The student giving this translation recognizes the 
challenge contained in each conditional cquation-the 
challenge to solve the equation. 

Identities 

The symbol ss is the identity symbol. Two expressions are 
identical if they are equal for all permissible values of the literal 
number or numben involved. 2 + 3 s 5 is an identity. 
2ar + 3.t SB Sx- is an identical equation. It is common practice to 
refer to both as identities. It is also correct to write these equa- 
tions with an equal sign rather than an identity sign. 

The equation jr -f 2 « 4 is a conditional equation. It is usually 
referred to as an equation. In elementary algebra the word 
equation, unqualified, almost invariably refers to a conditional 
equation which presents the challenge of determining for what 
number or numbers the equation is true. 

Students should soon learn to distinguish between identities 
and conditional equations. The addition, subtraction, multipli- 
cation, and division of algebraic expressions produce identities. 
The process of factoring is another means of forming identities. 
Translation from algebraic to verbal language should help the 
student to recognize the difference between identities and con- 
ditional equations as illustrated in the examples above. In some 
instances in the past, the students have not been intrtxluccd to 
the word, identity, until they b^n the study of trigonometry. 
There is no justification for such a delay in the introduction of 
this term or of this concept. 
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The Formula as a Means of Showing Quantitative Relationships 


The formula as a record of important quantitative relationships 
(functional relationships) is probably the most common use o 
the language of algebra in ever>'day affairs. Appreciation of the 
value of the language of algebra may be increased by comparing 
the convenience of working with formulas in the algebraic an 
verbal forms. 

The student’s first experience with algebra usually involvM 
the work dealing ^vith formulas which is encountered ^ ^ 
seventh and eighth grades. Proper introduction of this wor 
pertaining to formulas will help to provide a sound foundation 
for further work in algebra. This work should help the student 
to make the following generalizations: 

1. A formula is an expression, in algebraic language, of the 
relationship between two or more quantities which can be 
expressed numerically. 

2. Algebraic language may be used more conveniently and 
precisely for representing such relationships than verbal state- 
ments. 

3. The letter w (or /), as in the formula A = Iw, represents 
any number that may be used to describe the width (or length) 
of a rectangle. 

4. Formulas are worthless unless the algebraic language is 
interpreted correctly. The student must understand that Bh 
indicates that the number D must be multiplied by the number h, 


or that 7 indicates that the number a must be divided by the 
b 

number b. 

5. The ability to perform the indicated arithmetic operation 
of a formula is of little practical value unless the student has 
some knowledge of the types of units required. If a rectangle 
has dimensions of 3 inches by 4 feet, a student who multiplies 
3 by 4 to get the area understands neither the use nor the mean- 
ing of the formula. 

The following verbal translations of the formula A = Iw show 


the dilTcrcnce between a limited interpretation and one which 
is fully understood. 
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Q. The area of a rectangle equals its length times its width, 
b. The number of square units in the area of a rectangle 
is equal to the product of its length and width, both 
measured in the linear units corresponding to the square 
unit used to designate the area. 

Reference to the formula £ ~ mc^ appears frequently in 
newspapers. Relatively few people can give the foJIowng irans> 
lalion; If a given quantity of matter is transformed into energy, 
the number of dynes of cnet^ obtained is equal to the product 
of the number of grams of matter involved and the square of the 
velocity of light measured in centimeters per second. 

The Subject of a Formula 

In the formula A ^ hh, A is called the subject of the formula. 
Elementary work with formulas usually consists in determining 
the subject of the formula when numerical values for all the 
other quantities involved are given. After the student has had 
an introduction to equations, he should realize that a formula 
has many more uses than (he function of determining the value 
of its subject. A formula may be used to determine the value of 
any of the quantities involved when the numerical values of each 
of the remaining quantities are known. In the solution of the 
following problem, the value of h in the formula A =» (o + i) 
may be determined if given numerical values for fi, h, and a. 

The area of a trapezoid (s 90 square inches. What is the length 
of its upper base if its altitude is 6 inches and its lower base is 
19 inches? 

Solution: .<4 * 90 sq. in.; A “ 6 in.; a *= 19 in. 

' Begin with: (o + A) 

Substitute values: 90 « J (6) (19 -h A) 

Combine: 90 = 3 (1 9 4* A) 

Divide both sides by 3: 30 *= 19 + A 

Subtract 1 9 from both sides: 11 « A 

The length of the upper base must be 11 inches. 
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•ExperlmenlaJionwUh equWalen<eof weight* can leod lo thefarmyloflon of Q formula* 


Formulas as Social Applications of Mathematics 

While formulas play an important part in introducing the 
student to algebra as pure mathematics, formulas are also very 
useful in the social applications of mathematics. There are many 
opportunities to use formulas in everyday life. It is quite common 
to find ncNvspaper or magazine articles discussing the use of 
formulas for a great variety of topics. 

The AAA recently published a formula* for finding the 
approximate cost of driving a car. The verbal statement of this 
formula was; The cost of driving a car is $1.55 for every day the 
car is driven plus S.Sjl a mile for each mile the car is driven. 
If the car is driven over 18,000 miles per year, $10.56 should 
be added to the cost for each 1,000 miles over 18,000 miles. The 
reader should translate this verbal statement into the language 
of algebra. 

• S«e automobile unit in Chapter 8, paga 291-29S. 
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. A fireman uses the fomtuU, jD = ^ + 2, to set a ladder for 

the greatest safety. In this fonmila, D represents the horizontal 
distance from the base of the wall on which a ladder rests to the 
foot of the ladder and h represents the length of the ladder. 

Students should be encouraged to develop a variety of for- 
muias that can be used in their osvn evcrj’day affairs. A few 
such possibilities are: 

1. Develop a formula which will designate the starting time 
of each period of the school day. T (time) is a function of n (the 
number of periods), 

2. Develop a formula to represent how much money would 
be collected by the sale of tickets to adults and students for a 
school play. S (total money) is a function of s (the number of 
student tickets) and a (the number of aduit tickets). 

Further suggestions for interpreting the formula are given on 
page 438 in the section on Algebra as a Toot for Gencralizatm. 

Students should be encouraged to examine textbooks in science 
and mathematics and handbooks for given professions to find 
formulas which seem interesting to them. It is an excellent project 
for a student who discovers an interesting formula to present its 
derivation and some of its applications to the class. 

Students also should investigate to determine if their parents 
make use of formulas in their profession. Skilled workmen in 
many trades frequently have useful rules for various phases of 
their tvork which may be expressed verbally or algebraically. 

A thorough treatment of aJgcbra as a language with repeated 
translations to and from verba! forms can do much to help 
students to recognize that algebra is much more than a series 
of mechanical manipulations. Proper emphasis on the social 
aspect of formulas can do much to present algebra as a practical 
subject. 

Algebra as an Extension oj Arithmetic 

• A set of principles for arithmetic is given on 
The more able students usually discowr many of these inde- 
pendently. If a student understands these principles governing 
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algebraic operations, he should discover that algebra is an orderly 
subject, comparatively easy to learn. Manipulative algebra is 
essentially, the application of these principles to algebrai 

expressions. . 

From the result of several years of experimentauon, the ivrite 
formulated the following set of principles. These principles have 
proven a valuable aid for providing explanations why the lun- 
damental operations involving addition, subtraction, mu tip i 
cation, and division are performed. Each day in the classroom 
opportunities are offered to refer to one or more of th^e pnn 
ciples. The reader may compare the advantages and disadvan- 
tages of subdividing these principles into two groups instea o 
four. Since positive and negative numbers arc not normally us 
in arithmetic, principle No. 4 may not be traced directly to t e 
arithmetic principles on page 142. The study of algebra provi es 
a valuable means of broadening the student’s understanding o 
these principles. 

Addition and Subtraction Pr^iciplzs 

1 . Addition and subtraction are inverse operations because addition tne^ 
be nullified by subtraction and vice versa. If the number x is incrc^w 
by 2 to obtain x + 2, the original number x may be obtained 
by subtracting 2 from x -f- 2. If 3 is subtracted from the number I 
to obtain the difference / — 3, the original number t may be 
obtained by adding 3 to f — 3. 

2. Only like quantities may be combined by addition or subtraction. 
Thus, 2x and 3x may be combined by addition to obtain 5x, 
but the sum of 2x and 3y must be indicated as 2x 4* 3y. 

3. A change in the order oj adding numbers does not change the sum, 
but a change in the order oJ subtracting one number from another does 
change the difference. The student must understand the principle 
governing the subtraction of two numbers. The student who 
vmtes 6 — a in place of a — 4 violates this principle. Most 
students apply the addition phase of this principle quite readily* 

4. Instead of subtracting a numbery one may add the negative of that 
number, or instead of adding a numbery one may subtract the negative of 
that number. Instead of subtracting A, it is possible to add “A; 
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instead of adding B, it is po^ible to subtract -B TWs U a 
generalization of the rule of subtracoon which states, Chang 
the sign of the subtrahend and add.” ^ 

Each of the following p^irapv«anumb_era^ 

1 I. 2x —2x1 Sab,5ab,a ^o, « -r 

subtraction of {+b) is loenut 

is an advantage „ay be changed to obtain 

preied as a sum, the ora „ _ 6 is interpreted as a 

L, 4 -o.Nosuchfleaibi^e»^^n»^j;- 
difference. Consequently, the yero 

5 x - 2> - 3 , should be 5 e plus ( dO P [,y principle 

The use of parentheses also may _ j q. ^ because 

No. 4 since o - (4 - t) '[^btracting 4 - c Similarly, 

-6 + c may be added instead of sub raenj^g 
. 1 . - V may be tvrilten as o - 1 * 
mty be suLacted instead of adding » > 

, MuLTtPt..cAT.oN-Dms.o»Pa.N^ 

1. Mulliplicxiim axd dillhOT , is multiplied by 2 

op^alm nay (» '-fr * be obtained by dividing 

.Lbtain2v,.heorigmalnumbersmy 

2a by 2, Whendis divided by3.00b.am3, the oris 

may be obtained by multiply g 3 «/ 

thprochicl, butihaW multiphcauon is 

mot, rat. The change m or sample, d -e a, m S 

■eadily. It is not uncom^ „f 


answer of ^ in place of 


- from a 


algebra. 
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3. To mtillipfy (or difidt) a polynomial by a number, 

divide) each term by that number. A polynomial is an a gc 
expression of two or more terms. This principle app i 
arithmetic when multiplying 34 by 2 and in algebra w 
multiplying the polynomial 3<i + ^ by 2. . 

4. To multiply (or divide) a ffroduct by a number, multiply (or atvi ; 

one factor by that number. To multiply 7) (a b) by 2, ^ 

multiply cither the 3 by 2 or the a + ^ by 2. Muc o 
manipulative difficulty in elementary algebra is due to ai 

to distinguish between terms Tind jactors and the lack ^ 
standing of muUiplication^division principles No. 3 and o. 
Terms in algebra are synonymous with addends in arithmetic. 
Factors are numbers which indicate products. 

5. To divide by a tiiimber, multiply by the reciprocal oj that 
to multiply by a number, divide by the reciprocal of that number. 


principle explains why | a and ^ arc the same because multiply 

ing by ^ and dividing by 2 produce the same results. TWs pnn 
ciple is a generalization of the rule, “Invert the divisor au 
multiply.” , 

6. The value of a fraction is not changed when the numerator an 
denominator are multiplied (or divided) by any number except Zf^o. i 
principle is fundamental in the treatment of fractions and shou 
be referred to frequently. There should be ample opportunity 
to demonstrate this principle in dealing with fractions. This 
principle will rarely be used wthout involving one or more 
the other multipHcatiomdivision principles, as shown in tn 
following example: 


2a 2b _ a d~ ^ 
6a6 3ab 


The fraction is reduced by dividing both numerator and denomi* 
nator by 2. To divide the numerator by 2, each term must be 
divided by 2. To divide the denominator by 2, only one factor, 6, 
must be divided by 2. Thus, multiplication-division principles 
No. 3, No. 4, and No. 6 arc involved in reducing one fraction 
to its lowest terms. 
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Us! of Primiples Governing Fimdmmlal Proemts 

By frequent rcferenecs to these principles, the 
related mechanical manipulations of algebra are given a basic 
s'™ltrThe follotring Lggestions are given for dealing tvith 

these principles; effective set possible. 

The sifused by a'’ny 'orTo^atim- 

iTcrpari-l^re'sero^pages .42-145 will give some 

notion of how variations may be i„eiplcs. In the 

2. Do not insist that student f principle for 

ideal situation, the student s ° „ basic operations 

himself. In practice .be^rinciples. The writers have 

should be answered in '«"> Leering all questions per- 

found that this set is ^'*''1““' multiplication, and division 
taining to addition, ’ algebra. The work with 

which normally occur in ' additional principles, 

equations, exponents, ^nd radic ^ become 

3. It is most important *f.™;;„those on pages 142-145 
familiar with a set of princip student should then 

which he has learned in antta be has learned in 

recognize that P”f bra W'>'"'''" 

arithmetic are used ” consult with each other to 

and junior high “I"'' by each are compatible. 

insure that the principles used y 
A„ei,a os 0 ColUCion of 

While this phase °f ny people will spend houm 

it should not be neglected. Many ^ unc-half 

attempting to work a ” ent of the same subje^ 

hour spent on a ^^''-^'^uCTpuaeles to be 1"-" 
teacher should >'="'= “o bnesirable that *<= P^^"' 



Algebra as a Tool for Generalizoflon 

The phase of algebra which produces general answers may 
one of its most valuable uses. Since algebra is considcre 
many to be theoretical and useless in everyday affairs, any prac^ 
tical feature of it should be emphasized. There is ample 
tunity to demonstrate this feature of algebra In the traditiona 
work of the ninth grade. - . . 

The following sequence of problems illustrates how a simp 
generalization may be reached. 

Question; How far does a car travel in 7 hours at 60 m.p-h- 
Answer: (7 X 60) miles, or 420 miles. 

Question: How far does an object travel in 35 seconds at 
20 ft. /sec.? 

Answer: (35 X 20) ft., or 700 ft. 

Question: How far does a plane fly in t hours at r m.p-h- 
Answer: {t X r) miles = tr miles, or rt miles. 

In the last instance, by using letters for numbers, the problem 
has been solved for all cases and the formula, d =* rt, has been 
obtained. 

The following problems require varied techniques: 

What is the cost of n apples if each apple costs r cents? 

If b oranges cost h cents, what is the cost of one orange? 

If^y oranges cost c cents, what is the cost of z oranges? 

If t tons of one grade of coal cost r dollars and n tons of ^ 
lower grade cost s dollars, what is the cost per ton of each grade. 
Express as a single fraction the difference in cost between a ton 
of the first grade and a ton of the second grade. 

The answer to each of the above problems is expressed as a 
formula which will solve all problems of that particular type- 
Problems of this type should be preceded by corresponding 
problems using numerical numbers rather than literal numbers. 
Such procedures help to emphasize some practical applications 
of the use of a letter, such as n, as a general number. When this 
concept has been established, the general solutions obtained may 
then be applied to numerical situations. A teacher should always 
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b= alert to find new situations which are suitable for developing 
formulas The closer these situations are to the student s expen- 
ence, the more useful they arc in making the student recogmre 

"‘ihlLftetlercan stimulate students’ interns hy dealing 

the cost of travel by car. gallon of 

on the open W^hway, ^ A “„„,Lsts30^ 

gasoline and car B runs ' heVsolinc cost per mile for 
per gallon, how much more wii me g 

car A than for car B? 

• 97ft ns X 18) miles is made smcc 

Solution: Assume a tup of 270 ( ^ jg 

.bis number - ^ of gasoline. 

In 270 miles, car A « urn S 

In 270 miles, ear B w.l use ■ g ^ 

In 270 miles, ear A jpii more than 

In 270 miles, gasoline for car A costs P 

that for car B. P X 30P) approximately 

In one mile. poT-h 270) 

.333(! more than that for ear B. yuf 

II „ of rasolinc when traveling 
2. Car A runs t miles on “ g®. „,ine is sold for f cents 

and car B runs a miles on ^ cost per mile for 

per gallon, how much^o ^.,an a. 

ear A than for car B. This im 

Solution: Assume a trip of ^ 

is divisible by hot ^ 

In at miles, car A u p . of gasoline. 

In at miles, ear B mes < f ,U nf 6a»li"' 
In at miles, ear A uses a >5 

more than car . - t) c or 

In a/ miles, ^ .hat for ear B. 

- — rt cents more m ^ (n — j) 

'• f -.-.r \ costs ■ — Z 

In one mile, gasoline for - 

cents more than that for car B. 



3. George’s car uses gasoline at the rate of 16 miles 
and Jane’s® car uses gasoline at the ram of 19 ™ - per gallon. 
How much greater is the cost of gasoline per mile 
car than for Jane’s car if gasoline costs 26(1 per gallon. 


Solution; n — 19; t = 16; c — 26; B ? 

^ 26 (19 - 1 6) ^ 257 
19 X 16 

Therefore, the cost of gasoline for George’s car is .257(1 per 
mile more than that for Jane’s car. 

4. John’s car is now using gasoline at the rate of 20 mil® 
per gallon. How many more miles per gallon are ^ 

reduce the cost per mile if gasoline sells for 30fi per ga 

Solution: Let r be the required increase in miles per gallon, 
n = 20 + r; / = 20; D = i; f =* 30; r = • 

1 ^ 30 (20 + r - 20) 

^ 20 (20 + r) 


Solving for f. r = 4 

An increase of 4 miles per gallon from 20 miles per 
to 24 miles per gallon will reduce the gasoline cost 5P 
mile. 


In this sequence, problem 1 may easily be omitted if ^ 
class is sufficiently able to think with general number^ 
Otherwise, it may be necessary to give a sequence of sue 
problems so that the arithmetic of the situation is well in min 
before the algebraic or general solution is attempted. 

Problem 2 demonstrates the use of algebra in solving all pm ^ 
Icms of a class by using general numbers (letters) instead o 


aritlimctic numbers. The formula developed, D 



Til 


represents the solution of all such problems. 

Problem 3 is no different in type from problem 1. Howev^ 
problem 3 may now be solved readily by the formula developed 
in problem 2. 


440 



Problem 4 demonstrates that the formula 
litrited to determining the value of the subject when I, and e 
L” kno ™ This formula makes it possible to detemune any one 
o *0 ?™" quantities involved when the other three are knot™ 
Tirptse^will usually be understood only by the more able 

” Tirs'equenee may be summariaed in the following four steps-. 

1 . Arithmelic solutions 

2 . The general solution 

3 . The application of inc genera 

"T'iSlonsions of the application of general solutions for #ted 

students. . .jjnes with different 

This sequence should traditional approach 

practical situaUons. An . 5|..t,cncc. Thus, the use 

to quadratic equations be demonstrated in a 

of algebra to obtain S'"'" . Jreeogniae that algebra 

d. Solution of Equations 

m dvmmr . 

The solution of an equaton ,bat the performance 

elp^or axiom ofbalancc.Tta=«"" ^ equation 

of an operation (such as ® ' ,y jf the same ‘ 

will preserve the . 'f “;,tV,mes this principle |s broken 

performed on the other • jiddition, subtraction, 

down into four axioms, 3tti„nr may be stated- « 

tiplication. and division, f equal. The rema n mg 

equals are added to ^e^pt the division 

axioms follow the same po ^ j representation of t is 
excludes division by aero. * Ses. An equation may b' 
aided by the analogy ^anee. « "" 

compared with a set '“‘'^”„eed scales, two P°""* 
removed from one ^^.^TSanee is to be maintained- 

be removed from the other sto 44I 



first principles in nddition-subtract.on and multiplication a 
sion provide the answer to this question. 

1. a: + 3 =7 

2. a: - 5 = 9 

3. 5x = 35 


4.- = 5 


To solve equation 1 , the addition of 3 on left ™=“b«r inay 
be nuUlfied by subtracting 3. To maintain balance, 3 must 

be subtracted from the right member. i.r, „av be 

To solve equaUon 2, the subtraction of 5 on the left m y 
nullified by adding 5. To maintain balance, 5 must also be adde 


on the right. . ^ 

To solve equation 3, multiplication by 5 on the left may 
nulUfied by dividing by 5. Balance must be maintame V 


dividing by 5 on the right. 

To solve equation 4, division by 
by multiplying by 3. Balance must 


3 on the left may be nullified 
be maintained by multiplying 


by 3 on the right. . , 

The four equadons above are called /rrf degree equations 
only the first power of the unkno\vn occurs and the 
does not occur in the denominator of any fraction invo ve ^ 
Because the graphs of such equations are straight lines, they ar 
frequently referred to as linear equations. All first degree equation 
may be solved by one or more operatiohs of the types illus^a e 
above. It is frequently desirable to simplify one or both sides o 
an equation brfore operating on both sides. Simplification i 
obtained by using algebraic identities. In most equation o 
elemental^’ algebra, these identities result from simple ad 
subtractions, multiplications, or divisions. The solution ot 
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following equation demomtrates the use of both the princinic of 

balance and identities. ^ 

, 3 (a- - 1) + * 

Identity: 3(.r - 1) s 3^ - 3 

3x - 3 + X 

Identity: ^ ^ 4x 

4x ~ 2 

Subtract 2x from both sides: 2x ~ 3 

Add 3 to both sides; 2x 

Divide both sides by 2: x 

Cheek: 3 (J - I) -f I = 2 - I 
1 = 1 

The operation to be perfonned in each succeeding step should 
be indicated in a manner similar to that shown above The stu- 
dent is more likely to understand an operation if he can indicate 
the nature of this operation. 

The class should discuss the verbal iranslaiions of equations. 
The translation of equation ) would be: “Three more than what 
number Is equal to seven?” The iransJaiion for equation 5 given 
above might be; “Three times 1 Jess than ivhat number plus the 
number is equal to 1 less than twice the number?” 

It should be standard practice to check equations. There are 
two reasons for checking equations: 

1. Equations should be checked to insure, as nearly as 
possible, that no error has been made. 

2. Equations should be checked to insure that the answer 
obtained is a solution. In the following equation, correct pro- 
cedures will indicate that the solution is .*• = 1. 



When 1 is substituted for x in the equation, division by zero 
is required. Since division by zero is impossible, this equation 
has no solution. . i - 

Two common methods for the solutions of equations involving 
fractions are illustrated on the next page. 


'=2t- I 
= 2r - I 
= 2r - 1 

s ~I 
= 2 
* 1 
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A. 

^ i _ 

3 2 

11 

6 

Multiply both sides by 6: 

4,r 4- 3 = 

11 

Subtract 3 from both sides: 

4x ~ 

8 

Divide both sides by 4: 

X ~ 

2 

Check: ^ 4* t 

= Y 





B. 

2x i _ 

3 2 

11 


6 

. 2x ,i 4x + 3 

Identity: 3 - + 2 = 6 



4jr -b 3 __ 

11 


6 

6 

Multiply both sides by 6: 

4x 4- 3 — 

11 

Subtract 3 from both sides: 

4x =* 

8 

Divide both sides by 4: 

X 

2 


The check is the same as above. 


In A, all fractions are eliminated in the first step by multi- 
plying both sides of the equation by the least common denomi- 
nator of the fractions occurring in the equation. This procedure 
may be followed for all cases except those involving complex 
fractions. After multiplying by the L,C.D., the remainder of the 
solution follows by the methods previously indicated. The only 
operation with fractions required by this method is the multi- 
plication of a fraction by a whole number. 

In B, the first step requires the addition or subtraction of 
fractions. The second step requires the multiplication of fractions 
by a whole number. The remainder of the solution follows as in 
A. The method in B may be used to give additional practice 
in addition and subtraction of fractions but this reason alone 
^vould be somewhat artifidal. 
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SolutioTi of Proportions by Algebra 

A propottion is a statement expressing the equaJity of two 
ratios or fractiom. (See page 347.) When the proportion contains 
an u^no\vn, it becomes a fractional equation and should be 
solved as such. To solve the folJotving proportion, multiply both 
sides of the equation by the least common denominator of the 
fractions involved. 

3 ^ £ 

X 40 

Multiply both sides by 40x: 120 = 8x 

Divide both sides by 8; IS = x 

All proportions should be soh'ed In this manner in elementary 
algebra. The shortcut of cross multiplying saves little time and 
should not be introduced until the fundamental approach just 
indicated is thoroughly understood. 

Factoring 

Factoring may be defined as the process of replacing a per- 
formed multiplication by an equivalent indicated multiplication 
as foUo^vs; 

AT* -y a (X+Jt) (x -/) 

The most common reason for factoring is to make division 
easier. Ability to factor is an asset in the simplification of many 
algebraic expressions, as shown in the following example. 

- 14x -f 24 ^ 2 (x* - 7x + 12) ^ 

4.r* - 36 4 (x* - 9) 

2 (x ~ 3} (x~ 4) ^ X - 4 

4 (x + 3) (x - 3) 2 (x + 3) 

Today there is a strong movement to reduce drastically the 
amount of factoring in elementary algebra. There is ample justi- 
fication for such a movement when factoring is taught as a 
purely mechanical operation. In extreme cases over a dozen 
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different types of factoring have been presented in beginning 
courses in algebra. The number of types of factoring to be 
covered is not as important as the proper interpretation of the 
nature and importance of factoring. This is one phase of algebra 
in which manipulation and interpretation have been in im- 
balance. 

Three Important Types of Factoring 

An examination o( the current texts in elementary algebra will 
find an almost unanimous agreement on the following three types 
of factoring: 

1. The removal of a common monomial factor: 

X* — 3a: s X (x — 3) 

2. The difTerence of two squares: a* — 6’ « (a + b) {a — b) 

3. A trinomial expressed as the product of two binomials: 

n* - 3n + 2 = (n - 1) (n - 2) 

It should be noted that the identity sign, s, is used in place 
of the equal sign in each of the above examples. While this 
practice Is not essential, it is useful in helping to remind the 
student of the distinction between a conditional equation and 
an identity. 

By pointing out the following features of factoring at appro- 
priate limes, much can be done to increase the student’s appre- 
ciation of his operation: 

1. Factoring is an inverse process of multiplication, since it 
nullifies a previous multiplication. Factoring is correct when the 
performance of the indicated multiplication will produce the 
original expression. 

2. Each completed factoring exercise should be recognized as 
an algebraic identity which has produced two expressions that 
appear to be different but have the same numerical value for all 
permissible values of the variable (or variables) involved. The 
letters in an identity arc frequently referred to as variables since 
these letters may take many different numerical values. 

3. The identity or equal sign is a two-way indicator. In the 
identity x* — jr* s {x + jf)(x — y), it should be understood 
that the expression on the left may be replaced by the expression 
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on the right and vice versa. Usually Uie expression on the left 
would be more useful in addition and subtraction while the 
exprcK.on on the right would be more useful in multiplication 
and division. 


e. Solufion of Verbal Problems 
Essential Skills Irwolved in Problem Solving 

The reader should review Chapter 9 on problem solving. The 
principles stated in that chapter apply to algebra. The ability 
to solve word or verbal problems in algebra depends upon two 
major skills: 

T The ability to recognize relationships by analyzing sit- 
uations. 

2, The ability to express these relationships in algebraic 
language. 

Tlie first skill is difitcult to develop. It is acquired principally 
through experience in analyzing problems The second skill may 
be developed by means of special exercises, such as those on 
page 428. Several common practices, now in frequent use, are 
detrimental to the development of skill in analyzing situations. 
They tend to enable the student to work problems with a mini- 
mum of thinking instead of developing the power to think for 
himself. 

One practice that is dclrimentaJ is to place too much emphasis 
on types of word problems. By spending several consecutive 
lessons on a particular type of problem, such as mixture problems, 
the student is apt to form generalizations applicable only to the 
one type of problem. These generalizations will be more harmful 
than helpful for other types of problems. To the extent that a 
student solves all mixture problems by rule of thumb, to that 
extent he fails to acquire skill in analyzing shuations, 
the mechanization has been achieoed as a retuU of the students own 
analysis. 

Another practice which is harmful in expressing numerjeal 
relationships in algebraic language is to overemphasize the 
importance of the answer. Too many students obtain the 
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impression early in their academic life that any way of getting 
the correct answer is justifiable. Students should learn that sound 
methods produce correct answers when there are no errors in 
computation. Students should also recognize that a method 
which produces correct results only some of the time cannot be 
tolerated. \NTuIe it is sound practice, under some conditions, to 
give a student partial credit for a problem that has been correctly 
analy'zed but which contains computational errors, the student 
should never be given the impression that such errors are unim* 
portant. \\Tien mathematics is applied to actual situations in 
the practical world, an error in computation is just as serious as 
an error in method, 

A third unfavorable practice is to use boxes or special tables 
to mechanize solutions. The following problem frequently is 
solved \rith the aid of a box: How much 50% glycerine solution 
must be added to 10 quarts of a 20% solution to make a 30% 
solution? 

Solution of problem: Let x equal the number of quarts of 
50% solution needed 


initial quantity 

Ouorts of 
solution 

Quorts of 
glycenne 

10 

2 

Quantity after adding x quarts 
of 50% solution 

10 -f X 

2+^)5 


Since 30% of the final solution must, be equal to tbe final 
amount of pure glycerine: 


.3 (10 + x) = 2 -f .5x 
Solring for x: x = 5 

Therefore, 5 quarts of 50% solution are needed. 

If the above box is used as a means of organiaing informauon, 
it may approved as an instructional aid in problem solving. 
If the box 15 a mechanical device to avoid thinking, then the 
repreventauon defeats the purpose of presenung the problem. 
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A Major Di^atUj wiU Verbal Problems 

The solution of verbal problems causes a major difficulty as 
too many problems lack reality to the student. It is difficult to 
obtain a student's interest in problems which seem artificial. This 
difficulty can probably never be completely eliminated, but a 
teacher should be guided in the choice of problems by the interest 
demonstrated by the class. A teacher should accumulate prob- 
lems to supplement those of the text to ser\'e a wide variety of 
interests. 

Problems demanding the derivation of fairly simple formulas 
for everyday situations, such as those on page 438, have probably 
been neglected too much in comparison with the emphasis on 
word problems requiring the formulation and solution of an 
equation. 

The follouing suggestions may be helpful: 

1. There should be a limited number of problems of the same 
type in an)' one exercise. 

2. Every effort should be made to guard against routine and 
mechanical solutions. The ability to analyze is more important 
than the ability to foUo^v instructions. 

Word problems demand the interpretation of algebra as a 
language. They give the student the opportunity to discover that 
algebraic manipulations arc not mcanineless but are useful in 
obtaining practical results. 

In solving a problem in which l is the unknown, / should 
alway's be labeled as a number. Instead of stating that t equals 
the money, it should be stated that / is the number of dollars 
required. This practice will help strCK the fact that I can be 
only a number. 

3. A teacher should always be alert and look for problems 
which may interest the class more than those in (he text. 

4> A Tevje%v of the arithmetic background for a gix-cn type of 
problem wll often be of great help. 

Sequential Nature of Algebra 

There is a definilc sequence of ideas and operations m algebra 
as in arithmetic. Inability tn add ssill make it roipossible to 

449 



„UipBo.lon, SM.. ”• ™ XS" ” 


highlights this fact. 

Complete the following operations; 

1 . The quotient of divided by Jt is 

2. The produet of x and x is 

3. The produet of x and —3 is 

4. The difference of Jc’ and x- is 

5. The differenee of —ix from — 4i is 

6. The quotient of -x divided by v is 

7. The product of — 1 and x is 

8. The product of — 1 and 3 is 

9. The difference of —x and —x is 



10. The difference of 3 from 1 is 

The ten steps described verbally are the basic skills needed o 
perform the division example, (x- - 4.it + 1) I* 

The teacher may obtain valuable information by firs P 
ing the ten completion questions to the class and then 
this set with the corresponding division problem. For ’ 

some students may not answer all of the completion pro 
correctly but these students may solve the division P 
correctly. Except for possible careless errors, such students n 
difficulty in interpreting verbal statements algebraically. 

Other students svill answer the completion problems correcuy, 
but these students will not divide correcUy. These students ave 
acquired the necessary skills but have not mastered the 
of the dhasion process sufficiently to know when and w ere 


perform these skills. . 

Some students may not be able to answer all the comp e i 
questions correctly. The incorrect answers to the comp etio ^ 
questions may serve as a diagnostic test to point out just w a 
skills are lacking, , 

Finally, this de\ace will point out vividly to the student ^ 
the apparently complex division problems consist of a senes o 
simple operations. For the student who has acquired the necessary 
skills, the mastery of the new process becomes a task of learmng 
when and ^vhere to perform these skills in the new pattern, ^ 
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Udder may provide insight as to the true nature of the process 
for some students. 

The foIJowing ladder illustrates a different type of sequence: 

1 . How many books at Sfi can be bought with 75ff? 

2. How many books at a half dollar can be bought vnth seven 
and a half dollars? 

3. How many books at 25f! can be bought with $3.25? 

4. How many books at x cents can be bought wiUi_)' cents? 

5. How many books at n cents can be bought with 2x cents? 

6. How many books at 2t cents can be bought with 6l^n cents? 

7. How many books at_y cents can be bought with (2^ — 
cents? 

8. How many books at (j: — jf) cents can be bought with 
(.r^ — y) cents? 

9. How many books at {x — 3) cents can be bought with 
(x* — 2.r — • 3) cents? 

In the solution of each of the above problems or steps, the 
second number is divided by the fim number, but the difficulty 
of the division process changes in each succeeding example. 
Some students will solve (he first scv'eral steps correctly but not 
get the correct order of dinston in the last step. Such a ladder 
will help to indicate (he range of the student’s mechanical 
ability to divide as well as to indicate to what extent he under- 
stands when to divide. 

Diagnosis in Algebra 

While algebraic ladders serve a definite diagnostic purpose, 
they are only partially a diagnostic tristrumcnt. There arc times 
when a more thorough diagnostic test is required. The prin- 
dplcs discussed in Chapter 13 should be kept in mind for algebra 
as well as arithmetic. Periodic qutees given for the pnirntse of 
grading should also be diagnostic in a broad sense. The follomng 
diagnostic test iodicales a comprehensive type of 
solution of equations." Other information on telattve dtlltcult)- 
of items in algebra may be found on pages -M-45. 

■ UamM. i;np«Ui*c<l.Matm-n«»,lIalvo..ty of «>»»»““■ 
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Table XIII 

Diagnostic Test on the Solution of Equations Given to 
Three Groups— X, Y, and Z 


Numbers below indicate the per 
cent of the group which missed 
the item in question 


Test 

Group 

X 

Group 

y 

Group 

Z 

Total 

I. a. 5a = 75 

2.9 

4.7 

0 

3.2 

b. 70 = 7a 

0 

1.5 

0 

.8 

c. 5x = 2 

5.8 

4.7 

14.2 

7.2 

d. 3 “ 4a 

2.9 

4.7 

21,4 

8.0 

n. a. 3x = 12 + 3 

0 

1.5 

7.1 

2.4 

b. Sa = 29 - 4 

5.8 

4.7 

7.1 

5.6 

c. 23 + 12 = 7a 

2.9 

1.5 

3,5 

3.4 

d. 31 + 3 = 43 

5.8 

7.9 

7.1 

7.2 

III. a. c 4" 6 = 15 

8.8 

9.5 

7.1 

8.8 

b.9 + d= 13 

0 

6.3 

14.2 

6.4 

c. 9 = c 4- 6 

2.9 

4.7 

7.1 

4.8 

d. 14 = 3 4- c 

2.9 

7.9 

10.7 

7.2 

IV. a. 2a 4- 7 = 23 

0 

1.5 

7.1 

2.4 

b. 3 4- 4c = 27 

2.9 

3.1 

0 

2.4 

c. 92 = lOd 4- 2 

2.9 

3.1 

3.5 

3.2 

d. 9 = 3 4- 2( 

2.9 

0 

0 

8.0 

V, a. 73 4" 26 = 36 

0 

1.5 

0 

.8 

b. 17c - 9c = 48 

0 

6.3 

0 

3.2 

c. 60 = 56 4- 73 

2.9 

4.7 

7.1 

4.8 

d.30 = lie - c 

2.9 

3.1 

0 

2.4 

VI. a. 3c 4- 4c 4- 2c = 36 

5.8 

3.1 

0 

3.2 

b. 48 = 9</ - d 4- 

0 

1.5 

3.5 

1.6 

c, 106 — 43 — 8 „ 35 

2.9 

4.7 

3.5 

4.0 

d. 28 ®= c 4- 2c 4" 4c 

0 

0 

0 

0 
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Numbers below indicate the per 
cent of the group which missed 
the item in question. 


Test 


Group Group Group Total 
X Y Z 


VII. a. 9o - 5fl = 21 + 7 

b. 24 + 6 = 8a + 2a 

c. 14 — 6 = t 

d. 5c - 3c = 29 - 5 

VIII. a. 3 a + 7a + n = 41 
b. 63 = 13a - 4a + 27 

IX. a. + 36 + 7 = 

39 + 8 
b. 65 - 13 * 

13b - 4a + 2 

X. a. 5c + 9 + 2c - 7 = 

46-9 
b. 19 + 15 “ 

6fl + 9 - 3a + 4 


0 

0 

5.8 
0 

2.9 


4.7 

4.7 

1.5 

3.1 

6.3 

7.9 

3.1 


7.1 

3.5 

10.7 

14.2 

3.5 

7.1 


6.4 

3.2 

3.2 

6.4 

4.0 

6.4 


10.7 4.0 


8.8 19.1 ‘’-8 

20.5 12.1 


26.4 


34.9 35.7 32.8 



Total Number of Errors 

Number of Students 

Errors per Pupil , q. range of 121-137 

Group X has students ».* .Q. 

Group Y has students .Q- J ,,.,03 

Group Z has studcnUssaUrl-a 
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Summary 

the orderly structure of the subject. -nd differences 

References at appropriate times “ ““"“e reader may 
of algebra and arithmetic also may be of value, 1 he 
review these by referring to page 416. general- 

The presentation of algebra as a langu g , maintain 

i^ation. and as a collection of puzzles w.ll help ^ 

the balance between interpretauona^m p P 

should be placed on translation fmm * Whenever 

guage as well as from verbal to algebraic ’“5“^ . ^imation 
possible, the arithmetic background of an g ^ 

should be reviewed before the algebraic process is 
application of algebraic relationships to . ideally, 

situations helps the student to interpret J 

Verbal problems should include types requir ng Pj 

mem of aLmula almost as often as types requiring cond tiona 
Equations. The ability to analyze situations -“f “ :tpor- 
ships, and express relationships algebraically is of g P 

tanc; Every effort should be made to develop these important 

objectives and methods of teaching algebra discussed m 
this chapter will probably always be sound no 
changes take place in the mathematics curriculum. 
changes in the mathematics curriculum for college pr P 
students are imminent. The College Entrance xa . 

Board has activated a commission to study the curren r 
ulum and recommend changes in light of recent eve op 
in mathematics. The Board intends to implement the hnP' J 
of this commission by publishing source material on new 
opments in mathematics and to include questions on this m 
rial in future College Board Examinations. An alert tea 
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Questions, Problems, and Topics for Discussion 


1. In what four ways should algebra be interpreted to students to help them 
to recognize that algebra is more than a series of manipulations? 

2. In what four ways may a functional relationship be expressed in ele- 
mentary algebra? 

3. What two types of equalities are met in elementary algebra? How are 
these equalities related to the two common uses of letters for numbers in 
elementary algebra? 

4. Give two points of similarity and two points of difference between algebra 
and arithmetic. 

5- How would you help a student who makes these statements: “I never 
know when I am adding or subtracting. How can you add numbers by sub- 
tracting?” 

6. What is the difference between an identity and a conditional equation? 

7, What is the basic principfe used in solving equations? 

8, Vfhy are first degree equations frequently called linear equations? 

9. Match the following algebraic and verbal statements: 


I, 0 • X » 0 

II . ^=-1 

— X 

in. xy syx 

IV. e a -j. i 
b 

V. (a -b b)* s a* 4 - 2<ib + 

VI. 3x - 2 « 7 


a. The square of the sum of any two 
numbers is equal to the square of 
the first number plus twice the 
product of the nvo numbers plus 
the square of the second number. 

b. Any number multiplied by aero 
is zero. 

c. 2 less than 3 times what number 
is 7? 

d. The quotient of any number di- 
vided by its negative is —1. 

c. To multiply by a number, divide 
by its reciprocal. 

f. The order of the factors in a prod- 
uct docs not affect the product. 


10. Discuss two methods for solving equations with fractions. 

11. Atakc a problem requiring the development of a formula which wiU be 
useful m some everyday situation. See page 432. 

12. Construct a ladder of essential steps involved in the solution of the 
equa>™, 3 (ir - 5) . ^ + 1 . Sc paga 450-451. 

13. the relation between a proportion and an equation. 

in an article in a newspaper or magazine which makes use of a formula. 
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15. Give a verbal statement for the formula, A ^ k {a b). 

16. Outline the secjuence of steps for prcseming algebra as a fool for general- 
uation. 

17. Find an algebraic relationship with an interesting arithmetic inter- 
pretation. 

18. Obtain a graph from a newspaper and prepare a series of questions 
which would test a person’s ability to interpret this graph. Include questions 
which demand recognition of the functum represented by the graph. 

19. Analyze the steps in the diagnostic test on page* 452-453. Identify die 
new item of difficulty in each succeeding step. 

Suggested Readings 

Breshch, Ernst R. fVoifrw/rs TtaekingSeeonJorjhSthotl \falhimaiics, pp 119-151. 

Chicago: Univenity of Chicago Press, 1931. 

Butler, Charles H. and Wren, F. Lynwood The Ttaching tf Sfcmdarj Math- 
ematics, pp. 268-338. New York. McGraw-Hill Book Co , 1941. 

Davb, David R. The Teaching aj Mathtmatus, pp. 193-212. Cambridge, Mats.: 
Addison Wesley Press, Inc., 19SJ. 

Kinney, Lucteo k and Purdy, C. Richard Teothmg Malhmahct tn the SecenJ' 
arj Sc/wot, pp. 59-99. New York: Rinehart & Company, 1952 
Vxeve, WiUium ^fathmalics for iheSecaitdoT^Sehoel.pp 245-309 New York.' 

Henry Holt and Co., 1954. 
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chapter 13 


Testing, Evaluation, and Diagnosis 
in Mathematics 


I N this chapter the following topics are discussed: 

a. The nature and techniques of appraisal 

b. Methods of appraisal applied to mathematics 

c. Levels of diagnosis 

d. Factors associated with lack of success in mathematics 
c. The treatment of difficulties in mathematics. 

a. The Nature and Techniques of Appraisal 
The Purposes oj Evaluation and Diagnosis 

Evaluation is recognized as an educational task of crucial 
importance. The effectiveness of the mathematics progranx can 
best be measured by determining the growth of pupils toward 
desirable goals. These goals must be formulated before evaluation 
can be intelligently undertaken. On the basis of data concerning 
pupil growth and achievement intelligent decisions can be made 
by the staff concerning steps that should be taken to improve the 
curriculum, instruction, and materials and aids of learning and 
the organization of groups of students for instructional purposes. 

A carefully planned evaluation program makes available 
unbiased information that helps the teacher and faculty to 
understand the individual pupil, his mental ability, his health, 
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his success in school, his personality traits, his interests, and his 
attitudes. Guidance in planning the total educational program 
of a particular student without adequate data concerning him 
is foiiy. 

On the basis of information supplied by well constructed 
diagnostic tests in mathematics the teacher can make inteliigent 
efforts to adapt instruction to the specific needs, the ability, and 
rate of grovvth of the indiiddual learner. The pupil’s awareness 
of his progress, strengtiis, weaknesses, difficulties, and needs as 
revealed by effective evaluation and diagnostic procedures serv'cs 
as a powerful motivation of his learning activities. Tiic most 
effective evaluation, from the standpoint of learning, is that 
which is done by the learner himself Evaluation should be 
regarded as an integral part of the teaching-learning program. 
Evaluation instruments should be available to teacher and 
learner whenever the learning situation requires them, not 
according to the calendar. 


Steps in (he Development oj Means oj Appmsing Learnings 


The sequence of steps in the development of means of apprais- 
ing outcomes of any educational program, in this case mathe- 
matics, is generally considered to be as follows; 


1 . Formulate the objeclUrs dearly. 

The detailed analysis of the specific outcomes related to ilie 
technical and social phases of mathematics given on pages 2 
and 3 provides an e.vcellent basis for planning an evaluation 
program. To this list may be added other important outcomes 
of learning related to mathematics, Including work habits and 
study skills, methods of thinking, skill in problem solving, 
ingenuity and resourcefulness in applying mathcmatica pr<> 
ccdurcs, significant interests and attitudes, social scnsitl^^t> , an 
personal-social adjustment within the group. The ortnu^con 
of objectives should be a cooperative cnten^ri^c, participated in 
by all who are concerned with the growth and dcvclopmen of 
the learner, including the student hinneir. Tlie objcctites ilia 
are recognized tvill affect all aspects of instruction. 
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2, Clarify the meaning of the objeclices. 

The meaning of each of the objectives must then be clarified 

hydeSitin^ternnorstudentbehaviorandrespo^^^^ 

cin be observed or tested to dete^me 
of the desired goals. When considering an available test, 
m^c^g one, questions such as the 
considered: “Is the information or teha^r reqmr^ " 
related to an important objective of this course? Is the conten 
of social value? Does the behavior called for give evidenc 
the status of the objectives we have set up?” 


3. Collect lest silaalions. 

Behavior should be evaluated in test situations that are 
broad enough to require responses by the learner 
to those that he would make in functional situations He shouia 
have the opportunity to exhibit one or more of the '“"“f 
behavior listed in the second step. Problem solving situati 
are almost ideal for this purpose. Paper and pencil procedur 
are very useful as test situations for computaUonal aspects o 
mathematics. Testing the ability of a student to measure some 
surface with a ruler requires observation of his performance in 
specific situation. The test situauons selected shoiBd be prac- 
ticable from the standpoints of time, effort, and facilities require 
for their administration. 


4. Obtain a record of the sludenCs behavior or responses. 

Paper and pencil procedures are a useful way of securing 
a record of responses on a test of computational skills. They inay 
also be used to test knowledge of vocabulary and information 
about uses of mathematics. Standard tests and informal objective 
test exercises usually require use of paper and pencil techniques. 
In some situations the observation and recording of behavior, 
as when measuring an angle in indirect measurement, are neces 
sary to obtain a record. Anecdotal records also arc useful when 
the teacher, parents, or students wish to make a report of some 
significant behavior or response by a particular individual or 
group. Questionnaires and interviews can be used to secure 
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helpful infurmaUen about the " the 

interests, and his attitudes tow , . gp of the significant 

form of record, it should desert a interpreting the 

reactions of the student t at "'Y,:™-, (leant reactions in a variety 
SaIo""pe:dahly^ 
can be evaluated. 

5. IntfTpTel and evaluale the record. 

actcristics of the individual «udent ^ ,0 

Norms for standard pnpil with the average 

compare the achievement of “ P" yotadon should be gtvra 
performance of other background, and matun^ 

to the individuals 'sc of the teacher should be 

in interpreting his record, Th P rp ^^^bt to be. 

to “take the pupil from >’ ^.^h regard to a 

■s: “'.s: ~sz. 

‘'Tn fields for which f ^“^““'^c'teTntrplt^ 

measurement of »cholas“c i bon achievement in 

data is relativeiy because the desirab e 

mathematics is field are numerous, ^s,’ not 

comes of instruction. n* s„ch as interests and atutu 

Aspects cSMelleci io ^ 

(1) rate of work, W 



which correct responses were made, (4) area of ability, and (5) 
methods of work. 

1. Rate of work. The speed with which an individual responds 

is an index of his control over the elements or skills being tested, 
‘assuming that his responses arc accurate, intelligent, and mean* 
ingful. _ 

2. Accuracy. The number or the per cent of items answered 
correctly is ordinarily a useful measure of accuracy. Other things 
being equal we regard the student who responds quickly and 
correctly as performing satisfactorily. 

3. The higher the level of difficulty of the items to which 
the student can respond correctly, the more highly his ability 
is rated. 

4. Area of ability. The wider the range of correct responses the 
individual student makes to items of the same level of difficulty, 
the broader is the area of his intellect. Attitudes, interests, and 
appreciations are considered in this concept. 

5. Methods of work. The more efficient, economical, and 
intelligent the student’s methods of work are, the higher we tend 
to rate his performance. The means used by the learner to arrive 
at the answer are as important from the standpoint of evaluation 
as the end product itself. 

Standard tests in mathematics usually measure level of ability, 
with the criterion of accuracy a key factor. It is very difficult to 
measure rate of work directly because of the complex nature of 
mathematical skills, but we can observe the pupil at work and 
note his speed of response as compared with that of others. Area 
of mathematical ability is closely related to the varied outcomes 
desired in this field. When tests are limited to computadonal 
skills and instruction stresses these relatively narrow outcomes, 
other significant areas of learning are certain to be neglected. 
Methods of work are usually not measured directly by paper and 
pencil tests, but can be evaluated by an observer on the basis of 
the observation of the performance of the student in some test 
or learning situation. Diagnosis in mathematics is particularly 
concerned with the methods of work of the student, his thought 
processes, and the resourcefulness and interest with which he 
approaches the task at hand. 
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b. Methods of Appraisal Applied Jo Mothcmolics 

ITic outline Ixrlow contaim an analvMs of the wide variety of 
objective tests and cvaltiativc procedures ibal arc used in the 
’appraisal of outcomes in mathematics. In the sections that foUo\' 
various applied procedures arc discussed. 


I. Standard tests and objective procedures 

1. Standard tests 

a. Achievement tests 

b. Readiness tests 

c. Prognostic or aptitude tests 

d. Diagnostic tests in specific phases 
0 . Altitude scales 

2. Unstandardired short answer objective tests 
o. Simple recall or free response 

b. Completion 

c. Alternate response 

d. Multiple choice 

e. Matching 

3. Improved essay type c.'cnminatton 

4. Seales for rating a product or a performance 

II. Evaluation of learning and behavior by Jess formal procedures 

1. Problem situation tests— actual experience, or indirect 
approach 

2. Behavior record 

a. Controlled conditions involving check lists, rating 
scales, lime studies, recordings, etc. 

b. Uncontrolled conditions, involving anecdotal records, 
diaries, reports, observations of behavior and responses 
in classroom and elsewhere 

3. Inventories and questionnaires about attitudes, interests, 
activities, methods of study 

4. Interviews, conferences, personal reports 

5. Analysis of elements of some product 

6. Sociometric procedures 
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Slandardiaed Survey Tests 

objectives. The data supplied M a “J' ^ , i,, „„ ,he 

gi4 *e teacher iuformation of the 

basis of which to plan the . . schools including 

1. A..ly.WS»l— 

(Educational T«‘ B"”"’ .j. (California Test 

t. ?or Every tSst'te ulS^rsity of Io«) 

examination. Basic An ™ j pevclopment-Test 4 / > 

6. Iowa Tests Pf "(tines ReLarcli Associates) 

to do Quantitative Th™!-!"? ' .j. , (World) , 

7. Lankton F-t ''e- ’ 

8. Larson-Greene Unit Tests. 

Scries of 6 Unit Tests Test 

9. Mv"'“P°''‘4" „t E-xaniinaiion (World) 

10 New Stanford Achiev 

n Sueltz Functional fc'alua 

Lcveitucadonal Test Bureau, 


•de and Prognostic Tests alecbra and 



according to their likelihood of 

general guidance. There are ttvo approaches p ^ 
Se" (1) tests of the speed W, 

student is able to acquire sk.lls and and 

characteristic of the Orleans prognosne a„d 

geometry, and (2) tests which inventory “"dcr > i k 1^ 
abilities previously learned on which success i 
depends. 

Aptitude and Prognostic Tests 

(1) Tests of abiliti' to learn skills and infonnation 
Orleans Algebra Prognosis Test (World) 

Orleans Geometry Prognosis Test (World) 

(2) Inventory tests of underlying skills ncc^sap' o , 

California Algebra Aptitude Test (Cakfotn-^ Test Bmea 
Iowa Algebra Aptitude Test (Reused) (University 

Iowa Placement Examination in Mathematics Aptitude 
(University of Iowa) . 

Iowa Plane Geometry Aptitude Test (Univereity o 

Lee Test of Algebraic Aptitude (World) 

The most significant uses of prognostic t«ts are (1) discoven s 
students vv-ith unusual mathematical aptitude and a 
determining fitness of students for particular courses or progr > 
and (3) aids in classif>ing and grouping students. 

In general the order of merit of various bases for pre ic a 
mathematical achievement is (1) ratings on dependable prog- 
nostic tests, (2) ratings of mental ability, (3) scores on . 

hensive achievement tests on presious work in mathematics, 1. 
average mark in presdous years. A practical basis of grouping 
a combination of mental ability ratings and average mar ' 


previous courses. . 

An illustration of the second t^-pe of test is the Iowa Alge 
Aptitude Test (Res'ised) which contains tests of factors, none o 
which involve algebra but arc known to be highly relate to 
achics'cmeni in algebra, namely, (1) arithmetic computations, 
(2) computations involving abstract concepts, (3) manipulation 
of numerical series, and (4) solution of verbal problems inv oK in^ 
dependence and variation. Pupils whose scores on the test a 
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below the twentieth 

iSSSfi^aH 

cult courses in basic mathematics or general 
courses in applied mathematics. 


Objeclive and Shod Ansim Tests 


/Ojeciive ana 

The items below illustrate “ttsTs of the various 

I Simple recall or free response items 

“• "rLtioniwhatdowecaUthe3? 

b. Computational skill 

1. How much is 6 X 0. 

c. Understanding 

1. E.-ipress.05asaperc€nt. 

II. Completion items 

o. Perception ot relations 

1 , 2 +4 = 9 

b. Lco^nitonofg-ralto^^^^^^^ 

1. When we subtract 11 

is the next — 

c. Understanding by a larger proper 

m^ogSoC-a^ 

1 Does 2 X 235 = 235 X 

b. Understanding of ones’ place or m 

1. In the number 36.014 IS 

tenths’ place? m True— 

C. Estimating answem j ^ is more than 10. 

1. The product of 4.75 X 

False 467 



IV. Multiple choice items 

a. Vocabulary 

1. What do we call the money we pay for protection or 
insurance? . . 

a. premium b. dividend c. discount d. commission 

b. Ability to select solution of problem 

1. Find the perimeter of a garden 60 feet long and 40 
feet wide. 

a. Add 60 and 40. 

b. Find 60 X 40. 

c. Find the sum of 2 X 60 and 2 X 40. 

d. Find ^ of 60 4- 40 + 60 + 40. 

c. Estimating answers to check solutions 

1. The quotient of 27^)19,784 is nearest: 
a. 900 b. 600 c. 70 d. 90 

d. Evaluating sizes of numbers 

1. Which of the following numbers is largest in value? 
Q. 3.2 b. 3.1478 c. 3.19 d. 3.204 


V. Matching items 
Vocabulary 

Draw a line connecting each word in A with its matching 
idea in B. 

A B 


1. Reciprocals 

2. Algorism 

3. Proportion 

4. Formula 


Two equal ratios 

a 4 
4 > 3 

A — ad 
12 
3")36 


Applying Appraisal Procedures 

The technique of evaluation selected should be appropriate for 
the purpose and yield dependable information about the status 
of the outcomes being appraised. The following analysis lists 
procedures for evaluating a number of important areas of learn- 
ing in mathematics. 
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Outcomes 


Techniques to Apply 


wart t.. showing growth 
Understanding of operations made 

* t/N einni\.’ 


Ability to apply 
Perception of relationships 


2. Problem solving 
In life situations 
Textbook problems 
Described situations 


3 Construction and interpre- 
tation of graphic and 
tabular materials 


4. Use of measurements 
Units of measure, 

Precision instruments 


made , , . 

Informal objective tests of facts and 
processes 

Interview ol ptipd “ Chech 

understanding 

Obscivation of daily " “ 

Anecdotal records of ability 
apply processes in social situa- 
(ions 

Standard tests 
Informal objective tests 

^i';:it"Kvior in dealing 

Infotmalobjecnvetesu ^ 

Ora! discussion ot grapi». 

instances of mterpretanon in 
other classes . p. 

Evaluate some graph o 

I Ke, the t)UPU .. — 





Outcomes (ron/.) 


Techniques lo Apply (conf.) 

Records of enrollment in later 
courses 

Ratings by pupils of interest in 
various topics 

6. Methods of work and study Observation 
lntc^v^e^»• 

Essay 


c Levels of Diagnosis 

Diagnosis may be conducted at several different levels. The 
procedure to be used will be determined by the depth to which 
it is desired or necessary' to carry the diagnosis. The first level 
may be called general diagnosis. Ai this level standard surv'ey tests 
are used to obtain a measure of general ability in mathematics. 
These tests usually reveal (1) a wide range of abilities among the 
different pupils of a group, and also (2) a wide v*ariation in the 
development of specific areas of ability in the case of an indi- 
vidual student, shoNvn by an uneven profile of test scores. 

The second level may be named analytical diagnosis. Here the 
teacher administers to a class as a tvhole diagnostic tests that are 
so constructed that the tests locale specific weaknesses in any 
particular area of skill, such as addition of common fractions, or 
division by t\vo'pIace numbers. Remedial steps can then be taken 
to correct the difficulty. 

At the third level the approach to diagnosis is on an indi- 
vidual or case-studj basis. This is necessary when the complex 
nature of learning difficulties of some pupil requires systematic 
study or must be approached on a clinical basis to determine the 
nature and causes of inferior performance. At this level the teach- 
er may use informal tests of specific skills constructed on the 
sjMt as the need arises, or apply more systematic standardized 
diagnostic instruments that are available which enable the teach- 
er to study the characteristics of the pupils' thought processes 
and methods of work to deicnninc the exact nature of his 
difficulty. 
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Sups in the Detaikd Diagnosis and Tualnmil oj Ltamng 
Difficulties 

following steps: . 

, , The setting up of educational object, ves a, gu.dcs 

or t^ 

the various desirable outcomes of possible factors 

3. The recalling and conditioning the 

in the teaching-learning situa ^^^^^o,,,p„vious experience 

growthofthelcarnerunfasorab y H ^viewed for 

and the findings of ,^ 3 , „„derlie the disability. 

S“--"-iSS.c,ors.ha.shou.. 
study, and (c) factors th 

need not be investigated , oeedures to «“‘>V 

6. The use of systematic an^y e.xistence and 

situation so as to .T.bought may be contribumr • 

significance of the 1 , on a tentative basu of what 

7 The planning and carr> ®. jQp„,cntal program' 

is believed to be ^oo all aspecu of the total tear - 

. outlinestbcproccduresthmasU.^^ 
The above analysis o 3 oaie s'“^- fo,i„„ed 

ence m diagnosis me s i 



in 1-2-3 order as listed. The authors wish to make the point ttat 
the teacher should systematically study the work of any pupil w o 
is failing to progress satisfactorily to determine the nature ol his 
difficulty, and its causes. Steps can then be taken to do any nec- 
essary reteaching, and in cases of serious disability readjustments 
can be made of curriculum, methods of instruction, and learning 
materials that are believed to be most likely to lead to improve- 
ment. 

An Illustration of General Diagnosis 

The data in Table XV present the results of the Iowa Test of 
Basic Skills in Arithmetic for a typical seventh grade class. They 
illustrate the nature of the results of any of the general survey 
tests listed on page 465. 

The median scores for each part of the test were slightly belt^v 
the norms for the grade. The greatest difference between the 
median and the grade norm was in problem solving. The median 
mental grade level of the class was slightly below the norm for 
the grade, about 3 months. The apparent general deficiency m 
problem solving requires further Investigation. 


Table XV 

Distribution of Scores of a Grade 7 Class on 
The Iowa Test of Basic Skills in Arithmetic 


Grade 

Vocab- 

ulary 

Number 

Operations 

Problem 

Solving 

Mental 

Grade 

10.0 

1 

_ 



2 

9.0 

2 

4 

5 

2 

8.0 

3 

9 

4 

4 

7.0 

12 

10 

7 

9 

6.0 

9 

7 

n 

8 

5.0 

4 

3 

6 

4 

4.0 

3 

2 

2 

1 

3.0 

1 





— 

Median 

7,1 

7.5 

6.9 

7.3 

Norm 

7.6 

7.6 

7.6 

7.6 


Numlxrr of cases — 35 
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'test and in mental ability. In *= «ngc appro- 

, . . ^«„,:H«.ration the student’s mental 

It is necessary to take into Consider the 

level in evaluating his performanK 
results for three of these students gnen bel . 

Menial 



I’oeab- 

Opera- 

I.Q,. 

vlary 

tions 

90 

104 

140 

6.4 

7.8 

8.4 

7.2 

7.8 

8.0 


6.5 

6.6 
9.1 


6.1 

7.9 

9.4 


Tom 
Mary 
Arthur 

Tom is somenhat belmv although they are 

his scores are all higher than h« ^ ^^eeeding the lesel of 

below the norm for his 8 ^'. rapacity. Arthur on the 

expectancy of students o , ,j„„ but Ins scores arc all 

other hand has a htgh mental rating challenged bj 

his level of expectancy. P'^-“^„f;rm=nce on the whole ts 
the work in ■r' 0 'h'"’='“", ' ned except in pr'>“™ 

approximately what would ^ ^.„c retarded^_ 

‘"^ThrJLvXrthc scores on 1 y rlass^ 

AeVaS'of which the ‘“Che^an >ale smp "°;'";Lrn« 
tional program to t „„rk of P-™''- Tmau.- 

detailed study is o js reg 

whose performance may 

factory. ceulate as to the “marts, 

The reader may .75 

these three students should recc. 477 



Types of Cases that Emerge 

1, j\ormal or above normal progress 

The performance of these students ts tn factory, 

expectancy. For them the regular f.eeum 

although it is desirable to strengthen the .nstruet.on 
even better results. 

2. Simple relardaiion „,.,Vsnt below 

These students are performing at a level som 
expectancy but they have no apparent 
treatment. They often lack necessary 

but their svork can easily be improved by careful gu.danee. 

3. Specific disability cases . , .ph 

These students have specific weaknesses that in 
successful growth. For instance, an apparent 
by two-place numbers may be due to a ,,ijs and 

which can be remedied by systematic diagnosis “f 
reteaching of the process as may be necessary, er or 
operations may be at a low level because of lack 
basic number facts which causes the student to count m a 
of ways or to guess when giving answers. Treatment of sue 
can usually be undertaken by the classroom teacher. 

4. Complex disability cases ... 

These students for a variety of reasons have made htt e 
any progress in mathematics. They have acquired a disl' 'C or 
the subject because of inability to learn. They fear the su jec 
and become emotionally upset when working on it. They o 
do not understand the work and have serious deficiencies in 
underlying skills for a variety of reasons. Often they are norma 
or above in mental ability. They present such serious problei^ 
that often the services of spiecialists are necessary to make t e 
diagnosis and to assist the teacher to plan a remedial program- 
Unless a dependable diagnosis is first made, treatment cannot be 
effective. In cases of extreme disability, treatment on a clinica 
basis may be necessary.* 

* For a comprehensive discussion of case-study procedures, the reader should 
read the volume, Brueckner, L J. and Bond, Guy L TTu Diagnosis and Tuatment oj 
Ltarning Difficulties. New York: Appleton-Ccniury-Crofts, Inc., 1955. 
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Techniques of Analytical Diagnosis 


The purpose of analytical diagnosis in tnathcmatics is to 
determine more deftnitely the specific 
difficulty within number processes, problem soKmg, 

phases ot the subject. particular situa- 

The diagnostic ^er. Certa.n kinds of 

tion depends on the purpose ot the ^ 
diagnostic tests are d^igne diagnosis on a casc- 

sfudents; others are inten e . j, of analytical diagnostic 

study basis. We shall discuss ■ of 

s; irb^irs rdU- 

a later section. 

Inventory tests are used ° athematicai process or topic 
of one or more pupils m so""' jiagnostic test in per cent given 
such as the use of per ^ fnS a'‘« ® “ 

on pages 246-247 is intended f“" ' .5,5 pf a pumber ot items 

divided into five P"" ° ' paoh of the areas involved. Wto 
that sample a range ofsUls in » review of thi 

administered by the teacher 5 „ scrutiny of he 

topic begins early in the 1'"" the teacher info^ah- 

results of the whole field among the 

as to the variation in ability m t ^poets of he 

a class, but also an “‘>‘“'■“”"^1“ difficulty- Thh b ret '■* 

topic in which the various P“P''' poch of the n™ " 

b/the number of --"f ' by pupib " 

them by following the model 



Climes often use screening tests similar in form to the invcntoi^ 
test on page 132 when eases arc referred to them for diagnosis. 
They help the examiner to locate in a short time general areas of 
strength and weakness so that the detailed diagnosis can proceed. 

2. Testing knowledge oj number Jacts 

The single most common cause of incorrect work in arith- 
metic processes is lack of mastery of the basic number facts, h 
quick way to test the pupils’ knowledge of the basic facts in some 
process is to administer a test of the 50 most difficult facts in that 
process according to either of the plans described below and then 
to ha\’c each student do special work on the facts In each process 
that he finds difficult. Some students who are especially weak may 
need to study most of the facts in one or more processes to increase 
their rate and accuracy of work. 

Plan 1 

1. Prepare a test of the most difficult facts in an operation, 
similar to the test for addition on page 477. 

2. Give each pupil a sheet of paper containing rows of 1 inch 
squares (mimeographed or on ditto paper). 

3. Dictate the facts one at a time. After the first fact has been 
dictated, count “one-two” and then dictate the next fact. Con- 
tinue at this rate until all facts have been dictated. 

4. To score the papers have students exchange papers and 
dictate the answers; or distribute copies of the test paper con- 
taining the facts and answers. Have the students mark each 
ajiswer; C — correct, X — incorrecty or O — omitted. Have each 
student find the number of correct answers. Have each student 
make a list of the facts he either omitted or ans\vcred incorrectly, 
indicating that they were not kno\vn. 

5. Plan special work for pupils whose test papers in any process 
reveal the need of extra study and practice. 

Plan H 

1. Prepare a test of the most difficult facts in an operation, 
similar to the test on page 477. 
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pape. However, ® 

dictate the facts at a set an amwer in the time allowed, 

Planl. Whenapupilcannot^wttea^a^^^^^^ 

"'f The scX o? 1..: .es. and .he u.= of the ,es. resul.3 arc 
the same as for Plan I. 


a b 

1. 7 8 

± 2 

2 . 6 9 

1 1 

3 . 9 7 

1 i. 

4. 6 5 

A 1 

5. 8 7 

1 1 


Test or Addition Facts 


5 

9 


d 

9 

9 


e f 9 

6 5 9 

8 i. 1 


8 7 

2 2 


8 

6 


6 2 
5 I 




3 dWjhW toir ^ i„ ™ch a way .ha. 

hey r:,to?nta: f <=3 

place numbers in wh.c oaee 478 dins- 

,he major difficulty. f„c,ions on paS 

The diagnostic ‘".„„„„,ic test. In Pa'. frac- 

trates the first typ.. ° ' no leduclion of the *0 . ^ 

1 :Se?:SnXlHe sum; in row 3 .he s 

tions; row 2 require 



mixed number not requiring reduction; in row ^ 
mixed number requiring reduction In Part II f 
analysis of skills is similar, except that the sum , . 

involve improper fractions that must be ,o 1. 

form. In rows 5 and 6 the improper fractions are ,,,.,ame 

Differentiated sets of examples can be made for fractions 1 

family, as i + i; for fractions in which a 
is not present, as J + ai and for fractiom m w 
denominator has a common factor, as in 4 + 6- = r„adilv 

a set of three examples can be regarded as a chance e > ' 

corrected. When there is more than one incorrect , 

particular set of three e.xampics in the tesq a pcrsistcn 


A-nalytical Diagnostic Test in Addition or Like Fractions 



Part I (Sums 

with Proper Fractions) 

a 

b 

c 

a 

1 . 4 


4 

3 . 14 

i 


i 


2. 4 


A 

4. 34 

1 

A. 

3 




4 

3i 


4 ^ 


Part II (Sums with Improper Fractions) 



Note: This diagnostic tot w more detailed than the lest in fractiom on 
176. It contains three examples of each step type to insure reliable diagnoiis 
disability cases. 


478 




1 Diagnostic Tests and SeU-Helps in Arithmetic 

TEST NO 


btVIStD tv Lift J ItUCCKMI 1 

lOA 


1 Diocmostic Test In IKvision by Two'PIace Numbers ' 


_ Gf»J » «' C«»nB .. — - - — *9* 



SdieaL- — _ Ttoeher — ***"’ 


t. Finding Quotients 
Q b 

1 - loTfH) 20 TT 0 

1 lOyn 20)^9 

3. 44TF^ 24)77 

4. 24)TT JD 2 i~ i 


C 

d 

e 

4()> 2 4 0 

fiOjToo 

ooffiTh 

30)T6 

^oiTTa 

wmTf 

.5173^6 

8S)TT9 

;9)'T?r2 

43)m 

ssjTTI 

)6rrni 


II. Multiplicotion and Subtroetww os UteJ m 

Complete the examples. The quotients are lorrect 

' 

7 4 ? " 

1. 48TTtI fflyrri 94)Fr8 wprrs i7)i2» 


2 . S6 )TtI S 6 TTrl 767691 577Tal 64,6 3 . 39,3 .9 


3. 59} 4 0 3 24) 2 1 1 19) I 0 6 48) 3 9 1 


rm i«) > ^ 


TWt 1.2. 

I.*.*.*.’. 

I.fr» 
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i„ ravisioi. bT Ty^Place Hmnbeq 


I, Study the work oi out row of scrVtchVap^ 


L One-Ploce Qcotients 

Lines 1-2: DiTiding by even tens necessary 

Line 3: Dividing by other two-place numbers; no corTcctson 
Line 4: Dividing by two-place numbers; correction ncccss ry 


e 

b 

c 

d 


6 

L 10)6 0 

4 

20)8 0 

6 

40)2 4 0 

2 4 0 

5 

60)3 0 0 

3 0 0 

7 

90)6 3 0 

6 3 0 

4 

2. 10) 4 3 

4 0 

3 

3 

20)6 9 

6 0 

9 

2 

30)8 6 

6 0 

2 6 

7 

50) 3 5 8 

3 5 0 

8 

7 

roTTTs 

4 9 0 

2 

3. 44) 8 9 

8 8 

1 

3 

24)7 5 

7 2 

3 

6 

51)3 0 6 

3 0 6 

7 

85)5 9 9 

5 9 3 

4 

5 

79)4 0 2 

3 9 5 

7 

3 

4. 24) 8 1 

7 2 

9 

5 

37)2 1 1 

1 8 5 

2 6 

9 

43)4 1 2 

3 8 7 

2 5 

8 

58) 5 1 1 

4 6 4 

4 7 

6 

16) 1 1 0 

9 6 

1 4 

For Extra Practice (Cot 

iv and divide} 




1. 20760 

loTTo 

40)3 2 0 

70) 5 6“0 

9078 ro 

2. 10)T6 

20748 

30771 

60)3 6”7 

80)7 0 2 

3. 437S^ 

21779 

32) 1 2 8 

857799 

76 ) 6 1 ^ 

4. 87)6 0 0 

59j 4”0 2 

48) 2 6 3 

39)3 rs 

I7T1 ^ 


See Test tOB foe Test in Drriding br Two-floce Namben >Two- or More Piece Qactientsl 
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6 r3 

34I207 

204 

3 


5s indicated which should be diagnosed and corrected,* Some 
arithmetic textbooks contain excellent diagnostic tests of this 
type for all number operations.* 

The second type of analytical diagnostic test is illustrated by 
the diagnostic test in division by two-place numbers on page 479. 
This process is in fact a comple.x of the four basic 
processes, as can be seen by an analysis of the steps 
in solving the divi sion example at the right: First, 
simple .division ( 3)20 ) is used to find the quotient 
figure; next, the student must multiply 34 by 6, a 
procedure that involves addition by endings in 
carri’ing; and finally, he must subtract to find the reuiaindcr. 

The diagnostic lest in division on page 479 is one of a senes of 
23 analytical diagnostic tests in arithmetic devised by Bruectner 
which enables the teacher to dclertnine in which of three com- 
ponent skills there may be the sveakness that is causing 
tvork in division with two-place numbers. Test lOA 
the ability of the pupil to estimate the quolieni figure, with an 
without correction; Part II tests the ability to 
tract in the form used in division. Test lOB contains 
arrangement of division eitamples with 

figure® including zero difficulties in quotients, and all difficulties 

of estimation of quotient figures. . 

The names of the series of analytical diagnostic tests and 

test numbers are listed below.* 

Text 

Xurnbers 

1. Tests of the basic facts (5 tests) j 

o. Test in Addition Facts (2 Sections) ^ 

b. Test in Subtraction Facts (2 . 3 

c. Test in Multiplieation Facts (2 Secnom) 


481 



d. Test in Division Facts (2 Sections) 

e. Test in Uneven Division Facts (2 Sections) 

2. Tests in the four operations with whole numbers 
(5 tests) 

a. Addition (3 Sections) 

b. Subtraction (4 Sections) 

c. Multiplication (2 Sections) 

d. Division by one-place numbers (3 Sections) 

e. Division by two-place numbers (3 Sections) 

3. Tests in common fractions (7 tests) 

a. Changing the form of fractions (3 Sections) 

b. Addition 

(1) Like fractions (2 Sections) 

(2) Unlike fractions (2 Sections) 

c. Subtraction 

(1) Like fractions (2 Sections) 

(2) Unlike fractions (2 Sections) 

d. Multiplication (2 Sections) 

e. Division (2 Sections) 

4. Tests in decimal fractions (4 tests) 

a. Addition (4 Sections) 

b. Subtraction (5 Sections) 

c. Multiplication (6 Sections) 

d. Division (3 Sections) 

5. Test in Per Cent (6 Sections) 

6. Test in Operations with Measures (5 Sections) 


Test 

Xurnbers 

4 

5 


6 

7 
9 

8 

lOA, lOB 
11 

12 

14 

13 

15 

16 

17 

18 

19 

20 
21 
22 
23 


Each diagnostic test has cross-references to “Self-Helps” to be 
used for any necessary remedial work. These “Self-Help” mate- 
rials appear on the back page of each test. This combination of 
diagnostic tests and self helps provides the essential elements of 
an cfreclive improvement program in arithmetic operations. 


Relationship between General Ability and Component Skills 

As has been shown, number operations are composed of 
various component elements which the student must have under 
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control in order to be successful. To determine the relationship 
between ability to divide by uvo-placc numbers and a number 
of the component skills of the operation, Wiest* administered a 
general test in division to over 200 Grade 6 pupils and also sepa- 
rate tests of each of the components. Then he found the correla- 
tion betvveen the major test scores and the scores on the tests of 
the component skills with the results given below. 


Correlation oj Sublesl Scores and Scares on General Tests in 
Dimsion by TwO'Place Numbers 


1. Division by one-place numbers 

2. Estimating first quotient figure 

3. Multiplication as in division 

4. Vocabulary of division 

5. Finding errors in dmsion 

6. Subtraction 

7. Judging correctness of given quotients 

8. Placing the first quotient figure 


.79 

.74 

.67 

.62 

.60 

.48 

.46 

.43 


Note the large difTercnces in the relationships of A' 
ponents and the genera! ability to divide. The ig ^ 
tions arc with ability to divide by onc-place numbers and . h 
ability to estimate the first quotient figure. The abihty ' 
as in division was much more highly related to ! e gener 
to divide than w.ns subtraction. Judging the 
quotients and placing the first quotient figure cnrrcc 
least svilh general ability to divide. 

general good achievers scored abo\-e the ^ achievers 
group scores on all subicsts, while many o 
tended to score below the 50 pcrcenti e o number of 

striking fact was discovered that m a but 

cases poor achievers scored Imv jn some cases dis- 

fairly high on the others. This mdic. j^nriency in one or 
ability in division may be due to a ^ of con- 

more of the component skills such a jjjj, 

siderahie significance in mla.ion 

* UnpijbJuhcd »tudy, William Wint, tJnivemty o * 



steps taken to improve weakness in a component skill 
under such circumstances produce a general improvem 

The Compass Diagnostic Test in Problem Solving 
the possibility ot analytical diagnosis in , 

test consists of five parts, each testing a different component, 
as foUow-s; 

Part I — Comprehension (a reading test) 

Part Il-What is given? 

Part III -What is called for? 

Part IV— Probable answer (estimation) 

Part V— The correct solution (a choice of five) 
Arithmetic textbooks and workbooks* often provide exerci 
that are suitable for diagnosis in problem solving. 


Case-Study Procedures 

Techniques used in case studies may be grouped 
headings, (1) standardized tests for individual diagnosis, an [, 
informal diagnostic procedures. 

1. Standardized clinical diagnostic tests . . 

Several diagnostic tests arc available that are especia y 
.K«, r,T.r.;ie wVin«:e work in antn* 


tically 


intended for the study of the work of pupils whose work in a 
mciic is seriously deficient. These tests include a systematii ^ 
constructed series of subtests ranging from the simplest combina 
lion of skills involved in a process, for instance, addition of w o e 
numbers, to as complicated an example in that process as students 
are exp>ecled to learn to work in school. 

This kind of diagnostic test is given individually by ^ c 
examiner who records on a special blank that is provided wit 
the test the errors, faulty procedures, and other symptoms o 
difficulty revealed in the course of the examination. The basis o 
this anab’sis is the findings of systematic research as to the kinds 
of difficulties most frequently found in the work of pupils. This 
information gives the teacher clues as to what to look for m 
making a diagnostic study. 

* See the series of workbooks Catded Sludj and Praciue tn AnlhmrtU for Grades 7 and 
8 that arc published by The John G. Winston Co. 
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For m«s,r..lvc purposes .he lU.of .he 
opera.ions wi.h dcchnaU made by a group of 168 F 

Students is given below: 

Per Cents 
of Total 
Xumber 

1. Addi.ion of decimals 47 4 

a. Misplacing decimal pom. .n ihe sura 

b. Compulalional errors as sue , 4 

c. Errors in adding common and d«.ma. 

Number of errors analyzed 

2 Subtraction of decimals 

a. Computational errors as sue j^^^hend 

b. Misplacing decimal number 

c. Misplacing decimal f»'"< "^,5 

Number of errors anai)zcu 

3. Multiplication f «juc. 

a. Misplacing decimal point in p 

b. Computational errors 

c. Annexing and j product 

d. Omission of decimal P°'"' ^ d-1,814 

Number of errom analyze 

4. Division of decimals quotient 

n Misplacing decimal point mqu 


73.8 

15.9 
1.7 


34.8 

25.6 

8.4 

6.6 


38.3 

16.4 
14.7 

9.5 


On the basis of the f 

'^,^Ll";Xiencyseem^^^^ rnnno. he 

easures that I’' ^ «sul.s of a diagno^ 

fective unless it is gui e ^ gchcr often does 

*'drin:s.tTSw«ua.diagnostic.es.nor. 

aining to administer a 



BRUECKNER DIAGNOSTIC TEST IN FRACTIONS 

INDIVIDUAL DIAGNOSTIC RECORD SHEET— ADDITION 


Name^ — —Grade 


Diagnosis 

Summary 

1. Lack of CotnprthcD'ion of Process 

a. Adds Dumentors and dcDonunatora — 

b. Adda numerators, multiplies draomia- 


IV. Compulation Errors 

a. Addition " 


e. Numerator added without changing to 


c. Division. — — — > — — — — 



ator used in suiil. 




II. ReducUon to Lowest Terms 

■I 

VI. Wrong Opcfation__ _ 


b DenomiBator divided by numerator _ . 
e. Denominator and numerator divided bv 


VII. Partial Operation 

a In adding mited numbers adds only 


B 










h. Changed but not added to whole Bum 
her- 


IX. Other DiBeultlea 



isrtieat* by nurobar cppotil^ each row !J>e lypcs of wore roaJ# o» each exMople that was missed. For essmp 


la m«aoa that tbs pupil adds ouaerators and denoniinators. 

luamante under “Summary'* the total number of tinics each di^eulty was found. 



FaUiited by 

EDUCATIONAL TEST BUREAU 


- pkIU(k!phU 
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work Is seriously defiacnt. Unless nis 

instruction cannot be ? Diagnostic Test 

One page of the record b a f t describes in 

in Fractions is given on page 48 _ ^ „ 3 ,. 

‘‘=?LVn::efof — 

and Iheir publishers are as , j^^^^bers (Educational 

1. Brueckner Diagnostic TesimV\no 

Test Bureau) Pmetions (Educational Test 

2. Brueckner Diagnostic Test m Fractions t 

Bureau) . Decimals (Educational Test 

3. Brueckner Diagnostic Test in ue 

Bureau) . r-r the Fundamental Proc- 

4. Buswell-John Dmgnosnc T«u f 

esses in Arithmetic (Pf =f?“°'/2al>ris of 11,735 mistakes 
Errors in per cent ^ seventh grade P“P''® “ “ 1 

in diagnostic test papers „ Jew. The list does not 

western metropolitan area are gmen ,hc 

include strictly computattonal emo«^ M of 

single most frequent °^;,„,a„dingof the items tested, 

these errors indicate lack rents* u i 

1. In changing tlec>™='’ ‘Xt^nd annexes the % symbol 
(al Drops the decimal p „ symbol 

(b) Copies number and 3„d annexe 

(c) Changes decimal to *4 


Merely drops % syxaw 

to hundred^ ,be left incorrecU> 

Moves the dectmal^- 


M “""''brflnd Stne-xes acros 

(d) Drops % symbol ana 
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3. Changing common fractions to per cent: 

(a) Lacks knowledge of per cent equivalents 

(b) Adds % symbol to fraction without changing i 

(c) Divides numerator of fraction by denominator 
to carry work to hundredths 

4. Changing tractions to hundredths and to per 

(a) Merely copies numerator and writes as a w p 


decimal j j Vt 

(b) Copies entire fraction and writes as hundredths 

(c) Multiplies numerator by denominator 

(d) Errors in changing fraction to hundredths 

5. In finding a per cent of a number: 

(a) Adds % symbol to answer 

(b) Divides the number 

(c) Makes errors in changing per cents to decimals 

6. In finding what per cent one number is of another. 

(a) Divides base by percentage 

(b) Fails to express quotient as per cent 

(c) Multiplies base and percentage ^ 

(d) Makes errors due to faulty manipulation of decima s 

7. in finding a number. with a per cent given: 

(a) Multiplies numbers representing rate and percentage 

(b) Divides rate by percentage 

(c) Divides percentage by rate, disregarding decimal form 

(d) Makes errors in manipulation of division of decima s 

(e) Subtracts numbers representing rate and percentage 

(f) Unable to manipulate fractions after changing rate to 
equivalent fraction. 

2. Informal case-sludy procedures 

Less formal procedures may also be applied by the teacher 
whenever a pupil docs not do well on an analytical diagnostic 
test administered to a class. The following methods for deter- 
mining difficulties in computations and problem solving in the 
course of daily work are helpful: 

1. Examine the student’s written work to determine faults, 
errors, incorrect procedures, poor form, etc. 

2. Have the pupil work the incorrect examples again on 
another paper to sec if the fault persists. Observe also 
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his methods of wotk. his attitudes, and symptonaatic 
behavior. . . a„d 

3. In case of doubt have c^ Record illustrations of 

observe his thought processes. Record 

his procedures. „,„,,inns to get at subtle 

4. In case of doubt ask the pupi ^ pupil 

hidden thought processes =«"<* , elally his 

may not 'be able to express Arithmetic 

undLtanding of the P;-P^tatdAl. 
and algebra discussed P j„ a„ under- 

5. If you identify some app J subtraction used m 
lying process, for ■=«"’P''AA administer a diagnostic 
division, it may be neccK ^ problem is. The 

test in subtraction to see ho ^_,d cases 

disability may be sP^AuAiL to the needs revealed by 
should be dealt with according 

diagnosis. ^ all operations where 

6. Repeat the above steps for any 0 

there is difficulty. . „ading difficulties and 

An informal P™«dure to <ha^“ ^8 p^tlems isi 

ither faults a pupil may 't.eLine if correct method 

1. Analyze his wntten worMo d^ „yuh compu.a 

ire used in solving pro -nvolved 

tional errors are made. jading yems. 

2 Diagnose control of sp of four or fi'O P ^ . 

in problem solving - for the " 

preferably pnrt of a tes , following about 

level. Ask questions ^ oualUy 

problems and note P P j j for me f reading 

(Locating question) problem? (A"* 

d. ivhat facts are g.venm. hep 
1cm. note approach) 
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e. How wi\l you find the answer to the problem? WJty 

you think that is the way? (Dependences among facts 
given and method of solution to use) u f 

f. Make an estimate ofwhat the answer will be. (Met o o 

estimation) , 

g. Now find the answer. (Notice efficiency of metho s o 
work) 


d. Factors Associated with tack of Success in Mathematics 

The Sources of Difficulties m Learning Arithmetic 

The most common sources of difficulty in number operation 
are the following: 

1. Lack of understanding of the number system and of t e 
ways in which it operates in computational procedures 

2. Lack of knowledge of the basic number facts leading 
guessing and random incorrect responses 

3. Lack of understanding of the meaning of number operations 
and of the various steps involved in solutions 

4. Inability to perform computations with reasonable spee 
and accuracy 

5. The use of inefficient unsystematic procedures in making 
computations. 

In addition to the above the following frequently are sources 
of difficulty in problem solving: 

1. Inability to sense quantitative relations in verbal problcrns 

2. Limited range of experience in dealing with arithmetic in 
swial situations 

3. Weakness in tlic special reading skills required in problem 
solving 

4. Limited range of vocabulary* of quantitative terms 

5. Lack of knowledge of essential facts, rules, formulas, and 
information. 

All pertinent data available in school records should be con- 
sidered when diagnosing the work of a pupil, including his school 
liinory, his social background. Ins mental ability, his health and 
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physical condition, his interest^ and his personality traits. \S^hen 
the pupil lacks interest in arithmetic and is unw illing to make the 
cfTort required to succeed, consideration should be given to the 
steps that can be taken to change his attitude, something that 
is often very difficult to bring about. Sometimes special adjust* 
ments of curriculum and instruction will be necessary to meet 
the situation, as shotvn on pages 498-499. 

Wrenn’ listed as follows the sources of the major difficulties of 
pupils in algebra; 


The major student difficuliies in algebra may be traced to the 
following sources; (1) inadequate preparation, (2) inadequate 
comprehension of algebraic concepts, (3) failure to acquire speed 
and accuracy in the use of fundamental processes, (4) inadequate 
mastery of algebraic processes, (5) failure to acquire an cRcctivc 
technique for hatitmng .erba! proUleim, (6) failure to ^uiW up 
an altitude of confidence through a knowledge of how 
work, (7) inadequate underaanding and master, of short cuu, 

(8) failure to secure roaximum profit from “r””"; 

(9) inefficient study techniques, (10) failure to ^ 

iional vocabulary and a proper appreciation for si^ fieant 
symbolism, (11) inadequate comprehension f J 
functional dependence and the importance of ‘ 

and (12) lack of cfTcctivc organiration of information o 
and tests. 

To the above should be added the inability of 
translate as a verbal statement an expression or ^ 2 , 

in algebraic form. This point is discus^ in eiai * 


Characteristic Dijermes belivcen Goad and Poor Achievers m 
Problem Solving 

A number of investigations have 
of Minnesota to determine charactecis i _ ivhich 

good and poor achiev'ers in problem jn uhich 

highly significant differences were foun an -r-able XVI on 
there ^vas no significant difference are given 

Editor) p. 721- 

’ Enejelepedia sj Ctompany- 

Macmillan, 1950. By ptfrmiiuon o' luewa'- 


491 



Table XVI 

Differences Be-hv-een Good and Poor Achievers m 
Problem Solving 

A. Differences HighCy Significant 

1. Psychological factors 

a. General reasoning ability 

b. Non-verbal mental ability 

c. Delayed and immediate memory 

d. General language ability 

e. General reading level 

2. Computation abilities 

Q. sun in fundamental operations 
h. Ability to estimate answers of examples 

c. Ability to sec relations in number series 

d. Ability to think abstractly with numbers 

3. Problem solving reading skills 

0 . Steps in problem analj'sis 

b. Finding the key-question of the problem 

e. Estimating answers to problems 

d. Ability to read graphs, charts, tables 

e. Range of information about arithmetic uses 
B. Xo Signijicanl Differences 

1. Range of general information 

2. Gates tests in general reading 

a. Grasp of central thought 

b. Prediction of outcomes 

c. Following directions 

d. Reading for details 

The general conclusions to be derived from the above data 
may be stated as follows: 

1. In such psychological factors as general mental ability, de- 
layed and immediate memory, language level, and general read- 
ing ability, the difTcrences between good and poor achieve« in 
problem solving arc highly significant in favor of the good 
achievers, that is, the scores for good achievers excel those of 
poor achievers. 

2. The differences in skill and fundamental operations and 
ability to estimate answers also are high)/ signiRcam in favor of 
the good achievers. 

3. The differences in four basic reading skills peculiar to arith- 
metic as a special field in group A3 in the table and in range of 
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information about arithmetic also are highly significant in favor 

of the good achievers achievers in 

4. The differences between good and po 

problem solving, in range of silent Reading 

general reading skills is in sharp 

Tests are shown not to be significant. 
contrast to the third concluston stawd onjJ^g 

These results show *''* of proWem solving, 

problems, such as are foun maturity of the pupil, his 

depends largely on the gen 1 necessary 

informational background, his ab y F 
computations, and the poss«sio ihere arc 

peculiar to the solution of sue pro achievers in 

no significant differences tw g 

problem solving on four tests of abi y ,^orc are 

of literary material found in should be deve - 

specialized reading abilities in abilities do not result 

oped through systematic mstroctio . Th ^ „f 

from general training m 5, be developed through 

practice in compulation. They range 


mere practice in computation. also found in range 

direct teaching. The )„ ability to read graph*, 

of information about “"■''r '' of esperienee uhich enneh 
charts, and tables „eticc in the 

and extend meanings and gue itatite data conmbme 

various forms of f ^ ability to solve proble®^ 

significantly to the improve differences between go 
The fact that there are d general language de P 

poor achiever, in ’’^s, ad^pt instruction m problem 

ment shows that the teac c j learners, 

solving to the needs and capa > 

u.THeTreotmen,ofPimcu..iesinMo.hemoH» 

DiJJicvUj oj Delemhing Cau«s oj ability 

Effective techniquesha«^“d'^^^^^^ 


nature and scope. 



treatment often presents a serious problem 
underlying them are complex and cannot easily 
Today it has become customary to speak of factors r 
learning difRculties” rather than speciBc causes. If certain 
within the learner himself arc not taken into consideration 
planning the instructional program, difficulties may ' 

For instance, it is necessary to adjust to such items as t e c 
er’s mental level, physiological defects and handicaps, his baCK- 
ground of experience, his attitudes, and his emotional reactions. 
Similarly adjustments must be made of the curriculum, mstruc 
tional procedures, materials of instruction, and environmen 
factors to assure the success of the student in mastering t 
tent of mathematics. In most cases of complex disabi ity 
number of these factors apparently are operative and allowance 
should be made for them.* 


Principles of Remedial Inslniclion 

When the instructional program is adjusted to the needs and 
abilities of students the number who do not make satisfactory 
progress in mathematics is reduced to a minimum. However, 
under existing conditions there arc found in almost every class 
a few pupils who are encountering unusual difficulties in learning 
mathematics. Diagnostic procedures are used by teachers to 
determine the nature of the problem and the causes of unfavor- 
able progress. The teacher has the responsibility of planning 
the type of remedial work that will be most likely to lead to 
improvement. 

Space will not permit the detailed discussion of corrective pro- 
cedures that the teacher may apply. First wc shall discuss a group 
of general principles that may be regarded as basic in the man- 
agement of an improvement program; and then present a 
generalized list of remedial measures that are practical and 
readily applied to particular cases: 

1. Treatment, based on a diagnosis, should be individualized. 

* For • dctailrd ducumon of this problem ihc reader is referred to the volume by 
I,. J. Bnjrckner and Guy L, Bond, Tht Dtogtottt and Trtatment of Learning 
New York. Appleton-Century-CroTts, Inc . I95S Chapters 3 and 5 deal with the 
general problem; chapters 8 and 0 deal with the diagnosis and treatment of learning 
difTicullirs in arithmetic. 
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2. Secure .he interested 

will be likely to attack is P™ ;,„d hs sl?nificancc. 

Explain to him the nature “f >“7^™ tapmr ement. 

Describe also the steps to be taken to bn P 

3. Attack speclfrc f:iJ:Krbe succel in * 

reteaching at the point where th 1 . 

corrective work from G v" attention to Ure 

faction in the progress he makes, one p 

treatment of reading emononal, and environ- 

4. Take steps to correct any p V progress, 

mental factors that are >'*'''V“.'" .„„rreclion of weaknesses, 

5. Proceed on a f“'';'e mps“aken when progress - 

and do not hesitate to modify the s. p „^„,p,rla.ivc mate- 

slow and uneertain. meaningful to the learner, 

rials and visual aids to make the s orkm 

especially those of low materials that are o 

6. Select instructional operations meaningful to 

demonstrated value ■" ,„d materials shouW be 

the learner. In 8=n«^' 'h;/; P^^^^ .hat have been discussed 
based on the principles of leacmng 

preceding chapters. developmental . 

7. Integrate the “^tusolaied and that he s.,11 « 

that the learner will feel that he rs 

a member of the group. ^„,h of all aspects of the lea 

8. Take steps to assure ‘h" 8” of ‘Ir''“'‘"''“„,„ests, 

personality. Do not focus on th ,„,ed, such as m 

L extent that positive values are neg 

attitudes, and appreciations. 

Typ..JRemei.lPro.dur. been used with 

The types of remedial STm 

snecess in remedial class«.n “PP^r^ures will 

clinics are listed belos . ^me of the P p^ood 

quite readily in ^ serv-iecs of psycholiw 

require the assistance o .- social "or’^"®’.' ^personnel, 

in mos, school systems, :“'u^„hants,andgu.daneepc 

gists, physicians, edueattonaleoos 




j,b, MUI. 

When renediol work reochei the itoge where drill « helpful, a gome de 
lerve the purpose. 


Procedures Helpful ln Corrective and Remedial \Sork 
1. Medical care 

o. Corrcciion of ph\"stcal defects and limitations 

b. Glandular therapy 

e. Change in nutrition and diet 

d. Psychiatric attention for emotional disturbances an 
mental illnesses 

c. Planning of recreation, relaxation, and rest 
2. Modification of curriculum 

o. .Adapting contents of courses to the needs, interests, an 
lc\cl of ability of the learners 

b. Exploring vocational plans of the individual 

c. Use of rich social experiences to broaden the student s 
background of information and meanings 

d. Frequent application of mathematics to situations m 
community life 

e. Special remedial clas<!« for students having unususl 
difficulty 

f. Full participation by slow learners in the activities of 
the class 
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3. Adapting methods of instruction 

..S^^S^rW^™"a«i«ah.ohe 
achieved and responsibility for •n>P™“ beginning at a 

d. Assurance of success in initial stages by beginni g 

level where pupil will under- 

e. Use of instructional manipulative 

standing of processes, me u g , ations and 

materials, visual aids, and clear exp 

demonstrations n, „„l,ods of thinking and 

f . Close supervision of the pupil s 

work to assure use of efficient P , be mastered so 

a. Careful gradation f ress made 

that pupil will succeed and J | jd boredom 
h. Distribution and variation of practice 

and fatigue , p„gre 55 he has made 

1. Informal tests to show the pup P^mdied in a variety 

j. Opportunity to apply w school, and 

^ of situations as they arise in 

community „r<i.ins 

k. Provision for ">^'‘"''^"““1,1, „ maintain purposes 

l. Use of recognition and app 

and drive ^^^ded 

b. Removal of learner from unwn 

e. Nllity of an attractive classroom eguippe as 

d. E"™Se"c?mmunUy ^ ^„„p dynamics 
a. A classroom organization m 

function _ ^^uaiates whose behavior 

individual toward 

" LTerS‘any.ra«.schoolandcommuni 



Impming Ability in Problem Solving 


great improvement in the ability of pupils to t „^^dures 

Ls in arithmetic. The developmental and Pro^^f ,he 

that are used should, of course, be deeded upon m the 1 =h 
needs of each individual as revealed by a on heal 
performance to determine his specific d'fficuUtes. In some ca 
I may be ncccssar,- only to improve the ab.h y of the p^P 
read problems; in others it may be nccessan' to P 

his ability to perform the computations require , in 
riences should he arranged to give meaning to the 
prescnicd in problems. Similar activities adapted to 

tion of other specific inadequacies should be provT e . 

a number of factors require attention. The important = ^ 
remember is that a direct attack on identified sources o 
Ixrqun at the level of the student’s development 

Specific procedures for improving problem solving of students 
arc given bclosv: 

1 . Di^uss uses of number in social situations that arise, or m 
pictures and illustrations in textbooks to develop vocabular> an 
background experiences. 

2. Give the student many opportunities to solve verbal 
Icms that may arise in real social situations which in themsc % 
present the need for computations. Have the pupil tell ho%v ^ ^ 
finds the answers and explain or give reasons for method o -O 
lution used. 

3. Give the student abundant experience in reading and sob 
ing c.nsy, meaningful, verbal problems in textbooksand workbew 'S, 
l>ei:inning at or slightly below his lc\'cl of development. Keep 
the numljers small at the start. Gradually increase the difficu t> 
of the vocabulars", computations, and situations. 


A. Be sure to help the learner to understand the meaning 


of 

each numlicr process by use of suitable materials and by cxcr- 
cisr^ containing problems which embody the various i>'pcs ° 
situations or meanings each process implies. Textbooks often 
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provide suitable exercises which visualize the meanings of the 

various processes. Have pupil give origtnal pr-iblems. 

5. Have pupils use manipulative matenals to e ^ 
and work out solutions of simple problems so as to ^p 
visualize the situations and the relattons mvolved. Have them 
tell orally about the procedures they use. 

rea'di^gskilhfnprobrerroMn^ 

Take one skill at a time in the sequence hsted. Tins very 
portant. See workbooks for special helps. „ercises 

7. Emphasiae vocabulary developmen^bysuuable^^^^^^ 

8. Do special work on measures tables of measure. 

tions. Help pupils “.^-tVol-ofcTnrom^^^ 

Demonstrate or visualize he P™™* , , difficulty in 

to small” and “small to large ” a basic element 

problem solving. through real 

9. Develop basic rules, formulas an materials, 

situations, involving ^1'°," through the relations in- 

drawings, visualization and th ^ . interest, 

volvcd; for example, perimeter, area, costs, mtere , p 

etc. . . fhe oupil to learn 

10. Use problems without nuroters to 

to state in his own words how to n ,tnjons. Teach 

1 1 . Emphasize the need of accuracy " all comp 

pupils to go over their work to c cc ' i • cstimat- 

12. Teach pupils .[““^otvn answers to problems 

ing answers to help them to see i 
are sensible. 


Queslions, Problems, end Topics 

3. What aspecU of intellect should accuracy 

How can one appraise the student s la 

his ability? his methods of work’ 499 



4. Why is it important to consider the atudenf s 
anssseis, and not only the angers found, in <p-aluating is 

5. Select from the list of posiihle appraisal proeedut g . of the 

to 466 those that you uould apply in matinga B'"''' , , sou 

elfeetiveness of the program in mathematics. Be ready to expla.n , 
selected each procedure. _ their 

6. Look up the meaning of sociomcme procedures a 

userulncss in the classroom. _ alcebra, or 

7. Secure the results of some standardixed test to 

general mathematics. Anals-zc the data and prepare a report 

8. What are the functions of apihudc and prognostic tests. 

ho%h they are used in local schools. «1„rcs for 

9. Prepare objeeme test items that exemplify diflercnl p _ 4 C ,7 

testing some specific ability in mathematics. The illustrative items on p g 

to 468 may lie helpful. . . ,t,>n,„comcs 

10. Explain and illustrate the various procedures for appraising 

listed in the chart on pages 469-470. Iw-twecn 

IL What is meant by “levels of diagnosis*’? What is the dilTeren 
the three levels? When are they applicable’ , HifTicultv 

12. Discuss the steps to be followed in diagnosing a specific learning 

or disability in mathematics. HSatmosi* 

13. Secure the results of a general survey test and make a genera S 

of the situation. Prepare a profile for some student and analyae ** 

14. What is meant by “simple retardation”? What is a “specific isa ‘ ^ 

case? \N'hat is a “complex disability” case? U possible, describe actua 

that you believe fall under each of the three categories. 

15. UTtat is m«^ni by “analytical diagnosis”? Describe possible procc 
to apply. Find out the kinds of analytical diagnostic tests that are inc u ^ 
textbooks and workbooks and how they are used in regular instruction. 
classroom teacher should administer one of the diagnostic tests publis 
the California Test Bureau and discuss the findings. WTiat is meant by 


ponem” skills? 

16. WTiat is meant by “case study” procedures? What standard diagnosu 
tests an* available? What types of informal diagnostic procedures can classr^ni 
teachers apply in the course of regular instruction? Discuss with several teac 
of maihemalics the use of diagnostic procedures 

17. How does an awareness l»y teachers of the types and causes of err^ 
made tr.fwt frequentU bv students assist them in the diagnosis of pupil i ' 
cullies'* Can yxiu iUuuralc the sources of pupil difficulties given on pagr* 

48S' 

IB. Wliat are the characteristic diffe r ence s between good and poor achieve*'* 
in problem soKing’’ 

I*). \N'liv is It difTiculi to determine tlic specific causes of disability in math 
em.ntics'* Why may reading disability be a major source of difficulty in math 
ematics’ 
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chapter U 


Mathematics for the Gifted Student 


THIS chapter deals with means of enriching the curricu _ 

I the superior student In mathematics. The major topics 
cussed include the following: 

a. The need of enrichment 

b. Our number system 

c. Books for the mathematics library 

d. Mathematical games 

c. An introduction to conic sections 

f. Geometric constructions 

g. Miscellaneous means of enrichment. 

a. The Need of Enrichment 
Providing for Individual Dijferences 

Preceding chapters give much emphasis to differences m 
ability and achievement of groups of students in the upp^^ 
grades. To deal effectively with these differences, special atten- 
tion must be given to the gifted student as well as to the slow 
learner. Gifted students have too frequently been the most 
neglected of any group. Much material designed particularly 
for the slow learner is now available. There is a limited amount 
of material specifically designed for the gifted student. The 
teacher of gifted students must, therefore, select material from a 
wide range of sources. The gifted student must be stimulated by 
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,he ma.erial so that it will provide an incentive and a challenge 

within the range of hi, ability and backpound 

“::rrSttl“aUendot.d.^^ 

mathematicians . . . Beginning ”™"| jl„t number of 

must identify, motivate, and educate “ 

children who arc superior or gifte ^ above 120 as mcas- 

“The selection must start early. A" '-Q' „a,he- 
ured by standard tests is only one ' memory, 

matieal ability. Other rndtcanonstnclud^x^ 

ability to generalize, intellectual f.^jlhy in reasoning, 

directed behavior, keen quantitative insigh ’ 

and an unusually advanced knowledge of . algebra, 

"The elementary school teacherwhoX,i..«^ 

and geometry and aj'ly'find projects in mathe- 

available for use by children wdl readily nnu p 

matics to develop the gifted child. reoorted to deter- 

In recent years ."'“"IblTteachcrs to identify gifted 

mine the characteristics which enab h 

students. Several publications (15) («) t 
dealt with general aspects of this problem. 

McWilliams and Brown define «'P" pPs in the 

rapid learners in academic „hnsc abilities lend 

upper 20 per cent in general inteili„ _ 
themselves readily to Intellectual pursuits (52 p. 


The Objectives oj Enrichment 

Four major objectives of enrichment are: 

1. To encourage students to work mde^ 

directly from appropriate books an pe .upis and to acquire 

2. To enable students to develop assimilate 

more technical knowledge than the aver „ 7^„„dM3.222. 

‘ Fchr, Howard F. "The Student bSoS^^P^V 

* These and similar numbcrt refer to MO« 
chapter. 503 



3 To give the student the opportunity to explore, 
and develop his interests and potentialities in , 

4. To challenge the student to work at the “P j 

at which maximum growth in mathematics is possi • i 

The second and third objectives arc self ^ j „ 

ing to the first objective, the student should be 1^ 

work independently. A prime function of 5*°° problems 
should be to enable the student to identify and solv p 

by himself. . , , j u- rhal- 

The fourth objective slates that the student shoul 
lenged to work at a level at which he will have 
in mathematics. If the same kind of challenge is ® °vfraee 

students as is given to students of average or f * 

ability, the work is geared to such a low level of abstrac , 

the superior student is not challenged to have maximum g 
in mathematics. 


Means of Enrichment 

A survey of the literature dealing with the problem 
the needs of the superior student shows that four metho s 
procedures are used. They are: 


1. Acceleration 

2. Segregation 

3. Enrichment 

4. A combination of any of the first three. 

Acceleration means that the student will cover the work m 
less than normal time. McWilliams and Brown found that many 
junior high school teachers believe that mathematics is the one 
subject area in ^vhich acceleration is the best possible means 
making suitable adjustment for superior students (32 p. 28). 

Segregation implies that special classes are formed for trie 
superior students. In such places as New York City and Long 
Beach, California, certain schools offer special opportunities for 
students of this type. 


of 


• GrcMsnickIc, Foster E. “Arithmetic for Those Who Excel,” The Anlhmitte 
Teacher. 3:41. 
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The third plan calls for enrichment of the 
activities as solving additional exercises an pro j„ 

and group reports on topics investigated, and pa P 
mathematics clubs represent a phase of enrichment o 


ulum in mathematics. j^inictra- 

Acccleration and segregation arc predominantly a 
live procedures for dealing with a vital problem m learning- 
activities listed under enrichment touch upon the pro 
learning. These activities arc favorable but inadequate, 
fore, there must be at least one more plan for dealing wi 
superior student in mathematics. , 

A fifth plan calls for differentiation both of the curricu 
and of the level of abstraction at which the student operates, 
many places in this text these two principles have been 
mented. For example, the discussion of the work dealing wi 
fractions showed how to differentiate the curriculum from 
standpoint of subject matter. The slow learner should learn 
add or subtract only fractions having social significance. Furt er 
more, he should be permitted to use exploratory and/or 
aids in arriving at his answers. The superior student shou n 
necessarily be restricted to addition or subtraction of fraction 
having social significance. This type of student should not use 
supplementary aids, except in initial instruction, in dealing 'Vi 
these fractions. 

Grouping within the class (sub-grouping) provides many oi' 
most of the advantages of segregation in the field of arithmetic. 
The groups formed within the class should be fluid and not static. 
There arc many times in an arithmetic period in which the c ass 
should function as one group. Sub-grouping at such times wou 
be unprofitable and undesirable. In a unit dealing with taxation, 
the class should function as a unit. It may be advisable to form 
sub-groups when dealing with such work as finding the tax rate 
or some other phase of taxation involving computation or 
problem solving. 

Although we shall be concerned primarily in this chapter wit 
enrichment for the superior student, it should be understood that 
enrichment is not intended solely for this type of student. Ideally , 
the teacher should prervide enrichment for every student. Often 
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.he fes. learner needs new channels f- ."'m 
not challenged by the level of .he .earners 

*e needs of the slosver learner. In ^ „eans of 

will profit most by the appheahon of some 
enrichment deseribed above program. The bib- 

The library is the heart of an '"“Ir^P^lee.ed with care, 
liography at the end of tins requirement for carry- 

Thc titles listed approximate a j^„o„gh to challenge 

ing on an enrichment program . |he acquisition 

the great variety of students m tod^^ enrichment 

of a librar>’, no matter how larg^ probably »s the 

program. A set of units dcs.^cd Th«c 

most flexible means of provtdmg en h 
units should be revised 
achieved by students working o 

Tyl,„<,JEmkhm,ntExpm>^‘‘ He, curriculum are; 

Four methods of '"'■''!""®^rinTa' class discussion, = P“‘^. 

1. At an approptiate ume „hose work and bat*^ 

ular project may be assigned j.^_. example, w 

ground indicate that bisector “ ‘‘"LdSts who 

construction of may assign one of t 

being introduced, the 'e geometry the tat eenter 

has shown interest and a the points not 

how this construction V ^ through any ^^^^ee indi- 

of a circle, or how m r jPould be , .,ould make a 

In a straight line. Th= ““f'"„‘ean be found and sh-^^ 
eating where Under --'“^to eko”- Ihe student 

brief report to the „ rather than ppjvided. 

better to ask for ''“'.“f," ussistance should bej^.^_^ The 

directly. Opportun.ncs epted “ jents above average 

2 A challenge may „ „ee that only stud ^quent 

teacher may have *=--”rac«pt>kh^ 

in ability and inter j jividuals m ^ example, af 

check-ups and tan. o m__ .esirahle d.vtnon. 

impetus neeess2“ squiring bo* mu 507 , 

discussing a pro 






the teacher may remark that ° that required 

the lime required for J" . , ,f jUde rules and imtruc- 

by the usual penal and ™ y interested students, a 

tion booklets are then made asailaD By keeping m 

favorable learning !“f ,y“"t,ehcr may also be able to 

touch svith the progress acquire some pro- 

, provide some necessary a.d. Siude „ „sc .t m 

fieiency with the slide rule ^"^dPu.es. The choice of 

appropriate situations tn homcuork an q 

such situations should nell as its advanmges. 

aware of the limitations of the slide ™ a simple 

3. A topic may be introduced o d.c e 

form. The teacher should then -"fo™ f„„„d. The simp est 

advanced discussions of th.s •°P'"y ’be introduced to an enure 

forms of magic squares where more “^™"“be''end 

class. Information may then be g bibliography at * 

i, available such as reference 17 m me should be 

of this chapter. Students uho pu-e he^P^.^^ nf what 

encouraged to make a brief report _ 

they have learned. outside of the classroo 

4. There are many activt 
provide enrichment. These me . , exhibits 
o. The pmP-->-”'nTe" eofma^ 
b. Thccrealionand/ P bnal contest 

e. The participauonm ma^ y., ^_^y^bn h°u ^.bletic 

d. The -»"'Xe""i„goutof.enniscourtsorothe 

e. Helping in the laytns 

„ of the school grounds. ,bat 

f. Making a map o ye impress"! 

The student frequent wwAiaJ 0 j,nd ideas 

ll„ higyst l/fr "/''“'"'"^ile the learnmg f minimized, all 

sulling any in class sho^d no. ^^.^yer goal °f 

discussed and entphasi«^^^g^ „ '"^t Judy. Conseque"dl, 
students should ^ m indepen ^ topics no 

learning «hich m-'“^aged » seam!- for^^ ^„„po.en.Iy 
students should be en ygote diem. 5 „, 

cussed in class and 



handled, on a topic discovered by the student 
assistance should be valued above a report on any of the as ^ 
units. Independent reports by students require no 
on the part of the teacher, but time must be taken to e 

them properly. j 

Some of the above procedures arc related and may be 
supplement each other. The remainder of this chapter 
broad cross section of a variety of topics and materials for enn 
ing the experiences of students who show marked ability m 
ing with mathematics. 


b. Our Number System 

The number system offers one of the most natural fields o 
enriching the standard curriculum. Our number system is 
culmination of the efforts of many people over thousands of years. 
Some suitable topics for investigation are enumerated below. 

1 . A history of the highlights of our number system can be a 
most profitable topic. Such a topic should include a discove^^ o 
zero and the place notation. Different number systems whic 
have existed in other civilizations have their distinguishing ch®r 
acteristics. The study of several of these might provide interesting 
contrasts. 

2. Special properties of our number system are very enlighten 
ing, such as those involved in casting out nines and elevens, an 
in rules for divisibility. 

3. The structure of our decimal number system is of 
interest. This probably is best studied by investigating number 
s^-stems which have a base of eight, twelve, or any other given 
value. 

Some suggested references with comments on phases in which 
these number sptems excel arc discussed below: 

1. Xumber Storhs of Long Ago (44) contains excellent material 
on the histoiy of our number s>"stcm and its development. The 
language is suitable for the junior high school level. Much of the 
material in this book may be used to integrate mathematics \\'ilfi 
the social studies. 
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, I, IAf.\ lifrins with caunting and pro- 

2. Xumbm and Namnah (46) . ,3 quantities. Un- 

ceeds with a discussion of “^,3 and the relationship 

usual properties of numbers, his j.^nussed in an interesting 
of numerals to computation also a 

and elementary manner. rwa-Thrtt (45) is very read- 

3. Tht Wmdcrjd 'I “'^"■^"■^'’"'■Jabout numbers. The origin 

able and gives many interesting “ f numbers, and mag- 

of “three cheers,” mathematical prope es ol 

ic squares are several of -he <oP'“ ^ Uie upp« 

4. History 0 / Afal/imatics (4 ) . ^ obtain much interest' 

level. By studying this book “ ^^„n,inal background, 
ing information to improve his m Ih with 

I (4) pr«ents tte ca« fm^^^ ^^ 3 ,, „„ 

twelve symbols instead of ten s)m 3 |.|,nni studem. 

technical except for the student aware that the 

1. An excellent bibhograp J fpecemberl953. 

given in T/kt Uaihemaixcs Ttac 
c. Books for the Mothemotics librcry^^ 

Books Written Jot Students at Ike »" ^ .^ferencH are 

As particular ^'ThrfoUo'ving ‘^^^fj"v°cl suitable 

made to appropriate btmfc 1 w„,,=n on 

any one area school. of weights and meas 

for use in the (9) is a supply enrichment 

I. HcwMmhand^^^^^^^Xc. "3 f„r the mme g®' 

ures written m a ver) 33 well 

for the student of avera„ j 

Student. 



obtain the main activities for stu- 

3. Fan with Figures (14) provides ^ jn^ents for 

dents at all levels of ability. Its sub-tule, Easy b P 

work is understood. essentially a hook on 

5. Wiuler Nights Entertarnmenls (2) .’^at is suited 

ntathematical recreations. It is written on a evel th 

Ts“”r-.. ^ “S" 

Teachers (33. 34, 35) have ‘°P’“ .,e of interest 

students even though the bulk of the materials are 

“t Ort^Lre sets of standard encyclopedias may be 

'TrltlEcM Alrrwrurc should be available for reference be- 
cause of its numerical data. ..Q. nhases of 

An excellent list of reference books on diffc P 
mathematics particularly suitable to high c, have 

Malhemalics Teacher of February, 1954. Most “I 
material that is suitable for the junior high school. 


d. Mathematical Games 
Mixing Fun and Mathematics 

Mathematical games offer an opportunity to 
mathematics. A few samples of such games are ® 

A simple game with numbers may be playe e w 
contestants in the following manner. The first also 

any number from one through seven. The choice 

chooses a number from one through seven and a s 
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to the number selected by the first player. Then eaclj player adds 
certain selected numbers in turn. The player obtaining the sum 
of 50 wins the game. An alert student will soon learn that the 
player arriving at the sum of 42 first can always %vin since the 
ne.\t player must then arrive at a sum ranging from 43 through 
49. It is possible to obtain a sum of 50 by adding 7 or less to any 


number in this range. i. . 

The next step in the successful analysis is to realize that t e 
first player to obtain a sum of 34 can be certain to reach a sum 
of 42. By continuing in this manner, the student can determine 
that the key numbers are 2. 10, 18, 26, 34, and 42, By starting 
with 2 and obtaining each of the key numbers in succession, 
first player is certain to win. . thr 

A teacher may introduce this game by 
entire class. The gifted student * with 

invent similar games with diflercnt limits an 
the ultimate challenge of formulating ^ in 

games can be won. This generahaatmn is 
the language of algebra but can be similar game 

out the use of algebraic "1^"- be 

with variations, called the Bat ( 2 (,\ 

found in MalhemaUcal tor tu-o players. 

vVtVr is one of the most venerab always should 

U may be played with many 

be two or more piles of ^ when he picks 

from one or more of these pi es. ,^j,is game involves piles of 
up the last counter. A simple for . ^ 

seven, five, and three “««« “ J J„,, „„e pile, 
all, or as many as he may p opponent with wo 

A player should soon learn lha ^ victory. To leave an 

piles of one counter each will 8““ „j|| also assure a 

opponent with two piles of two js not difficult to 

win. With such a small number o ^^j^P„a,icat analysis of 
learn all the key positions. A «>"'P „ and is discussed 

this game involves the binary numtar sy 
rather fully in ElimnUrj: be played with a single 

A variation of this type o ga niove one, ti'O, or t r' 

pile of 15 counters. Each player may remo 
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counters at a time. In this case, the winner is the player who 
finishes with an even number of counters. 

A game called J^aval Combat is excellent for students who 
familiar with or who are learning the system of rectangular 
coordinates usually introduced in a first course in algebra, in 
this game, each of two players locates five naval ships— a battle- 
ship, a cruiser, t\vo destroyers, and a submarine— on his otjm 
graph, ten units square. TTie orfgtn, O, is in the center of t e 
graph and each axis extends from —5 to -i*5. 

Ships are represented by straight lines passing through two, 
three, four, or five consecutive points with whole number (post 
tive or negative) coordinates. The coordinates of a point are t e 
X- and_y-values of that point. Thus, the coordinates of the point 
P are +3 and —2, usually written as (3, —2). The x-value is 
always Nvritten first. Ships may be placed vertically, horizonta^ y, 
or diagonally. The battleship is represented by a line contaimng 
five consecutive points with whole number coordinates. ^ 
cruiser is represented by four consecutive points; each of two 
destroyers is represented by three consecutive points; and the 


submarine, by two consecutive points. 

The first player fires a salvo of five shots by giving the ‘ 
nates of points with whole numbers, such as (—5, 4), (1» )> 
(4, -I), (5. 2) and (-3, -4). The second player locates or^Wx 
these points on his own graph which contains his fleet. If ^ 
second player had ships placed as those shown above, he wou 
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then report that the cruiser and one destroyer had each been hit 
once without indicating which shots were hi ts^. The |ie“nd pi^e 
then fires his five salvos. A ship is sunk «hen ah o' ns po^ 
have been hit. The first player to stnk comple ely 

where the ships are located. ^ described in 

Many other interesting and suitable ga 
the various books on mathematical reereauons 
bibliography at the end of the chapter. 


Puzzlis 

The variety of material 

unlimited. There are many other recreations 

analysis but use only simple enthro ^ of 

may involve algebraic „f puzales which 

analysis. , , a $10-blll to make a 

Mr. X went into Mr. Jones ^ ^oge, he went next door 

$2.purchase. Since Mr. Jones ^ ®^,er Mr. X left wi* 
and obtained the change from ® . dollars in change, Mr. 

merchandise worth two dollars and eigh^ ,„lolt. When so 

Smith discovered that “ Mr. Smith a genum 

informed, Mr. Jones nntp'd|ate^ 8 joncs lose 

$10-bilt for the counterfeit bi . 

on the entire transaction? will (or 

A number of conflicting an jo„h had $50^ 

way to solve this puzzle is » before Mr- X e"'^; 

any other amount) m his j^^^jootion f " worthless 

By analyzing each step h (piu j^^^dise 

Mr. Tones should have ¥ . ^ *o in cash and 


Mr. Jones should nave -p , 

$lO-biU). Consequently, be 
worth two dollars. 
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Does 4 = 5? 

A puzzle may frequently highlight a very important mathe- 
matical fact. Consider the follotving: 

16 - 36 = 25 - 45 
16 - 36 -h Y = 25 - 45 -1- V 
(4 - ir = (5 - f)' 


An identity: 

Add ^ to each side: 
Factor: 

Take square root of 
both sides: 

Add f to each side: 


4-1 = 5 

4 = 5 


Since the first statement is true and each of the following 
statements is derived by apparendy valid algebraic 
tions, the paradox is difficult for a beginning student m algeora 

'°Thb puzzle may be used to highlight the fact that even though 
the squares of two numbers are equal, the numbers may 
different. It is true that they must have the same absolute value 
(value without signs) but their signs may be opposite, ihus, 
and -2 are quite different but their squares are the same num- 
ber. If one examines the third step in the puzzle more carefu y. 
he should see that (-i)' = (i)h Even though (-4) = > 

it is not possible to conclude that — ^ *= Therefore, u A ^ > 

either A = 5 or /I = -fi. Further information is required to 
determine which of these statements is true although it is posable 
under some circumstances for both statements to be true. is 
fact is frequently Nvritten as ^4 = To those junior high sc ^ 

students whose curriculum includes quadratic equations, t is 
puzzle is very useful. 


Many Answers Possible 

The following problem requires but a few algebraic principles 
although it touches on a branch of mathematics not norma y 
covered in elementary algebra. A man cashed a check and re 
ceived dollars for cents and cents for dollars. As a result of s 
mistake, he received $19.80 more than he should have receive 
What Nvas the amount of the check? 
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If X is the correct number ofdollars and> is the correct number 
of cents, it follows that; 

(100, + a) - (100.r + ^) = 

or ODj. - 99a = 1980 
^ _ 20 

Divide by 99: > ^ 

This is a single cquadon in uvo poslth’e\Xle Lm- 

tional property that jf 2 , substituted for^ and 1 

bers. It is then fairly evident that il^l ,be 

for a, the equation is true. ^ check ^1^2 > to 

conditions of the problem. There “ ^ J 23 and a = 3, and 
this problem such asji = 22 and a equations and it is 

the like. Such equations arc called ^ 0 solutions, 

characteristic of them to have an ’“^“^yond the level of 
A systematic treatment of such equ. a readable 

the junior high school ’of such problems in 

historical and mathematical discuss 

/dumber Theory end Its History ( 38 ). 

Magic Squares ^ square so 

A awgi'c sqmr, is an “cranpment of number m a^ 
that the sum of each row, co “ ’ consecutive I 

a classic magic square the g c. Each number 

with 1. Magic squares f ™- '’'^”"0 squares contain c*c 
in a magic square occupies a Ma| „a„y ^ffer 

an odd oreven number of cellsona^de ^ bed 

ent methods of making ^e%aresiniWa'*""«''<”'- 

some of the easiest ways to ma . _ __ 

The method illustrated msquamj r-"! md .-hI 7 i 

,vith three cells on a side, may be usrf , , s.. J, 

toconstructanymagicsquamw.*« 

odd number of cells. To make such^_ 

magic square, “'"oys begi ^ 
ing the number 1 in the roi . • „ 

thl upper row. The norm^*-^, 

of procedure is diagonally P 
.0 the right. When the next 


rw. 

ll 


V 





1? 

7^ 


"7 

9 

2^ 




to be filled lies outside the square and above it as does the cell 
occupied by the dotted figure 2 in square A, proceed to the cell 
at the bottom of that column and write 2. In the next cell diag- 
onally upward and to the right, you should write 3. Since this 
cell is outside of the square and to the right, place 3 in the first 
cell in that row as shown. The next cell diagonally upward and 
to the right is occupied by 1. In such a situation proceed to the 
cell immediately below the one containing the last number 
written, 3, and write the number 4. The numbers 5 and 6 will 
now complete the cells along the diagonal by proceeding upward 
and to the right. The cell for the next number, 7, lies outside the 
square in both a row and a column. In this case proceed to the 
second cell from the top in the right hand column and write the 
number 7 as shown. Since the cell for 8 lies outside the square 
and to the right, proceed to 
the first square in this row and 
write the number 8. The remain- 
ing square may now be filled 
with the number 9 by the proc- 
ess of elimination or by follow- 
ing the indicated pattern. The 
arrows indicate the pattern to 
follow. All magic squares with 
an odd number of cells on a side g 

may be constructed by following 
this pattern. The reader may 
check his understanding of this method by completing square B. 

If the numbers in a magic square having an odd number of 
cells on a side are consecutive and begin at 1, the numbers are 
alwa^'s consecutive along the diagonal from lower left to upper 
right. The constant sum of a magic square which contains con- 
secutive numbers beginning at 1 may be found by the formula, 
S = (r* 4- 1), in which n is the number of cells on a side. In 

square B, n is 5 and S is 65. 

Though this formula holds for the sum of cvcn-cellcd as well as 
odd'ccllcd magic squares, the construction of an cven-ccllcd 
magic square is very different from an odd one. 
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23 




16 

4 
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21 


11 

18 


2 
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To construct a magic square with 
four cells on a side, first draw the 
diagonals as shown in square C. Start- 
ing at the cell at the upper left, count 
consecutively and write numbers in 
the cells not cut by a diagonal as illus- 
trated in square C. The upper left cell 
is vacant because it is cut by a diag- 
onal. Now place the number 16 in this 
same cell at the upper left and count 
backwards to fill in the vacant cclR 
Square D is the magic square obtained 


by this method. 

A magic square with eight cells on 
a side may be constructed by a method 
similar to that given for a m^t 
square with four cells on a side, me 
interested reader can fill in the empty 



cells in square E. 

The method described 
for a square of four cells on 
a side does not apply to a 
magic square having six 
cells on a side. Further in- 
formation on this type o 
square is available in Heath 

A magic square usually 
affords the student enjoy- 
ment in dealing tvith nuim 
bers. After he has learned 
to make the magic squat« 

alrcadydcscrlbed.heshould 

„r ihe diflere 



sin which the 


alreadydescrlbed.hesnoum ; 7 ‘ „ U at 1'““' 

explore some of the d example- th f 34. 

suLmaybefound.Insquare^^ '3= 

dozen different Poups of ,6, 4. 1, 13. “l- 

A few such groups, easily f 
16, 5, 3, 10; and 11. 
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Magic Squares with Fractions 

Magic squares also afford excellent practice in addition and 
subtraction of whole numbers, common fractions, and decimals. 
If certain cells are filled, the student may complete the square by 
addidon and subtraction. Trial and error should soon determine 
which cells can be left vacant so that it will be possible for the 
student to complete the magic square by addition and sub- 
traction. 

Square F shows how it is possible to use common fractions to 
make a magic square. Any whole number greater than 1 may be 
used as the denominator of the fractions. The numerators are 
the numbers in a magic square, as in D. Each fraction may then 
be expressed in its simplest form. The numbers in square F are 
obtained by using 12 as a denominator and the numbers in 
square D as numerators. The first 
number obtained in this manner is 
if which may be expressed as 1 J. It is 
possible to make a magic square wth 
decimal fractions in a similar manner. 

A magic square containing nega- 
tive numbers may be constructed by 
subtracting the same number from 
the number in each cell of a magic 
square. 



i 

1 

4 

'T^ 

'h 


f 

§ 


1% 


1 
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Algebraic Magic Squares 

The be^nning algebra student should be encouraged to 
derive rules for making magic squares using literal numbers, such 


as a, m, or r. In square G 
the top row contains any 
three numbers a, b, and c. 
Place X in the center cell. 
Now determine the quan- 
tities which must be in the 
two lower comer cells to 
produce the sum a + b A-c. 
520 


a 

b 

c 


X 


a+b — X 

y 

b -pc — X 




Next place in the center cell of the lower row and remember 
that the sum of the lower row must equal the sum of the m.ddle 
column. The equation stating this fact is; 

(o + 6- + + “*’*'* '*^‘’ 

a + b c 

Solving for at; x - J 

These algebraic results may 

'T Place any three numbers in the *=Xce'n.er cell 

• 2. Place one-third the sum of these numbers 

of the second row. addition and subtraction. 

3. Complete the square 3 „d literal num- 

This type of square is excellent 1 B 
bers, and for fractions. worthwhile challenge to a 

Square H may be used to P"“" . „ „us, be understood 

gifted student in the first year of algebra, 
that a, b, c, and d are any four num- 
bers. The sum of this square is s = 
o + n- r -P d. The numbers and 
g must be chosen so that o -1- e + ./ 
g = ,. The numbers A and. mus^ be 
chosen so that d + h + ' + I _ 

The proper choice of xand^ wi 

make it possible to compc 
square by addition and 
A correct analysis can lead to the 
following results for x and >•. 

^ SS rf + A "/ 

(+/-'> 

Other correct results are ^*'''„<,s wi* restrictions 

Certain other types of mag H , 
numbers used are discussed bj Rtch rK. .uxu-u. 

‘Rkh.lijmn “Addilise “0 Mol“ ^,1 

Ttodhtr. 44 : 557 - 559 . 
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Solving Problems ivilhout Using Computation 

Puzzles requiring reasoning without computation should not 
be overlooked. An illustration typical of this category is: 

An employer wishes to hire one of three men and devises a 
test for this purpose. The three candidates for this job are placed 
at a table facing each other. The employer touches each man on 
the forehead with his finger and then tells them that Mch man 
may or may not have a black spot on his forehead. The toee 
men are then instructed to fold their arms if they see a blacK 
spot. Each man immediately folds his arms since the employer 
has put a spot on each forehead. Thus, each man sees two a 
spots but he cannot see if there is a black spot on his own fore- 
head. The employer then tells the candidates that the first man 
to prove that his own forehead does or does not contain a ac 

spot should report to the office next door. 

The three men sit around the table for about one minute when 
the fastest thinker arises and goes next door announcing that he 
has a black spot on his forehead. How does he know? 

For convenience call the three men A, B, and C, with A 
the winner. A’s first reaction is one of indecision. The 
arms give no direct information since B’s arms would be folde^ 
for C’s black spot and vice versa regardless of the state of A s 
forehead. After some meditation, A arrives at the major con- 
clusion that B and C are also undecided. He then realizes that 
B and C can be undecided only if he. A, has a black spot. With 
no black spot on A’s forehead, B could look at C’s folded arms 
and A’s blank forehead and immediately know that he, B, must 
have a spot. In short, A then realizes that if he has no spot, both 
B and C would realize almost immediately that each of them has 
a black spot. Since they do not arrive at this decision, A concludes 
that he must have a black spot. Many puzzles of this type arc 
available in most books on mathematical recreations. 


Geometric Puzzles 

Many puzzles calling for arrangements with match slicks have 
geometrical significance. A puzzle of this kind can be given to 
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determine how nine matches can be Thranirert 

largest possible number of equi atcra double 

seven with three of the matches form.ng the 
tetrahedron as illustrated. formed by 

Another similar puaale ^ ’on is how to obtain 

the thirteen matches as shosvn. j drawing shows how 

six equal areas with one less match. The ih.m 
this may be done. all the suitable 

This discussion makes no attemp ^^^.^ations. A repre- 
topics from the vast field of ma ,aacher of the wealth of 

semative sample is given to "T , r' this field, 
material that is available m the literature 

Computath^c^lShclcuU Boston Aliquot Parts 

™.ssible by use of aliquot parts 
Computational shortcuts “J' 5^ y ^ another number, the 
of a number. If one number « auraber. Thus 6 is 

smaller number is an /“''“Ji^ot ^ rts of 10, 100, or 1000 

one may divide b) ^3 > ^ 

then multiplying the quouent by a. 

100 X 78 _ ,950 

1. 25 X 78 = 4 
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. Similar shortcuts in multiplicaaon and division are possible 
for the aliquot parts of 100 or 1000. 

50 = 4ofl00;12i = ioflOO; 

16| = i of 100; 125 = i of 1000. 

An exercise in multiplication and division using aliquot parts 
should be a valuable means for enrichment of number work tor 
the superior student. Such a shortcut, however, has little value 
if the student does not understand the process. 

Computational Shortcuts Based on Algebraic Identities 

Computational shortcuts based on algebraic relationships 
make interesting and instructional material. Any two-place 
number ending in 5 may be represented as lOx -f 5 in which x 
is the tens’ digit. The square of any two-place number ending m 
5 may be represented as follows: 

(10* + 5)2 = 100*2 ^ 100* + 25 
= 100* (* 4- 1) + 25 

Many students can perform the manipulations as indicated 
without being able to understand or interpret the results. The 
ability to interpret the results of algebraic manipulations is at 
least as important as the ability to perform these operations. For 
example, the above relationship may be interpreted as follows. 
Any two-place whole number ending in five may be squared by 
multiplying the tens’ digit by one more than itself and annexing 
25 to this product. To square 65, multiply 6 by 7 and annex 25 
to this product. This answer, 4225, may be checked by ordinary 
multiplication. 

The following relationship may be used to square any whole 
number which has a value near 50. 

(50 -f- *)2 = 100 (25 + *) + *2 
To square 54, let * =* 4. Then 100 (25 + *) is 100 X 29, or 
2900; *2 is 4*, or 16. The answer is 2900 + 16, or 2916. 

To square 47, let * = —3. Then 100 (25 + *) is 100 X 22, or 
2200; *2 is 32 , or 9. The answer is 2200 + 9, or 2209. 
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Whale numbers having a value near 25 may be squared with 

.hehelpcr.hefaUo«ngre— 

To square 36. V is 11 . and the anstv-er ts 1 00 X 1 1 + ( 
or 1100 + 196, or 1296. hotter for most people, 

Oddly enough, this relationship vv ,1,^ twenties, 

using numbers in the , he square of numbers 

because the average person does no 

from 21 to 29, inclusive. excellent enrlch- 

Any one of the above or simi superior student should 

ment material for the entire Jhe 
then be challenged to ” b= 

variation, the algebraic relation P ^ computational way. 
the challenge to interpret it in a P y uc identities have 

Most of the simple shortcuts. These should 

some value for mental computation a 

be pointed out from time to t.^; to algebraic 

The following type of 

“(Ifwrite down your weight and double it. 

(2) Add 10 to this hy 50. 

(3) Multiply the rmutog mj 

la irrstTf-V .act sum. ^nd 

¥Llasttwodigitsin^i^nceJslep)^ 

the first two or three i , ^ only the firs' ,o 

should ask an individual ,.uu should 

subtracting 500 i™"' “ ,„ust instandy. ^ should 

state the weight and "g' „„cks, the able 

Tr» pxolain why such ..u_!«rlividual 


state the weight anu & 

To explain why su fQiio^vs: . . f jhc individual 

be able to use algebra ' js in the w"Sh cf following 

Tetx be the L + lOi (3) '“O' + 

5 will give the ag' 

weight. 
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e. An Introduction to Conic Sections 

Why Study Conic Sections? 

A non-technical study of the conic sections offers a worthwhile 
area of investigation for the superior student in the 
There arc two major reasons why the conic sections should be ol 
interest to a student in the junior high school. First, the nurnber 
of applications of these curves in everyday life is ve^ large, t is 
worthwhile from a cultural point of view to recognize the many 
forms of these curves in our surroundings. Second, the 
sections are important from a mathematical point of view. ey 
frequently are used to illustrate important ma*cmatical prin- 
ciples in high school and college. Familiarity with the curv« o 
this family and some of their properties can be of tremen ous 
value for the student in his future study of mathematics. 

Since the equations of these curves cannot be presented at the 
junior high school level, with the possible exception of the P^^ 
bola in first year algebra, the study of the curves must be quali- 
tative. Much can be learned about the shape, properties, an 
applications of each curve without knowing anything about its 
equation. The illustrations show a mathematical cone. 

The ability to visualize space relationships is invaluable to en- 
gineers and mathematicians. The discovery of the relationship 
of the circle, parabola, hyperbola, and ellipse to a mathematica 
cone is an excellent exercise in visualizing space relationship^ 
Every effort, however, should be made to provide drawings an 
models to help the student understand this relationship. 

The vertex of a double cone, or a mathematical cone, is the 
point common to both cones, as the point O. The axis of such a 
cone is the line through the vertex perpendicular to a base. 
circular cross section of a mathematical cone may be considered 
to be a base of the cone. A circley ellipse, and parabola may be ob- 
tained from a single cone. The hyperbola requires a double cone. 
These conic sections are formed by the intersection of a plane or 
flat surface with the cone. The relative position of the plane and 
the cone determines which curve is formed. It may help the stu- 
dent to imagine that the cone is being cut by a knife. If the blade 
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or the knife is held from the horizontal, an 

trated. If the blade is slanted just a lit parallel 

ellipse results as in the next dra"'"*' closed and a para- 

to one side of the cone, the ‘ , illustrates how the hyper- 
bola results. The second drasving b 
bola may be formed. 
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The circle is the best known curve of the conic sections with 
which all students at the junior high school level are familiar. 
Its applications in the form of wheels, gears, and designs are un- 
derstood by most people. 

The parabola occurs in our daily lives far more frequently than 
most people realize. A ball thrown by two boys playing catch 
travels in the path of a parabola. The water from a garden hose 
in a non-vertical position travels in parabolic paths. The cross 
sections of the reflectors in automobile headlights and flashlights 
are parabolas. Some comets travel in a parabolic path. The giant 
cables on suspension bridges are in the shape of a parabola. 

The earth travels about the sun in an elliptical path. Arches 


in bridges and buildings are often halves of ellipses. Gears are 
occasionally made in elliptical form to produce pulsating motion. 
Designers of patterns for fabrics and pottery frequently make use 
of the ellipse. One cross section of the famous whispering gallery 
in Washington is elliptical in shape. Mathematical properties of 
the ellipse are responsible for the unusual acoustical properties of 


this gallery. 

The teacher should have the students fold paper so as to form 
an ellipse. Each student should have a piece of thin wax paper 
from which he can cut a circular piece about 6 inches in diam- 
eter. Then with a pencil he should mark on the paper a point 
about 1 inch from the circumference. Next, he should fold the 
paper so that the circular edge of the part folded will pass through 
the pencil point. Then he should make a crease in the paper. The 
fold should then be opened and a new crease near the first crease 
should be made in the same manner. This process should be re- 
peated until at least 25 creases are distributed somewhat evenly 
about the circumference of the circle. The part of the circular 
paper bordered by the creases and containing the pencil mark 
Nvill be approximately in the form of an ellipse. 

There are not as many common applications of the hyperbola 
as there are for the circle, ellipse, and parabola. A hyperbola has 
technical applications in navigation and military situations. 

Each student should be encouraged to keep a notebook or a 
scrapbook in which he keeps pictures of the conic sections and 
other applications of mathematics. 



, Geometric Coestroctions 

rfe Most Familm CcnslrmMns with 

. common P™«icc to 

traightcdge and o„ page 379. ^^^5 for 

jommon include thosj ^ encouraged ^ 1 ^, 

The more -S;t„-ucdo« 


highrchoolcou«mpm»ce__, ,. TTtc -e m ^ ;,oo, a 

roof at the egn.cn. .o triangle are 

lar bisector of a im *'7 ' 'livity is not only an 

■iangle (place ' e example- Sa* an relationships which 
n the circle) is a g° fasenanng 

otroductlon to one 



exist in geometry but it also serves as an incentive for accurate 
work. The circumscribed circle will pass through the three ver 
texes of the triangle only if the construction of the perpendi ^ 
bisectors of the sides is performed with considerable accuracy, n 
this sense, the problem is self checking, and the student sho 
realize that the failure of the circle to pass through the three v« 
texes is an indication of inaccurate work. The equivalence of o 
construction just discussed with that of drawing a circle 
any three points not in the same straight line should be mention . 
Note the application of this construction to the points X, , 
and Z above, and that only two perpendicular bisectors are 
necessary. _ 

In the same manner, bisecting an angle may be used to insert 
a circle in a triangle. The three angle bisectors meet at a point 
which is the same distance bom all three sides and therefore must 
be the center of the circle tangent to all three sides. This construc- 
tion affords an excellent introduction to the meaning of tangency . 
This exercise b self checking in the same manner that the con- 
struction of a circumscribed circle b self ch ec kin g. 
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• AT? bv constructing 3 

An altiludc of a triansle the sida oppod« ‘W’ 

pendicular from one ''aa''*® carefully measuring 
vertex (or this side extended). By a . fcjmcla A •= i 


tndicular from one vertex o > ,h.s basa 

trtex (or this side in the formula .4 ■= i **; 

ad altitude and substituting triangle. 

is possible to approximate jifTcrent vertex of t e s 

icular is then constructed from a dUte ded), 

dangle to the side oppostte this a„d altuud ■ 

he area also can be dcmrroine ^r^ ‘‘"“''"‘f't ™hs of 

n a similar manner t e ar triangle, the t ^ P ^5 

tructing a third altitude- In a w areas wtUK 

neasuremcrits will be > " due to inewm 

ame, allowing for m . This is an e.vcc „f construc- 

:onstruction 3„d with accuracy “f 

sombining accuracy o ^ 0 ,^ this 1“"''™'^ ' figures. It 

lion. The student the accompa"> ,,,, 

right, and obtuse trianS , *' altitudes are 

may then be noted that m po,„t. in 

same triangle pass through a CO 

said to be conevrrent. 



A student showing interest or ability- in 
encouraged to read beyond his text m search of new facts and 
relationships. He should have access to at least ‘ ^ 

school plane geometry. Much of the desmpttve 
a lext is within his comprehension. A bright studen , 
svith intellectual curiosity, browsing through a high school tex 

might very well learn the follotving things; 

(1) A median is a line from any vertex of a mangle to th 
point of the opposite side. 

(2) The three medians of any triangle pass through the 


point (are concurrent). . 

(3) This point of concurrency is the center of gravity ol 

'"xhis student should be encouraged to cut a triangle Irom card- 
board and construct its center of gravity. By sticking a pm 
through the point of concurrency of the medians and spinning 
the triangle, he can demonstrate that the triangle tvill stop at 
different positions in its rotation. By sticking the pin through any 
other point, he can demonstrate that then the triangle is no long- 
cr in balance and Nvill alwa^'s stop at the same position. 

There are a number of theorems found in advanced geometry 
which may readily be performed and understood by students at 
an upper grade level. These theorems represent advanced wor ' 
due to the methods of proof and maturity of students requir or 
understanding the process. Frequently the constructions w ic^ 
illusiraic these theorems are simple and interesting, as Desargue s 
Thform and the j\'ine Point Circle, 


Deserrgue's Theorem 

The student needs only a mlcr and pencil to demonstrate 
Desargue’s Theorem (25 pp. 144-48). This theorem states t at 
if tuo triangles arc in perspectire, their corresponding sides meet 
in three points that lie on the same straight line. TTiesc points arc 
said lo be ccllinear. 

Two triangles arc in perspective when the lines joining their 
corresponding vertexes pass through the same point. This is i c 
basic idea of perspective used by commercial artists. 
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Th= fi.. drawing above shows 'h- ^es pas^S 
point O, In the next drawing, the poi„, o. A and 

because their vertexes He on »nes This notation makes 

A'. B and B', C and CMieonthesame lm^^t^^^^ eorrespond- 
it easy to identify corresponding ver correspond- 

ing sides. Since the corresponding s d« l‘a 
ing vertexes, the corresponding sides a . 

AB— A'B’ 

BC— B'C' 

AC— A'C' 

The truth of the theorem “ “’’T’ “me 

because the pairs ofoorrespo"dmgsrf he same 

in the points X, Y, and , r ^ breaks do\vn w e 

straight line. The theorem appa^nty Math^atic.ans 

more pairs of oorrespondmg = hs P"’"^ ^ \mdents 

have an explanation Xmatirs. Consequen^.^ 

scope of junior high “ ; should be caoh”!^' j 

interested in th'S con^^.__^ ^re parallel 

uations in which c 
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Kine Point Circle 

Probably the most famous circle in geometry is the nine point 
circle. In any triangle nine points (three sets of three points) ic 
on the same circle. e 

\, The three mid-points of the sides of the triangle are , 

and F. • u m ^ 

2. The three feet (points of intersection of altitudes with si es) 
of the altitudes arc G, H, and I. 

3. The three mid-pwinls of the line segments joining the pom 
of concurrency of the altitudes to the vertexes arc J, K, an • 

It can be proved that the center of this circle is midway ^ 
tween the common point of the altitudes and the common point 
of the perpendicular bisectors of the sides (center of the circum 
icribed circle) Probably the easiest way to find the center o t c 
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nine point circle is to construct the perpendicular bisectors of 
segments HD and El and note that their intersection is the desired 
center. This is true because the perpendicular bisectors of two 
chords of a circle pass through the center of the circle. Refer to 
the drawing on page 383 again. 

Although the mid-point of a line segment is desired, the per- 
pendicular bisector through this point is not needed. The follow- 
ing construction is practical even though it is not theoretically 
exact. First, estimate one-half of the line segment. From each 
end of the line segment describe a short arc intersecting the line. 
If the estimation is correct, the two arcs cut the line in the same 
point which is the required mid-point. If the estimation is not 
correct it is easy to determine the center of the short line segment 
between the two arcs. The drawings show a situation in which 
the estimation was correct, in which the estimated distance was 
loo small, and in which the estimated distance was too large. 
Unless the initial estimation is greatly in error, the center can be 
determined sufficiently accurately by this method. 

The above method of determining the center of a line segmeru 
is valuable in constructing a nine point circle. * If the usua me o 
of bisecting a line segment is used to bisect the six line 
in constructing a circle of this type (construction t on > 

the work becomes so crowded that the desired points o i 
section are not discernible. 


Construction oj Geometric Models 

The construction of mathematical y'/of activity 

and profitable experience for additional oppor- 

w an excellent means for giving gifted s abilities- 

tunities to explore the nature of their m such 

Extreme care should be tahen, a,,... 

* For a modification of the above jrfan, . 50 $3-54. 

to the Nine-poinl Circle,'* Thf aVaMr-MTW 7«r»rr. 




When the v-hole clati porlleipote*, Ampler o* well as m&re difiicult models may 
be consiruoted. 


projects are not merely exercises in carpentry with no concomi- 
tant learning in mathematics. It also should be recognize t a 
the construction of an original model may involve judgrnents 
and reasoning which are essentially mathematical even in situa 
lions in which no computation is involved. 

An excellent problem in model construction is to make a cone 
having a given radius and altitude. Only the very superior 
student will be able to make such a model from a piece of paper 
without help from the teacher. The student should first discover 
that the cone is formed from a piece of paper cut in the form o 
a sector of a circle. To construct a cone with a given radius an 
altitude, it is necessary to determine the size of the vertex ang e 
(angle A) and the length of the radius (AB) of the sector. 

Consider the radius of the cone as 2 inches and the altitude as 
3 inches, which arc approximately the dimensions of a No. 
can. It must be understood that the radius of the sector, AB, is 
the slant height of the cone. This unknown line segment is then 
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as follows: 

c = a” 3.14 X 2,orappro!iin'atclv'12.6 
The length of the arc “'„hich the sector 

The circumrcrencc of the entire “ 2 „ner: 

ABC has been cut may be determined in a similar 

r - a’x 3 14 X 3.6, or approximately 22.6 
c - 2 X •3.1'^ . . 22.6 inches. 

The eircumference of the c ^i„„^erence of the 

Arc BC is .558 or =5-8 ^ From this it follow 

circle from which approximately 201'. For the 

that angle A is 55.8% of 360 W ,,5 solved in 

student familiar tvith proportions, the pro 

ihe following manner: 22.6* = 4536 

- — X = 201 

22.6 360 BC is approximately 201 . 

The angle intercepted by the student must then 

this cone may be of a cone and the vo 

relationship „,„s have Ite dimensions. 

cylinder when these figures n 
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Tfa EishU^lh nM (34) susg«.^any 

quently suggests models appropnalc for construction > J 
high school students. 

g. Miscellaneous Means of Enrichment 

Paper Folding 

Paper folding can be both interesung and educational. It is 
easy to form the perpendicular bisector of a ,ed 

paper folding. Many geometric theorems may be demons 
by paper folding. The folding may be done on a thin 
pa^r, such as wax paper, or with geometric figures cut from 

ordinary* paper. , , « 

From a piece of colored \>'riting paper, cut a mangle, and ^ 
it ABC. Place vertex A on vertex B. Then form a crease so 
of segment AB folds on the other half and the folded mangle 
is perfecUy flat. This crease U the perpendicular bisector of line 
segment AB. The creases representing the perpendicular bisecton 
of AC and BC may be formed in a similar manner. This is prob- 
ably the simplest and most effective way of conrincing a student 
that the perpendicular bisectors of the three sides of a iriang e 
are concurrent. ^ 

From paper cut another triangle, such as triangle DEF. Let w 
be a point on line segment DF so that DE is equal to DG- 
place point E on point G and form a crease so DE falls along DG 
and the folded triangle is flat. This crease must pass through D 
and thus forms the bisector of angle D. The creases representing 
the bisectors of angles E and F may be formed in a similar manner. 
The demonstration shows effeedvely that the three angle bisectors 
pass through a common point. 
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With a iitde ingenuity, this method may be used to demon- 
strate that the three medians and the three altitudes of a triangle 
are concurrent. With trianglescut/rom paper, the three altitudes 
cannot be demonstrated for an obtuse triangle since the common 
point of the altitudes lies outside the triangle. 

The fact that the sum of the three angles of any triangle is 


equal to 180® may be demonstrated with the aid of some paper 
tearing. Cut any triangle from ordinary paper. Tear the triangle 
into pieces as indicated and place the pieces as illustrated m 
the next drawing. Tlie sum of the three angles obtained m this 
manner may then be checked with a ruler or any other straight- 
edge to verify experimentally that the sum of the three ang es o 

a triangle is a straight angle or ISO®. , m iv.ntn 

Other references to paper folding may p„Ui„p np) 

^'ighls EnUrlainments (2), Geomelm oroLbly of more 

and TcoU (55). ^ 

value to teachers than to most student j 


‘nkages and ^fovlng Models 


nkages and Moving Moaen 

. „ a generous supply of #2 and fi 
Several eyelet punches in every mathematics 

=le.s rhouU b= rtaudard ,4 ply 

issroom for the upper gra ^ construct a large vanety of 
rdboard will mafce d p linkage is a device with moving 
lying models and to' geometric figures or demon- 

rts that may he used 
ate their properties- 
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A simple model to construct is a parallel ruler. The four parts 
required are shown. The next drawing shows a parallel ruler 
assembled with eyelets at A, B, C, and D. The geometric prin- 
ciple, that any quadrilateral ivith opposite sides equal must be 
a parallelogram, applies to a parallel ruler. AB, CD, AC, and BD 
are strips of hea%7 cardboard. Since AB = CD and AC = BD by 
consinjciion, the edges AB and CD must be parallel. 

An angle bisector is another simple project to construct. The 
four pieces of hca\7 cardboard to be used for this project are 
shown first. Then the device assembled is showm. To bisect an 
angle with this device, place the instrument so that the center 
of the eyelet at A lies directly over the vertex of the angle to be 
bisected, while the centers of the eyelets B and C lie on each side 
of the angle as demonstrated. By placing a pencil through the 
eyelet at D, a point on the angle bisector is located. A straight 
line segment connecting this point to the vertex is the angle 
bisector. 
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Thepi=ccsorh«.,card^aMtoram" 

an eyelet. Then pu used* , -hown upper 

where the other the and describe 

" " •"' •' “ •" 
again place a penc» ‘ 2 and 

.nd describe^an ^rc. ar^ ^uadri- 
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A quadrant, like the one shown, may be made as follows. 

1. Obtain a 12-inch square of 14 ply cardboard. 

2. Select a straight edge, as CD shown. 

3. Choose point O about one inch from point D. 

4. Draw the 10-inch line OA parallel to CD and the 10-inc 
line OB perpendicular to CD. 

5. ^V^lh O as the center, draw arc AB (10-inch radius). 

6. Use a protractor to measure the arc AB into divisions of at 
least 5® each. 

7. \S'ith the aid of an eyelet punch, attach a weighted string 
about 14 inches long to point O. 

8. Use tape to attach a soda straw (or metal lube about the 
size of a soda straw) to side CD for an eyepiece. 

Sec page 355 for suggested uses for such a quadrant. 

Tlif Mathfmatics Teacher usually has one of its sections devoted 
to models appropriate for construction by students and teachers. 
Many of these constructions arc suitable to some phase of junior 
high school work. The issues of October 1951 and April and May 
1952 have suggestions that arc of value to junior high scliool 
students. The Eighteenth YearbooK (34) should be in every junior 
high school Ubrar>’ as it has many suggestions for making models. 

Commercial plastics which arc very pliable in the formative 
stage hut after a short time set to form rather rigid models may 
be investigated as materials for models. 
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Curve Stitching 


In recent years, curve stitching has been a rather popular actb it) 
o%'er a wdc range of grade levels. A simple example of cur^e 
stitching can be made by followng the drawing above. Fasten 
two hea\'y strips of cardboard at a point so as to form an acute 
angle. Then punch e)‘eleis at equal intervals on each of the sides 
of the angle. Number eyelets on one side as even numbers and 
on the other side as odd numbers in the order shotvn. Next, 
thread a needle, preferably with colored thread, and tie a knot 
for an anchor. Insert the needle from the underside of point 1, 
pull the thread taut, and then proceed to point 2 and insert the 
needle again. Thus, the needle will be inserted from the under- 
side for all odd numbers and from the upper side for all even 
numbers, ^^^le^ all the numbers have been used consecutively 
in this manner, the result will be a series of straight lines (threads) 


outlining a parabola. Further information on curve stitching may 
be obtained from a brief article in the Eighteenth Year Book (34) 
and in A Rhythmic Approach to Mathematics (47). 

Objections to curve stitching have been expressed because it 
sometimes is done without reference to the mathematics involved. 
In other instances, such as the example given, the mathematics 
involved is be)'ond the level of a junior high school student. 
However, the 2 cti\ity gives ihe student one more opportunity 
to recognize a parabola and sec one more ^vay in which it may 
be formed. 

The esthetic value of curve stitching should not be overlooked- 
If not overemphasized, curve stitching can be a useful activity- 


On the other hand, an activity of this kind should not eliminate 
projects which have more dir«:t mathematical implications. 
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Malhmatics in Design 

The drawing of designs, gj-jivity provides an 

acivity for junior high school ^ ^J;;'„e„a.ics, and pro- 

excellent correlation i„s,n,menu. A pattern 

motes skill in the use of ^ j f^ntplc of the previous 

directly related to the drawings shown above 

section is illustrated in dravvings in 

Baravalle suggests a a lesser extent m the 

at the Junior High Schod Grad^ ( > ^ jaten not to over 

Mod '2-*>: ''S“'"hedctrimentof basic tnathemaucs. 
emphasize such a prog • 

Slide Rule ,v.ohasize certain 

T-iderulelsave^^-— ;;:5einesti^ 

"':o=;cc§--t^:^s.i.ru^ 

It is not common pr t ^ but “ ‘ ^ 

entire class at the J“™ with j learn how 

to have a number o j^ould be encourag help 

able. The supetf ^tudems^sh ""Ju/ercountered. 

to use a slide rule ^''‘’. ofdimculty which may of 

the students clan y j ate a certain pro ic‘ eom- 

If these students demon ^ ,o nse *em ^ ^ 

the slide rule, they and tes n- IfJ w 

putational work m ‘'' j„ot of two number , th^^ „^or 

slide rule to find ' P obtained by use f approxima- 

know that the an ally vwi 

to understand that ^ *o exac 

tlon of the true value 



Field Work in Malhematics 


Many of the fundamental ideas of surveying and similar ou- 
door work are within the range of the majonty of junior hig 
school students. There is also much additional worthwhi 
material for the gifted student. 

All students should learn to make simple measurements 
inches, feet, yards, and some metric units such as meters or 
centimeters. All students should make a simple scaled diagram 
of the classroom, including cabinets and tables. The more a e 
and interested students could make a map of the school groun s, 
including the building, using an inexpensive or home made 


transit for obtaining needed measurements. 

Students should be encouraged to make simple instruments 
which can be used in indirect measurements. References No. 
and 43 contain many suggestions for making and using instru- 
ments in indirect measurements. 


Bulletin Board and Table 

The bulletin board is one of the oldest and most useful of all 
enrichment devices. Teacher and students should collect a 
interesting material from newspapers, magazines, and any other 
source for display at appropriate times. The work involved in 
keeping the bulletin board up to date should be done by the 
students. They should be encouraged and required to bring m 
material pertaining to mathematics for the bulletin board. 

Committees may be appointed to be in charge for periods of a 
week. In any case, the bulletin board should reflect the many 
aspects of mathematics and its applications to everyday life. The 
humorous aspect, as reflected in many cartoons, should not 
be ignored. 

In addition to a bulletin board, a mathematics table is very 
desirable. The table for demonstration purposes as recommended 
in Chapter 4 may be used at various times for displaying mate- 
rials. In a room devoted only to the teaching of mathematics, 
such a table should be used to display models, new books, 
pamphlets, puzzles, and other material of interest which cannot 
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strating number relationships on a flannel board and s.nul 

“hicts and “r's 

rX-.^tt:tr^-onln<Scated: 

'“llowc^rnd &mpWb 225 N. W^.ash Avenue. Chicago, Illinois. 

The Sm »y “'"lf"r.”'’r&^' 6071 Second Blvd., Detroit 32, 

Burroughs Adding Machine Co , non 
Michigan. 

Ch„t cj Decimal co Orange, Nciv Jersey 

Monroe Calculating Machine Co , ura g , 

Urn n It'orir. . School Service 

Wcstinghousc Electric C? J" ” ^ pcnnsjlvania 
306 Fourth Avenue, Pittstiurgn, 

"Malh” Clubs .desirable. This will 

Where feasible, a mathematics club. sje^O^^^^ The 

generally attract the "if ' . ,-,ee make an Htcellent guid 

topics already discussed ‘"*''fj„eed for a mathematics club. 
rnrthe.ypeofma.er,alwh.chcanbe 

.ppoilvnlsr <•' ri-rfCS'i-J.-tr 


'Math" clubs provld 


Ever>- effort should be made to contaet '''' 
curricSum areas for suggestions on how mathemaucs y 

of value in these areas. , „r this rountrv 

Mathematies eontests are held in many sem.ons of *.5 0°“"^ 
for various grade levels. Students interested m ^ 

inations must be provided with opportunities fo 

curriculum. . . re- 

Teachers should constandy keep in contact with y 
leased courses of study and current periodicals for "^'v ^r 
enrichment. Films and xdsual.aids may frequendy “ 

rich the mathematics curriculum for a few gifted s u 
for an entire class. 


Ckangis in Modern Adalhematics 

A commission has been set up under the 
College Entrance Exanunation Board to study the possi 1 1 
of introducing ideas of modem mathematics into the element 
curriculum. (See pages 454-455.) Set theory is one of topics that 
the commission recommends for possible inclusion in me secon 
ary curriculum in mathematics. The concept of sets is t an 
100 years old but most branches of modem mathematics^ trea 
of sets. The concept is a major unifying idea in mathematics. 

Prom an elementary point of viov, a set is a collection o 
elements. These elements may be numbers, points, geometric 
figures, or similar mathematical quantities. 

The interested reader is referred to the Twenty-third^ e^ 
booh of the National Council of Teachers of Mathematics, n 
sights into Modern Aialhemalics. It gives a discussion of sets. 

Some schools introduce inequalities and absolute notation at 
the ninth year lev'el. The University of Illinois experitrienta 
program, subsidized by the Carnegie Foundation, has intro- 
duced these ideas in first year algebra with considerable succ^- 
The work described by Beberman and Meserve ® is representatiN e 
of the kind of ivork that can be accomplished by superior 
students in elementary mathematics. 

• Beberman, St. and Meserve, B. E. “Graphing in Elementary Algebra," The 
Meihemalut Tteeher. 49:260-266. 
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Questions, Problems, and Topics for Discussion 

1 . Wha. arc some ot the for sovrrat 

2. Outline a plan for providing ennehment ot the eumculum 

::.L^r •» » ^ 

^"tnnf a’tpt not mentioned in this chapter mluble tor enriehment 

purposes. . . ^ jn an enriched program? 

5. How should a i„ «nthematics with respect to its 

6. Evaluate some particular textboo 
provblons for enrichment. 

7. Make a magic square with seven b, 

8. Find an algebraic identity not menuoned m tins 

used for computational ahortcuo. the use ot discussion of 

9. Find a newspaper or maganne a 

a formula. . . newspapcf* magarin“ whic 

10. Collett a series ot photographs from newsp pe 

Ulustrate various 8“““'"' .''‘f notebook might be used for en- 

11. Suggest wajs in 'vhich a students 

nine pnino ^ 

13. From an “PP^P"’", requiting any “”P"’?“\i.h 

ing mathematical methods for so discussions in a J 

1 4. Make a list ot topics apptopnate g 
school math club. 
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in decimals, 202-220 
in fractions, 182-202 
mathematical 

difficulty of, 36-38 
principles governing, 
142-146 

meaning in, 140-141 
minimum program in, 128-13 
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Bisecting lines and angles, 379-380 
Blackboard compasses and 
protractor, 375 
Bulletin board, 546-547 


Cancellation, 191-192 
Cases in diagnosis, 474 
Case-study 

basis of diagnosis, 470 
procedures, 484-490 
Cash surrender value, 262 
Casting out nines, 

Casualty insurance, 265-266 
Chalkboard, use of, 114-115 
•Checking 
division, 166 
multiplication, 157-160 
quotient, 161-162 
used in processes, 130 
Chord, 383 
Circle 

area 3?!M01, 537 

circumference of, 

how formed, 526 
nine point, 534-535 
Classroom oc 

a learning laboratory, 94-J> 
function of, 94-97 
materials for, 102-112 
Clinometer, 111» 355 
Club, “math,” 547-548 
Coefficient, 385 i>;4-455 

College Entrance Board. 454-4:> 

Collinear, 532 

Commission vrTM. 22 

joi„t,ofMAAar,dNCTM, 

ma.hematicalrrqu.«menB.n 

1723,21 

Post-War Plans, 25-2 


Committee reports, inBucnce of, 
21-23,454 

Common denominator method m 
dividing fractions, 198 
Compte fractions, 200-201 
Computation in problem solving, 

311 

Computational 

29-31 

[rmerchanising, 247, 251-258 
list of basic, 25-28 

steps in developing. 74 

Concurrent, 531 

Conditional equations, . 

of, 535^32 

volume oh 4 , 7 ,^ 

Congruent figures. 

Constructions, ge 

379-384, 529-538 

consumer education. 28 27. 

Com-etsion 

S°r:S“oco^”“‘" 

496-497 


475-47’ -^,t,i„„,483 

Correlation m angle** 

“^spondingsidsso" 

cso.o»t£S4or“‘ 

'^Tndtsrmc.i=uol“‘‘i'”''""’“' 
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Curriculum (con’O 

basic concepts of, 25-28 
current patterns, 45-46 
development 

of the mathematics, 20-23 
principles of, 55-56 
differentiating in fractions, 
179-181 

differentiation of, 506 
gradation of content, 14—15, 36 
improving of, 54-55 
making, 31-32 

mathematics, organization of, 

45-53 

personal needs of, 23-36 
social pressure affecting, 23-28 
the changing mathematics, 
13-14 

Cur\'e stitching, 544 
Cylinder 
area of, 407-408 
volume of, 408-409, 537 


D 

Decimal fractions (S<e Fractions, 
decimal) 

Decimal number system, 137—138 
Decimals 

addition and subtraction of, 
206-208 

dis'iding by, 216-220 
errors in processes in, 39, 485 
multiplying, 208-211 
pure, 207 
ragged, 207 

relationships in processes, 220 
repealing, 215-216 
social applications of, 205-206 
square root of, 370 
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Demonstration 

materials, 102-112 
table, 98 

Desargue’s Theorem, 532-533 
Designs 

copying of, 384 
mathematical, 545 
Diagnosis 

analytical, 470, 475-482 
aspects considered, 461-463 
case-study basis, 470 
general, 470—473 
in addition, 151-153 
in algebra, 451—453 
in divTsion, 163 
in multiplication, 154-155 
in subtraction, 153-154 
le\'cls of, 470—490 
purposes of, 458-459 
steps in, 471—472 
techniques of, 16-17, 475-482 
Diagnostic tests 

in algebra, 452-453 
in division, 132-133, 479 
in like fractions, 478 
in per cent, 245-247 
in subtraction of fractions, 176 
samples of, 479-482 
standardized clinical, 484 
Diagrams, kinds of, 114 
Differences, individual, provision 
for, 85-91, 502-503 
Difficulties in arithmetic 
causes of, 493—494 
diagnosis of, 146-149 
Diophantine equations, 517 
Discount 

successive, 233-254 
trade, 253 
Discovery of 
facts, 78 



Discover)’ of (fon’O 

relations among processes in 
decimals, 220 
fractions, 201-202 
integers, 169-171 
Distance, finding by 

measuring shadows, 356-358 
scale drawing, 355-356 
similar triangles, 358-360 
tangent ratio, 360-364 
Division 

by a decimal, 216-220 

by a one-place divisor, 160-10- 
by a three-place divisor, 

168-169 

by a two-place divisor, 163-166 
checking in, 166 
correlation in, 483 

diagnostic test in, 130-133, 
errors in decimals in, 40 
kinds of, 141-142 

methods of, 163-166 

of decimals, per cent oftypesot 
errors in, 485 

placement of ,45 

principles governing, ’ 

435-436 

Division of ,17-213 

decimal by mtegor, 212 

fraction by 

fractions, types of, l^- 
intecer by fraction, * 

“‘n'intejeis, decimal qn<.l.»>. 

213-215 

Divisor, fractional, 194 


Education 

mathematical, 28-29 
of teachers, 17-18 


Ellipse, 526 

Enrichment 

complex tractions for, 200-201 
„cam of, 504-507, 538-o48 
need of, 502-510 
objectives of, 503-504 

types of experiences in, 507 51 

EnroHmen. in secondary schools, 

En'lerprises in school, 272-273 

Equations 

and graphs, 4 
axiom, govermng, 441-444 
checking, 443 
conditional, 424 
diophantinc, 51" 
linear, 442 

solution of, 44M47 

Equivalent ig3_t66 

Bumauon of quotient, 163 

E\*aluation 

Examples and problem 

compared, 301 
Experiences 

^ucaiue, 0 

learning thraas''’” 


Experienee 
“Sing 'earning 
2“'^®r%B6-287 

282-284 

Exploroiion«j' -315,95.97-11 

ExploratoO-wa' 
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Exponent, negative, 1 38 
Extrapolate, 333 
Eyelets, 110, 539 

F 

Factoring, types of, 445-447 
Factors, 436 

Failures in mathematics, 51-52 
Fast learners 

activities for, 90-91 
place-value understandings of, 
203-204 

procedures for, 183-184 
Field 

theories, 71 

work in mathematics, 546 
Figures 

congruent, 350, 411-412 
corresponding parts of similar, 
352-353 
equivalent, 412 
geometric, 374 
similar, 350-354 
symmetrical, 354, 375, 412-414 
Films and filmstrips, 117-120, 264 
Fire insurance, 264-265 
Flannel board, 100 
Fluid ounce, 108 
Formula {Ste also Area, Circle, 
Trapezoid, and Volume) 
for fractional parts, 222 
for instalment rate, 238, 339 
for sum of magic square, 518 
interest, 249 

percentage, 222, 241, 245 
social applications of, 432 
subject of a, 431 
to show relationships, 430—431 
Fractions 
chart, 100 

magic square with, 320 
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Fractions (conV) 

relationship l>et\vecn per cent 
and, 244-245 
representative, 351 
Fractions, common 

adding three or more, 187 
classification of, 182-183 
complex, 200-201 
diagnostic test in, 176, 478 

differentiation of curriculum iHj 

179-181 

division of, 192-200 
finding students needing help 
in, 175-177 

grouping students for study of, 
181-182 

kinds of problems in, 220-222 
kit for, 177-178 
knotviedge of, 174-175 
materials for leaching, 104-105 
meanings of, 179 
multiplication of, 187-191 
need of instruction in, 174-182 
teaching basic operations in, 
182-202 
unlike, 185—187 
Fractions, decimal 

kinds of problems in, 220—222 
meaning of, 202—203 
teaching processes in, 202-220 
Function concept, 67, 389, 
425-427 

G 

Games, mathematical, 512-525 
General education, contribution 
of mathematics to, 5-6 
Generalizations 

algebra as a tool for, 43 8—441 
b% the learner, 78 
di5co\'cr>' of, 82 



Geometric ^ 

constructions, 379-384, 529-538 
Bgures, 374 

models, making of, 535-538 
puzzles, 522—523 
Geometry 

elements of, 374-375 
goals of instruction in, 3-4 
intuitive vs. demonstrative, 

374-376 

of road signs, 403 
tools for work in, 375-376 
Goals of instruction in 

algebra and geometry, 3-4 
mathematics, 1-2 
Golden section, 353-354 
Gradation of arithmetic processes, 

37-38 

Graphs 

appraising, 334-330 

sample! of, 332, 335. 44 . 
teaching reading of, 33' 3 
Group procraies, ''“J''' 

Grouped numbers, 139-' 
Grouping 

homogeneous, 8-9 

procedure in, 181-182 

Guidance in mathemattes, 

52-53 

Guide figure, 163 


Hemisphere, 410 
Homogeneous ,33 

Hundred board, 227-228.233. 

236, 246 
Hyperbola, 526 
Hypotenuse, 365, 537 
Hypsometer, 1 1 1 


Identity, 424,429,524-525 

Illustration, diagrammatic, 11 , 

217 

Imperial gallon, 108 
Incrcase-by-one method, 163 
Indirect measurement 
materials for, iH 
methods of, 354-360 
meaning of, 543 

Individual differences 

adapting instruction to, 16 

nature of, 85-86 

p^ntationmsUi, 
providing for. 8 ’ = 

Instalment ''"''"S 5 , 

discussion of, 252 
formula for, 25®' 
rate on loans. 255-258 

174-182 , 

planning of, 63-6 

‘ruX, 363-266 

fire, 264-265 

liability, 260-26S 

264-265 
reserve, 262 
yearly pr='”'“"’’^ 

^^ 297-298 

unit on, 



Integers, ability to deal with, 
128-130 
Integration, 6 
Interest 

compound, 247, 258-268 
conversion period, 258 
difference bet\s'een simple 
and, 258-260 
magic of, 260 

finding on lime notes, 249-250 
formula, 249 

on personal loan, 250-251 
simple, 247-249 
Interpolate, 333 
Inventory tests 

in whole numbers, 132 
when given, 475-476 

J 

Junior high school 

differentiation of courses in 
mathematics in, 46-50 
mathematics in, 45, 46, 67, 235, 
267, 302, 307, 321, 331 

K 

Kilogram, 108 
Kit 

for fractions, 177-178 
for slovk- learners, 146-148 
student’s, 98-99 
teacher’s, 100-102 

L 

Labeling the ans’Atr, 142, 327 
Laboratorv-, classroom as, 94-95 
Language, algebra as a, 428-441 
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L.C.D., 186-187 

Learner, problems of, 62-63 

Learrring 

a group process, 80 
experiences of, 70 
improvement in aids to, 15—1 
levels of, 80-82 
nature of, 61-62 
place of practice in, 83-85 
principles of, 61-62 
theories of, 71-85 
types of, 59-60 
\ic\s-% of the nature of, 15 
Levels of performance, 131''13t 
Library, books for mathematics, 

126, 511-512 
Life expectancy, 261 
Life insurance {See Insurance) 
Unear equation, 442 
Unes 

measuring of, 316-377 
segment of, 376 
Lines and angles, measuring, 

374-379 
Unkages, 539 
List price, 252 
Uicr, 108 

Uieral number, 424 
Loss, 252 


M 

Magic square 

algebraic, 520-^21 
formula for the sum of, 518 
with fractions, 520 
vk-ith integers, 517-521 
Margm, 232 
Mark-up, 252 



Materials 
for teaching of 
basic processes for integers, 
104 

fractions, 104-106 
indirect measurement. 111 
informal geometry, 106-107 
per cent, 106 

structure of number system, 
103 

Unds of, 05-102, 111-113 
“Math” cluijs, 547-548 
“Math” tal)Ie, 546-547 
Mathematical 
games, 512-525 
instruction, goals of, 1-2 
principles 

for algebra, 434-436 
for Integers, 142-145 
how to use, 145-146 
in multiplying by a fraction, 
18&-189 

problem, what it is, 301-306 
processes and topics, difficulty 
in, 36-38 

themes in units, 276-277 
Mathematics 

and consumer education, 28-29 
and fun, 512-515 
contribution to general 
education, 5-6 
cultural value of, 4-5 
curriculum 

development of, 20-23 
organization of, 45-53 
deficiency in, 24 
factors associated with success 
in, 490-493 
failures in, 51-52 
field work in, 546 


Mathematics (con'l) 

formula, a social application of, 
432-433 


guidance in, 52-53 
in design, 545 
in general education, 66-67 
in the junior high school, 
differentiation of, 46-50 
library books for, 511-512 
meanings in, 72-74 
methods of 
appraisal in, 464 
socializing in, 89-90 
modern, changes m, 548 
principles of 

learning applied to, 61-66 
teaching, 59 
program 
changes in the, I 
criticisms of, J2-J3 
evaluating and impros'ing, 
53-56 

factors affeenng, 10-18 
history of, 20-21 
objectives of, 2 
two-track, 419-420 
role of, in problem solving, 


-70 


70 

application of, tmfts, 

-282 . 
oJa, socialized content of, 

l^of learning in. 71-85 
■ent ordifficuliics in. 

499 

j\-eloped, 74-75 
fimeitc, 135-142 
hematics, 72-74 
nent 

oximaie, 376 
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Measurement (ron’O 
methods of, 354-360 
type of division, 141-142 
Measuring angles and lines, 

374-379 

Median of a triangle, 532 
Mental arithmetic, 321-322 
Merchandising concepts, 247, 
251-258 

Mixed numbers, subtraction of, 
184-185 

Models, making of, 505, 535-538 
Mortality costs, 262 
Multiplication 

adding by endings in, 153-156 
by a power of ten, 209 
by two-place numbers, 1 56-1 57 
checking, 157-160 
diagnosis in, 154-155 
of a decimal by an integer, 

208- 209 

of a fraction by a fraction, 
189-190 

of an integer by a decimal, 

209- 210 

of decimals, per cent of tj’pcs of 
errors in, 485 
effractions, 187-191 
of three fractions, 190-191 
principles governing, 143-145, 
435-436 

Mutual savings bank, 337 


N 

Needs 

as a basis of planning 
instruction, 63-64 
mathematical, related to 
reading, 35-36 


Needs {can't) 

personal-social, 32-33 
student and curriculum 
making, 31-32 
Negative exponent, 138 
^'ew York Times, The, 419-420 
Nimitz, Admiral C. W., 24-25 
Nine point circle, 534-535 
Nines, casting out, 158-160 
Number 

facts, testing knowledge of, . 
476-477 

grouped, 139-140 

grouping, 134 

how to find the missing, 

241-243 

positive and negative, 421-427 
regrouped, 139-140 
series, 256 

signed, how to use, 421-422 
system 

materials for teaching of, 103, 
510-511 

structure of, 137-138 
ungrouped, 139-140 

O 

Objective tests, 467-468 
Objectives 

clarifying meaning, 460 
formulation of, 459 
of modem mathematics 
program, 2 

of teaching of algebra, 417-420 
Operations 

problem solving related to, 
69-70 

relative difficulty of, 38-42 
Outcomes of instruction in 
arithmetic, 2-3 
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Problem solving («n’0 
basis of concepts in, 66-68 
Compass Diagnostic Test in, 

484 

computation needed in, 311 
difference between poor and 
good achievers in, 491-493 
essential skills in, 447-448 
helps at different levels, 

325-326 

highest level of, 309-310 
improving ability in, 498-499 
labeling answer in, 327 
levels in arithmetic, 324-340 
logical pattern of, 319-320 
not a skill, 310-311 
procedure to use in, 324-325 
related to number operations, 
69-70 

role of mathematics in, 66-70 
social significance of, 64 
use of ratio in, 345-346 
variation in ability in, 322-324 
without computation, 522 
Procedures 

applj-ing appraisal in, 468-470 
instructional, 59-61 
modern versus traditional, 

75-76 

Process units, 271-272 
Processes 

arithmetic, gradation of, 37-38 
discovery of relationships 
among, 169-171 
group, value of, 65-66 
materials for teaching, 104 
mathematical difficulty of, 
36-38 

meaning of, 140-141 
minimum program in, 128-135 
Profit, 252 


Program 

criticisms of the mathematics, 

12 

history of mathematics, 20-21 
in mathematics, 48-49 
mathematics, evaluating of, 

53-56 

mathematics, factors affecting, 
10-18 

minimum, in basic processes, 
128-135 

Projection material 
equipment for, 117 
types of, 115-117 
Promotion policy, 11-12, 50-52 
Property taxation, unit on, 
295-297 
Proportion 

athletic records using, 349-350 
how to solve, 345-349 
Proportional parts, 352-353 
Protractor, 375-376, 378 
Puzzles 

algebra as a collection of, 437 
geometric, 515-516, 522-523 
Pyramid, volume of, 409—410 

Q 

Quadrant, 111, 355, 542 
Quadrilateral, 399 
Quantitative thinking, types of, 
Questions for study, 1 8-1 9, 56—5 , 
92, 126-127, 171-173, 222-224, 
268-269, 299-300, 340-342, 
371-373, 414-415, 456-457, 
499-501, 549 

Quotient, estimation of, 163-166 
R 

Ratio 

baseball records, 350 
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Ratio (con’t) 
golden, 353 

in problem solving, 343-346 
meaning of, 234-236, 343-344 
steps in teaching, 344-346 
tangent, meaning of, 360 
using the tangent, 360-363 
Reading 

improving ability in, 314-315 
in problem solving, 491-492 
mathematical needs related to, 
35-36 
skills 

diagnosis of, 489-490 
needed in arithmetic, 85, 
315-319 

Readings, Suggested, 19, 57, 58, 
93, 127, 173, 224, 2S9, 300, 342, 
373, 415, 457, 501,549-551 
Reciprocal, 436 

Rectangle, area and perimeter oi, 
386-388 

Remedial instruction 
principles of, 494-495 
processes, types of, 495-497 
Repeating decimals, 215-21 
Reports, committee, 21-23 
Representative fraction, 351 
Retail, 252 
Rhombus, 399 
Right triangle, 365 
Round numbers, 148-151 
Ruler, parallel, 540 


School life, secondary, lO-H 
Scientific notation, 138 
Score card for evaluation of 
textbooks, 121-124 
Segregation for superior students, 
504 

Set theory, 548 

Shortcuts, computational, 

523-525 

Sides, corresponding, 352 
Signed numbers, '*21^22 

StoUar figures. 350-354, 358-360 

dia^'«i. of reading, 48M90 

Lributionor.=..«re>m ,«2 

i„probiem solving, 311 

maintaining of, 83-85 

providing for difference 

86-87 , -- 

reading, in arithm«‘'.«5. 

abiiity and, 482-!8 

Siaot height, 536 

Siideruie, 114, 

Slow learner 

ki,for,146-H8 

|;i2X-»avo.nnieof, 

s;ua^areaandperin.e.erof. 

385-388 


Savings Bond, 258 
Scale drawing, finding heights by, 
355-356 

Scale, dravsm to, 351 
Scalene triangle, 531 


Square 3^7-368, 371 

Student-discoveiY^ 

Sub-group>nB* ' . 271 , 278-282 
Subjec.-n.at.ero"‘“’ 



Subtraction 

classification of fractions in, 
182-183 

diagnosis in, 153-154, 176 
of decimals, 206-208 
of decimals, per cent of types of 
errors in, 485 

of mixed numbers, 184-185 
principles governing, 142-143, 
434-435 

research study in, 80 
Surfaces, 375 

Sur\'ey tests in arithmetic, 465 
Symbolic materials, 06, 120-126 
Symmetric figures, 354, 375, 
412-414 

SjTTimcir^', 412-414 

T 

Table 

demonstration, 98 
division, 164-165 
Table of 

adding by endings in 
multiplication, 156 
basic skills in arithmetic, 472 
compound interest, 259 
consumer topics in textbook, 
34-35 


Table of (mu’O 

per cent of error in decimals, 
premiums of insurance policies, 

squares and square roots, lioB 
summary of errors in diagnostic 
test of equations, 453 


Tangent, 530 
Tangent ratio, use 
Taxation, property 


of, 360-364 
unit on, 


295-297 . 

Teacher-demonstration material. 


97-98, 227-228 
Teachers, education of, 17-18 
Teaching, principles of, 59 
Techniques of 

appraisal, 458-463 ^ 

evaluation of diagnosis, 16- 
Term, insurance, 264 


analytical diagnostic, 478-48- 
aptitude and prognostic, 
465-467 


479 

in algebra, 44-45, 452-453 
in division, 132-133 
in per cent, 245-247 

in subtraction of fractions, 


CSO mortality, 261 
diagnostic test in equations, 
452-^53 

differences l>ctwccn good and 
poor achies'crs, 492 
dilTiculty in algebra, 44-45 
difficulty in per cent, 42 
enrollments in secondary 
schools, 10 

failures in mathematics, Grades 
7, 8, and 9, 51 


inventory, 132, 475 
objective and short answer, 
467-468 

of addition facts, 477 
of component skills, analy’tica , 
477-482 

standardized, surv’cy, 465 
Textbook 

how to cN’aluate, 121-124 

mathematics, contents of, 35“ ^ 

role of, 1 20 
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Themes in unit construction, 
276-277 
Theories 

contrasting, in teaching, 75-76 
of learning, 71 

Thinking, types of quantitative, 

70 

Topics for discussion, 18-19, 56, 
57, 92, 126-127, 171-173, 
222-224. 268-269, 299-300, 
340-342, 371-373, 414-415, 
456-457, 499-501, 549 
Traditional procedures, 75-80 
Trapezoid, 396-398 
Triangle 

drawing a, 375 

equilateral, 382 

formula for area of, 395 396 

medians of, 532 

properties of, 392 

right, 365 

scalene, 531 

size of angles in, 393-39 


grouped number, ISW'"' 
■itary analysts, 242, 

;tmonelemen. in, 273-274 

mmrprimsandseW^ 
experiences, 2/,* - 

experience, 273 
illustrations of 

cost of owning* 

291-295 

-,o7-‘’99 

insurance, ->93-297 

property taxatm .-j_^^ 

■; l70-274 

instructional, - 


Units {cm'l) 

nature of, 270-271 
process, 271-272 
sources of, 299 
subject matter, 271, 278--82 
wat-s of building, 274-276 

Universityoflllinois, experimental 

orogram, 548 
Unlike fractions, 185-187 

V 

Variables, 171, 416, 424 

Variation, direct and mvene. 
Vorbal problems 

familiar siwatton m. 304 

solution of, 447-149 

;;S;S1n solving per cent 
problems, 243-24 
Vimal 

chall.b«arf. "V ,.,.,20 

film and fiimsmps.»’ 
pictures, 

projee,.on,li5'>^^_,,. 

\qsualiration, 11 * 

Vocabular)', 31 

of sphere. 4 1 0-4 1 i 


i'’4-126 

W„rkbcK.l.,ma.l.rmau«. - 

z 

Zero 

me of, 13, 



